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In this treatise, the author has attempted to bring together 
all the well-known theorems and examples connected with 
Harmonics, Anharmonics, Involution, Projection (including 
Homology), and Eeciprocation. In order to avoid the 
difficulty of framing a general geometrical theory of Ima- 
ginary Points and Lines, the Principle of Continuity is 
appealed to. The properties of Circular Points and Circular 
Lines are then discussed, and applied to the theory of the 
Foci of Conies. 

The examples at the ends of the articles are intended 
to be solved by the help of the article to which they are 
appended. Among these examples will be found many 
interesting theorems which were not considered important 
enough to be included in the text. At the end of the book 
there is, besides, a large number of Miscellaneous Examples. 
Of these, the first part is taken mainly from examination 
papers of the University of Oxford. Scattered throughout 
the book will be foimd examples taken from that admirable 
collection of problems called Mathematical Questions and 
Solutions from the ^Educational Times.' For permission to 
make use of these, I am indebted to the kindness of the able 
editor, Mr. W. J. C. Miller, B.A., Kegistrar of the General 
Medical CoimciL 



vi Preface. 

The book has been read both in MS. and in proof by my 
old pupil, Mr. A. E. Jolliffe, B.A., Fellow of Corpus Christi 
College, and formerly Scholar of Balliol College, Oxford, 
whose valuable suggestions I have made free use of. To 
him I am also indebted for the second part of the Miscella- 
neous Examples. I am glad of this opportunity of ac- 
knowledging my great obligations to my former tutor, the 
late Professor H. J. S. Smith. My first lessons in Pure 
Geometry were learnt from his lectures ; and many of the 
proofs in this book are derived from the same source. 

I have assumed that the reader has passed through the 
ordinary curriculum in Geometry before attempting to read 
the present subject ; viz. Euclid, some Appendix to Euclid, 
and Geometrical Conies. 

I have not found it convenient to keep rigidly to any 
single notation. But, ordinarily, points have been denoted 
by J., By C,..., lines by a, 5, c,..., and planes and conies by 
a, ^, y,.... 

The following abbreviations have been used — 

A straight line has been called a Zine, and a curved line 
has been called a curve. 

The point of intersection of two lines has been called the 
mtQt of the lines. 

The line joining two points has been called the^'oin of the 
points. 

The meet of the lines AB and CD has been denoted by 
^AB ; CD). 

To avoid the frequent use of the phrase ' with respect to ' 
or 'with regard to,' the word 'for' has been substituted. 

The abbreviation * r. h.' has sometimes been used for 
'rectangular hyperbola.' 

The single word ' director ' has been used to include the 
rector circle ' of a central conic and the ' directrix ' of 
rabola. 



Preface, vii 

The angle between the lines a and & has been denoted by 
Z db and the sine of this angle by sin db. 

The length of the perpendicular from the point A on the 
line 6 has been denoted by (-4, V), 

I have ventured to use the word * mate ' to mean * the 
point (or line) corresponding.' I have avoided using the 
word ' conjugate ' except in its legitimate sense in connection 
with the theory of polars. 

I shall be glad to receive, from any of my readers, correc- 
tions, or suggestions for the improvement of the book; 
interesting theorems and examples which are not abeady 
included will also be welcomed. 

J. W. KUSSELL. 

F^brwxry^ 1893. 
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CHAPTEE I. 

FOEMULAE CONNECTINa SEGMENTS OF THE SAME LINE. 

1. One of the differences between Modern Geometry and 
the Geometry of Euclid is that a length in Modem Geometry 
has a sign as well as a magnitude. Lengths measured on a 
line in one direction are considered positive and those 
measured in the opposite direction are considered negative. 
Thus if AB, i.e. the segment extending from A to B, be 
considered positive, then BA, i.a the segment extending 
from B to A, must be considered negative. Also AB and 
BA differ only in sign. Hence we obtain the first formula, 
viz. AB = -BA. 

Notice that by allowing lengths to have a sign as well 
as a magnitude, we are enabled to utilise the formulae 
of Algebra in geometrical investigations. In making use of 
Algebra it is generally best to reduce all the segments we 
employ to the same origin. This is done in the following 

way. 2 -^ ^ 

Take any segment AB on a line and also any origin 0. 
Then AB = OB—OA, This is obviously true in the above 
figure, and it is true for any figure. For 

OB-OA = OB^AO = AO^OB = AB] 
for AO^- OB means that- the point travels from Aio and 
then from to JS, and thus the point has gone from AioB. 



J J J 
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2 Formulae connecting Segments [ch. 

The fundamental formulae then are 

(i) AB = -JBJL ; (2) AB = OB-OA. 

In the above discussion the lengths have been taken on a 
line. But this is not necessary; the lengths might have 
been taken on any curve. 

It is generally convenient to use an abridged form of the 
formula AB = OB—OA, viz. AB = ft— a, where a = OA 
and & = OB. 

2, A, B, C, B are any four collinear points ; slum that 

AB. CD + AC. BB+AD. BC = o. 
Take A as origin, then CD = AD - AC = d— c, and so on. 
Hence 

AB.CD-\-AC.DB-^AD.BC=^l{d-c)\c(b-d)-\-d{c-h) 

=hd'-hc-\-ch — cd+dc—dh^o. 

Sx. 1. A, Bf C, D, are any fire points in a plane; show that 
AOB,COD + AOC.DOB + AOD.BOC = o, 
where AOB denotes the area of the triangle AOB. 
Let a line meet OA, OB, OC, OD in A\ &, C% //. Then 

AOB = ^.OA.OB sin AOB. 
Hence the given relation is true if 

S {sin AOB . sin COD} -= o, 

i. e. if S {sin A' OB", sin (TOI/} = o. 

But p . A^B' — OA'. OB' sin A'OBf, where p is the perpendicular from 
on A'B^(fjy, Hence the given relation is true if 

A'Bf. CI/ + A'C. I/Bf + A'ly. BfCf = o. 

Sx. 2. If OAf OB, OC, OD he any four lines meeting in a point, show that 
sin ^OB . sin COD + sin AOC . sin BOB + sin AOD . sin BOC = o. 

Ex. 3. Show alio that 

cos AOB . sin COD + cos AOC, sin DOB + cos AOD . sin BOC = o, 
and 

cos AOB . cos COD—coa AOC . cos DOB— sin AOD . sin BOC = o. 

For Ex. a is true for OA' where A'OA is a right angle, and also for 
OA' and 01/ where A'OA and I/OD are right angles. 

Ex. 4. From Ex. 2 deduce Ptoietny's TTuarem connecting four points on a 
circle. 

Take also on the circle. Then AB ^ 2.R, sin AOB. 

Ex. 5. Shoic al^ that the relation of Ex. a holds if each angle involved he 
multiplied by the same quantity. 

For AOB=VOB-VOAy if OV be the initial line. Now take 
VOB' = h . rOB, roc = h . roc, and so on. Then A'OB' - ft . AOB, &c. ; 
and the theorem is true for A'OB', &c. 
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:. 6. If A^ By C be the angles of a triangle and A% B', (/ be the angles 
which i?ie sides BC, CAj AB make with any line^ then 

sin A . sin A^ + sin B , sin B' + sin C. sin C/ = o. 

Draw parallels through any point. 

Ex. 7. OL, OMy ON are any three lines through and PL, PM, PN make 
equal angles with OL, OM, ON in the same way, show that 

PL . sinMON+PM. sinNOL + PN. sin LOM = o. 

3. A, B, C are any three collinear points, and P is any other 
point ; show that 

PAK BG^ PS". CA + PC\ AB + BG. CA.AB= o. 
Drop the perpendicular PO from P on ABC, 
Then PA\ BC= {OA' + OP') BC = {a^-{-p') (c-h). 
Hence 2 {PA\ BC)=^a' (c-6)+i>' 2 (c-&)=2 a' (c-h) 

=^a^c~a^h + h^a'-¥c + c^h'-'C^a= —{c — h){a—c){b—a) 

= -BC.CA.AB. 

Ex. 1. If A, B, C be three coUinear points and a, b, cbe the tangents from 
At B, Cto a given circle, then 

a\ BG + b\ CA + c\ AB + BC. CA,AB = o. 

Ex. 2. IfPbe any point on the Ixise AB of the triangle ABC, then 
AP. CB^-BP, (M'= AB.{CP^-AP.BP), 

Ex. 3. If A, B, C, Bbe four points on a circle and P any point whatever, 
show thai 

A BOB . AF^-A CDA .BP^ + A DAB . CP^-AABC.DI^= o, 
disregarding signs. 

Let AC, BB meet in inside the circle. 
Then A BCD ocBD.CO and BO.OD = CO, OA. 

Ex. 4. IfVA, VB, VC, VD be any four lines thrwigh V, then 
sin BVD . sin CVD sin CVD , Bin AVD sin ^Fi). sin JgFi) _ 
sin BF^. sin CF:^ "*" sin CFB. sin^FB "*" sin ^FC. sin JBFC ~ ^* 

Draw a parallel to VD, 

Ex. 6. If A, B, C be the ayigles of a triangle and A', Bf, Cf the angles which 
the sid4S BC, CA, AB make mth any line, then 

sin -B'. sin C sin C sin A' sin A\ sin B^ 
sin B , sin G sin C. sin A sin A , sin B 
Draw parallels through any point. 

Ex. 6. J[f OA, OB, 00 be any three lines through and PA, PB, PC be the 
three perpendiculars from any point P on OA, OB, OC, then 

S { PjB . PC sin BOC} = -PO"^ sin BOC, sin COA , sin AOB. 

Ex. 7. Through the vertices A, B, Cofa triangle are draum the paraUels AX, 
BY, CZ to meet the sides BG, CA, AB in X, Y, Z, show that 

BX.CX CY,A Y AZ, BZ _ 
AX"^ + ~~BY^' "*" ~~C:^~ ~ ^' 
B 2 



4 Formulae connecting Segments [ch. 

4. £x. 1. JfO, Ay Bhe any three coUinear pointSy then 

Ex. 2. ^ffrom any point P there be drawn the perpendicular PQ on th^ 
line AB, then 

PA^^P&=^ ABl^ + a. AB, BQ, 

Sx. 3. If ABODE . . . JlY he any number of coUinear potnts, show that 

AB + BC+CJ)+ .,.+Jrr+YA = o. 

Ex. A,If\ dmote the ratio OA : OB and V the ratio OA' : OB', OABA'Bf 
being coUinear points^ sJiow that 

BB" , \, \^ + A^B . \ + B'A . \^ + AA^ = o, 

Ex. 6. I/O, A, By C. D be any five poirUa on a line^ then 
AO BC^_ /OB __ 0D\ /OB^ _ 0C\ 
AB'^BB" \AB " ad) "*■ \AB " AC/ ' 

Ex. 6. J/Af By Cy By 0, 0^ be any six points on a line, and if 

OAiaA = a, OBiO^B^ /S, OCiO'C^ 7, OL : (/D = 8, 

show thai -^ ^?£. - 7-*^ 7-iS 

AL"^ BD~ S-o"*" 8-/3* 

Ex. 7. If VAy VBy VCy VD, VO be any five lines meeting in a pointy 
show thai 

sin AVC sin BVC _ / sin OVB sin OVD \ ^ /sin OVB sin O VC\ 
ainAVD "^ sin BFD ~ Vsin^FS ~ ^nAVJ)) "^ Vsin^FB "" sin AVc) ' 

Ex. 8. If VAy VBy VCy VD be any four lines meeting in a poiyii, show that 
sin^FC sin.BFC cot AVB-cot AVD 
mnAVD "*" sinBFD ~ cot ^F5-cot AVC * 
Let VX be the initial line and in Ex. 7 take VO 90° behind VA, 
Then sin OVB = sin (XFJB-XFO) = sin {XVB-XVA + ^d") 
= sin (90° + ^F£) — cos AVB; and so on. 

Ex. 9. If VAy VBy VCy VD, VOy F(y fee any six lines meeting in a point, 
and ifa= sin OVA -r sin C/VAy and so on, show that 

sin AVC ainBVC _ y-a y-$ 
sin AVD ^ ainBVD ~ S^ ^ 8-/8 ' 

Ex. 10. If VAy VBy VCy VD, VO be any five lines meeting in a point, 

show thai 

sin AVC sin BVC _ tan 0F4 -tan OVC tan OFB- tan OVC 
sin^FD "*" sinjBFD ~ tan OF^- tan OFD "^ tan OFB-tanOFi> * 

In Ex. 9 take VO and FC/ at right angles. 

Ex. 11. Three lines OAA% OBBfy OCC^ are cui by two lines ABCy A'B^(fy 
show that OA AB OA' A'& 

~6c^ BC^ 0^ '^ Wd 
^ AA\BC BB\CA Ca.AB 
«**^ -OAT-^-dW-^-'W-^''' 

Ex. 12. If the polygon ahcd ... fee inscribed in the polygon ABCD . . . , so 
\hai a is on ABy b on BC, and so ony and be any point in the plane, then the 
wntinued prodiuit of such ratios as 

sin A a/sin aOB-hA a /a B is unity. 
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Ex. 13. If B, Ej F he any three points m the sides BC, CA, AB of 
a triangle^ show thcU 

DB.EC.FA sin BAB . sin EBG . 8in FCA 
BC,EA,FB~ sin BAG . sin EBA . sin FCB ' 

Ex. 14. Jf the sides BE, EF, FB of one triangle pass through the vertices 
Cj A, B of another triangle, show that 

AF.BB. CE _ sinii^^C. sinBBA . ainECB 

FB.BC.EA ~ &nFAB, sinBBC. sin ECA ' 

5. If Che the middle point of AB, then whatever origin be 
chosen, we have OC = J {OA + OB). 

For OC=OA-hAC=OA + iAB = OA + i{OB'-OA) 

= i{OA+OB). 

As we have used general formulae throughout this proof, 
the formula holds for eveiy relative position of the points 
0, A and B. 

Ex. 1, XfC be the middle point of AB, and he any point on the line ACB, 
show that 

(i) OA.OB = OC^-AG^; 
(ii) 0A^ + 0& =^ CA^ + CB^ + a.OC^; 
(iii) OA''- OB^ = a.AB. CO. 

Ex. 2. Xf AlA', BB^, CCf he collinear segments whose middle points are o, fi, 7, 
and if P he a variable point on the line, show that 

PA.PA'.fiy + PB.PB^.ya + PC.PC^.a^ is constant. 
Take as origin. Then a. ^87 = 2. O7-2. 0/8 = c + c'-t-ft'. Twice 
the given expression is 

(a— p) (af—p) ^c + c^ — h — y) + ... + ..., 
which is equal to aa' (c + (/ — 6 — &') + ... + .... 

Ex. 3. JfPbethe middle point of the segment A A' and Q he the middle point 
of the segment BB^ {on the same line as AA''), shmo thai 

2. PQ = AB^^A'B = AB->rMBf 
and 2 . PQ.AA'= AB.ABf-A^B . A^B'. 

Ex. 4. Jf AX ,AY = BX .BY and A and B do not coincide, show that 
AB and XY have the same bisector, 

Ex. 5. Iffmthe line AB the point he taken such that a .GA + h . GB =^ o, 
a and b being any numbers, positive or negative, then, being also on AB, 
a.OA +b,0B = (a + 6). OG 
and a . OA^' + b .0E!^'=^ a. GA^ -^b . GB^ + {a + b) . G0\ 

Ex. 6. If on the line ABCB ... a point G he taken such that 

GA + GB + GC+ . .. = o, 
and be any other point on the line, then, 
OA +dB +0C + .., = n.OG 

0A^ + 0B^ + 00^+ ... = GA^ + GB' + GC^+ ... +n,G0\ 
n being the number of the poirUs ABCB .... 
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Ex. 7. If QABC . . . and G/A'B^Cf, . . he points so situated on the same line 
that OA + GB + GC+ . ., = o, and also Q^A^ + Q^Bf + Q^(/ + . . . = o, then 

where n is the number of the points ABC . . . and also of the points A'Bfdt, . . . 

Sz. 8. If there be n of the points ABC. , . and n' of the points A'B^Cf, . . , 
then 

n.n',Q& = % (^^' + ^£'+^(r + ...). 

6. The following is an interesting application of Algebra 
to Geometry. 

If A, B, 0, 2>, P, Q he cmy six collinear points, then 

ARAQ BP.BQ CP.CQ DRDQ ^ 

AB.AC.AD ■*■ BG.BD.BA "^ CD.CA.GB "^ BA.BB.BC °' 

Put X for J., and reduce the resulting equation to any 
origin, after getting rid of the denominators. We shall have 
an equation of the second order in re to determine X. 

Put x = h, ie. X = B, and we get an identity. 

Hence a? = ft is one solution of this equation. 

Similarly x = c, and x = d are solutions. 

Hence the equation of the second order has three solu- 
tions ; and hence is an identity. 

If A, B, C, P, Q he cmy five collinear points, then 

AP.AQ BP.BQ CP.CQ _ 
AB.AC'^ BC.BA^ CA.CB"^' 

Multiply the identity just proved by AB throughout and 
let B be at infinity. 

Then AB = AB+BB, .-. AB/BB = AB/BB-^-i. 

But when B is at infinity AB/BB = o. 

Hence AB/BB = i. Similarly AB/CB = i. 

So BP/BB = I and BQ/BC = i. 

Hence we obtain the result enunciated. 

If A, B, C, B, P he any five collinear points, then 

AP BP _^:?__ DP _ 

AB.ACAB ■*■ BC.BB.BA ^ CB.CA.CB "^ BA.BB.BC" ^' 

In the first identity take Q at infinity, then since 
BQ/AQ=i, CQ/AQ=i, BQ/AQ=i, 
3 required result follows. 
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Ex. L Bh^w that the first resuU is true for n points A, B, . » , and (w — 2) 
poinis P, Q, . . . . 

Ex. 2. Show that the second result is true for n points A^ B,, , . and (n—i) 
points P, Q, . . . . 

Ex. 3. Show that the third result is true for n points A,B,... and (w— 2— w) 
points P^Q,,,., where m may 6e o, i, 2, 3, . . . (»— 2). 

Ex. 4. Enuvudaie the theorems obtained from Ex, 2 and Ex, 3 by taking ttie 
points P, Qj . . , aU coincident; and show that the theorems still hold when P is 
outside the line, provided the ind^ of AP is even. 

Use AP^ = Ap^ +pF^, and the Binomial Theorem. 

Menelaus's Theorem. 

7. If any transversal meet the sides JBC, CA, AB of a triangle 
in D, E, F; then 

AF.BD.CE=: -FB.BC.EA. 




The transversal must cut all the sides externally, or two 
sides internally and one externally ; for as a point proceeds 
along the transversal from infinity, at a point where the trans- 
versal cuts a side internally, the point enters the triangle 
and at the point where the point leaves the triangle, the trans- 
versal must cut another side internally. Hence of the ratios 
AF : FB, BD : DO, GE : EA, one is negative and the other 
two are either both positive or both negative. Hence the 
sign of the formula is correct. 

To prove that the formula is numerically correct, drop the 
perpendiculars p, q, r from ^, ^, on the transversal. 
Then AF/FB ^p/q, and BD/BC = q/r, and CE/EA = r 
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Hence, multiplying, we see that the formula is true 
numerically. 

Conversely, if three points D, E, F^ taken on the sides BC, 
CAj AB of a triangle^ satisfy the relation 

AF.BD.CE= -FB.BG.EA, 
then B, E, F are collinear. 

For, if not, let BE cut AB in F\ Then since 2), E, F' 
are collinear, we have 

AF\ BB.CE= -F'B. BG. EA. 
But by hypothesis we have 

AF. BB.CE= -FB . BC. EA. 
Dividing we get AF": F'B : : AF : FB ; hence 
AF' + F'B : AF+ FB : : AF': AF, 
ie. AF'= AF, i.e. F^ coincides with F. Hence B, E, F are 
collinear. 

Sz. 1. Shmo that the ahove relation is equivalent to 

sin ACF . sin BAD . sin CBE = - sin FCB . sin D^C . sin EBA. 
For AFiFB = AACF : A FCB 

= i AC ,CF sin ACF liFC . CB ain FCB. 

"Ex, 2. The tangents to a circle at the vertices of an inscribed triangle meet the 
opposite sides in collinear points, 

Ex. 3. A line meets BC, CA, AB in D, E, F. P, Q, R bisect EF, FB, DE, 
AF, BQ, CR meet BC, CA, AB in X, Z, Z. Show that X, F, Z are collinear. 
For BJT'.CJriiBA ain FAP : CA ain PAE : iBA.EA zCA.FA. 

Ex. 4. A line meets BC, CA, AB in X, Y, Z, and is any point; show that 
sin BOX . sin COY . sin AOZ = sin COX. sin AOY . sin BOZ. 

Ex. 5. If any transoersal cut the sides AB, BC, CD, DE, , , . of any polygon 
in the points a, b, c, d, . . ., show that the continued product of the ratios 

Aa/Ba, Bb/Cb, Cc/Dc, Dd/Ed, ...is unity. 

Let AC cut the transversal in y, AD in S, and so on, 
then Aa/Ba x Bb/Cb x Cy/Ay = i 
and Ay/Cy x Cc/DcxDb/AS = i, and so on. 
Multiplying up and cancelling, we get the theorem. 

Ex. 6. A transversal meets the sides of a polygon ABCD . . . in a, $, y, . . , 
and meets any lines through the vertices A, B, C, . . . in a, 6, c, . . . ; sliow that 
the continued product of such ratios as 

sin a Bh /ain bB^-i-a b/b /3 is unity. 
Ex. 7. Xf on tfie four lines AB, BC, CD, DA there be taken fwir points 
a, b, c, d such tfuil j^a. Bb. Cc. Dd = aB . bC. cD . dA, 

show that db and cd meet mi AC and ad and be meet on BD. 
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Apply Menelaus's Theorem to ABB and ad and to BCD and 5c; 
multiply, and divide by the given relation ; and we see that ad and he 
meet BB in the same point ; similarly for AC, 

Sx. 8. If ad and be meet on BD, then ah and cd meet on AC, amd the above 
relaikn holds. 



:. 9. If AB and CD meet in E and AD and BC in Fj and if Edb cut AD 
in d and BC in b, and ifFac cut AB in a and CD in c, then 

Aa.Bb.Cc.Dd = aB.bC.cD, dA, 

Use the theorem sin A/ain B = a/b. 

"Ek, 10. Between ABCD, abed there holds aiso the following relation 
sin ahB. sin he C. BiacdD . BindaA = sin Bbc . sin Ccd . sinDda. sin A ah. 

Ex. 11. If the lines AB, BC, CD, DA, which are not in the same plane, be 
met by any plane in a, h, c, d ; then </w relation of Ex. 7 holds ; and if this 
relaiion hold, the four points are in one plane. 

For the planes ABD, CBD, ahcd meet in a point, i. e. ad and be 
meet on BD. 

Ex. 12. If the sides of the triangle ABC which is inscribed in a circle be cut 
by any transversal in D, E, F, shxm that the product of the tangents from D, E, F 
to the circle is numerically equal to AF, BD . CE. 

Ex. 13. Construct geometrically the ratio a/h -t c/d. 

Ex. 14. The bisectors of the supplements qf the angles qf a triangle meet 
the opposite sides in coUinear points. 

Ex. 15. The bisectors of hjoo angles of a triangle and the bisector of the sup' 
plementofthe third angle meet the opposite sides in coUinear points. 



Ceva's Theorem. 

8. If the lines joining cmy point to the vertices -4., B, G of a 
triangle meet the opposite sides in D, E, F; then 

AF. BD.CE= FB.DC. FA. 




To verify the sign of the formula. the point in which 
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AD^ BE, CF meet must be either inside the triangle, in which 
case each of the ratios AF: FB and BB : DC and CE : EA 
is positive, or as at 0, or Og, in which cases two of the ratios 
are negative and one positive. Hence the sign of the 
formula is correct. 

To prove the formula numerically, we have 

AF:FB::AAGF:A FOB ::AAOF:A FOB 
iiAACF-AAOFiAFCB-AFOB 
::AAOC:ABOa 
Similarly BB : DC : : ABOA : AAOG 
and CEiEAiiA COBiAAOB. 

Hence, multiplying, we see that the formula is true 
numerically. 

Conversely, if three points 2>, E, F, taken on the sides BC, 
CA, AB of a tricmgle, satisfy the relation 

AF.BD. CE=FB.DC.EA, 

then AD, BE, CF are concurrent. 

For, if not, let AD, BE cut in ; and let CO cut AB in 
F\ Then since AD, BE, CF' are concurrent, we have 

AF\ BD. CE = F'B. DC. EA. 

But by hypothesis we have 

AF. BD.CE^ FB.DC. EA. 

Dividing, we get AF': F'B ::AF: FB. Hence F and F' 
coincide, i.e, AD, BE, CF are concurrent. 

Sx. 1. In the figure, show that 

OB OE OF 
— + — + — = I. 
AD BE CF 

Ex. 2.-40 meets BC in B, BO meets CA in E, CO meets AB in F. GH is 
equal and parallel fjo BC and passes through A, BC meets 00 in L atid HO in 
K, Similarly segments like KL are formed on CA and AB, Show that the pro' 
dud of these segments is .^ ^ ?) nv 

Ex. 3. Show thai the necessary and sufficient condition that Aa, Bb, Cc should 
meet in a point is 

sin aAB . sin hBC. sine CA = sin CA a . sin ABh. ainBCc. 

Ex. A. If the lines Aa, Bb, Cc, Bd, . . . draum through the vertices of a plane 
polygon ABCD ,», inthe same plane meet in a point, then the continued product of 
au^h ratios as sin a AB : sin AB b is unity. 
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Ex. 6. Iffhe lines joining a fixed point to the opposite vertices of a polygon 
of an odd number of sides meet the sides AB, BC, CD, BE, ... in Hie points 
tty hj c, dj . . ., show that the continued product of such rcUios as Aa/aB is unity. 

For Aa/aB =^ AO.aO sin AOa/aO . BO sin aOB, 

Ex. 6. The lines joining the centres of the escribed cirdes of a triangle to the 
middle points of the corresponding sides qf the triangle are concurrent. 

Ex. 7. AO meets BC in P, BO meets CA in (?, CO meets AB in R ; PU meets 
QR in JT, QU meets RP tn Y, RU meets PQ in Z ; show that AJT, BY, CZ are 
concurrent. 

Ex. 8. Throiigh the vertices of a triangle are drawn paralMs to the reflexions 
of the (Opposite sides in any line ; show thai these parallels meet in a point. 

For the angle between the reflexions of two lines is equal to the 
angle between the lines. 

Ex. 9. A% B^f Cf are the reflexions of A, B, C in a given line through 0. 
0A\ OBf, OC^ meet BC, CA, AB in D, E, F. Show that D, E, F are coUinear, 

For BDiBCi'.BO sin BOA^ : CO sin A^OC. 

Ex. 10. A cirde meets BC in D, 2/, CA in E, E\ and AB in F, F'. 
Show that if AD, BE, CF meet in a point, so do AD^, BE^, CF\ 

Ex. 11. A line meets BC, CA, AB in P, Q, R and AO, BO, CO in 
X, Y, Z, being any point. Show that 

qX, RY.PZ = RX. PY. QZ. 

Ex. 12. A A', BBf, CCf meet in a point, show that the meets ofBC, B'C^, of 
CA, CfA' and of AB, A'Bf are coUinear ; and conversely, if tfie meets are 
coUinear, the joins are concurrent (See also IV, 1 1.) 

Let p. p' be the perpendiculars from A on A'B^, A'Ct and q, ^ those 
from i^ on B^(f, BfA' and r, r* those from C on C^A^, C^Bf, Then 

sin BfA'A : sin AA'Cf wpxpf and pf \ r wAY \ CY, 

if^Cmeet^'CTin F. 

Ex. 13. The lines from the vertices of a triangle to the points of coniact of any 
drde touching the sides of the triangle are concurrent. 



CHAPTER 11. 

HARMONIC EANGES AND PENCILS. 

1. A range or row is a set of points on the same line, 
called the axis or base of the range. 

A pencil is a set of lines, called rays, passing through the 
same point, called the vertex or centre of the pencil. 

If A, B, A\ B^ are collinear points such that 

AB : BA': : AB'i A'B" 
or (which is the same thing) such that 

AB/BA'=^ -AB'/B'A^ 
then {ABA'B^ is called a harmonic range. A, A' and B, 
B^ are called harmonic pairs of points ; and A, A' are said to 
correspond and B, B' are said to correspond. Also A is said 
to be the fourth harmonic of A' (and A^ oi A) for B and ^; 
so 5 is said to be the fourth harmonic of B^ (and B' of B) 
for A and A\ Also AA' and BB^ are called haimonic 
segments and are said to divide one another harmonically. 
The briefest and clearest way of stating the harmonic rela- 
tion is to say that {AA\ BB^ is harmonic. The relation 
may be stated in words thus — each pair of harmonic points 
divides the segment joining the other pair in the same ratio 
internally and externally, 

A .5 A' B" 

For BA : AB'^ -BA'i A'B\ 

£x. 1. The centres of similitude of ivoo circles divide the segment joinitig the 
centres of the circles harmonically. 

£x. 2. The irUemal and external bisectors of the vertical angle of a iriatigle 
cut the base harmonically^ 
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Ex. 3. (BC, -TXO, (04, IT'), (-45, ZZ'^ are harmonic ranges ; sJww 
that if JJT, BYf CZ are cwicurrerU, then X'Y'Z' are coUinea/r, and that if 
J^Y^Z^ are ccilinear, then AX^ BY, CZ are concurrent. 

Use the theorems of Ceva and Menelaus. 

2. If {A A, BB^ he harmonic^ then 

2X1 2X1 



AA'" AB '^ AB"' BB'" BA '^ BA' 
211 2 X X 



A' A "" A'B ^ A'B" B'B^'B'A^ B'A' 
Taking any one of these formulae, say 

9. X I 



A'A" A'B ^ A'B" 
choose A^ as origin in the defining relation 

ABiBA'i'.AB'iA'B" 

and use abridged notation. Then AB . A^B^= BA\ AB^ 
gives us 

(&-a)6'=(-6)(6'-a) or hV-ab'-^W-ab^ o, 

,,/,,/ 2x1 
or 200 = ab-^-ao or - = t + t/* 

abb 

Converselyj if (my one of these relations is true, then 
{AA\ BB^) is harmonic. 

For retracing our steps we see that 

ABiBA'iiAB'iA'B'. 

Ex. 1. Xf^ Used BE', then AB,ABf= AA^. Afi, 

Ex. 2. ADj BE, CF are the perpendiculars on BC, CA, AB, and (5(7. DP\ 
{CA, EQ) and (aB, FR) are harmonic ; show that PQR is the radical axis of the 
circum-cirde and the nine-point circle of ABC. 

Ex. 3. J^ {^A^, BBf) he harmonic, and P be any point on the line AB^, 
show that 

^ ' AA^ " AB"^ AB"' 
Put PA^ = PA+ AA^, &c. 
Ex. 4. If EF divide hdh AA^ and B& harmonically, then 

AB.BfE.EA^=--A^B' ,BE.EA, 
For we have i/EA - 1./EB = i/EBf - i/EA\ 

If we call AA^ the harmonic mean between AB and AB^ and so on, 
Ex. I shows us that the 0» M, between tioo lengths is eqwd to the G. M. between 
theA.M.andtheH.M. 

For Afi is the A. M. between AB and AB^, 
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3, If {AA\ JBB^ he harmonic, then aA^= aB. aB'; and 
conversely, if aA^= aB.aB\ then {AA\ BB^ is harmonic, 
a being the middle point of AA\ 

For taking a as the origin in the defining relation 

ABxBA'x.AB^xA'b:, 

we have (6-a) (fe'-aO = {a'-V) {V-a). 

But a'= —a, hence (6— a)(6''+a) = (— a— Z/)(&'— a), 
ie. WJfla-aV-a'-\-aV-a'-\-W'-'ba = o, 
i.e. hV-^a^y i.e, aA^=^ aB. aB\ 
The converge follows by retracing our steps, 

Sx. 1. SJiow that the middle point qf either of two harmonic segmenis is outside 
the other segment 

Ex. 2. The chord of contact of tangents from A to any circle cuts the diameter 
BBf through A in the fourth harmxmic of A uMh respect to BBf, 

For O^ — OP'* = OA.OA^ by similar triangles, P being one of the 
points of contact and the centre. 

Ex. 3. Dedu/ce a constnuMon for the fourth harmonic of A' with respect to BB^ 
when A' is between B and Bf, 

Ex. 4. J)edu4x the connexion between the A.M., G, M., and H. M, of AB 
and AB^. 

Ex. 5. Deduce the formula z/AA^= i/AB+i/AB^, 
We have AG . AA^ = AP^= AB, AW, 
Hence the result follows from 2 . -40 = AB + AB^, 

Ex. 6. Bo Ex, 4 and Ex, 5, interchanging A and A\ 

Ex. 7. Show that if {AA% BBf) be harmonic and a bisect AA' and j8 bisect 

Ex. 8. Also AB^ : M& iifiA: fiA' 

For fiA : /3^'« fiA^ :PA . jS^'= fiA^ : fiB\ 

Ex. 9. Given two segments AB, CD upon the same liiie, construct a segment 
XY which shaU divide both AB and CD harmoniccUly. 

Take any point P not on the given line. Through ABP and CDP 
construct circles cutting again in Q. Let PQ cut ABCD in 0. From 
draw tangents to the circles. With as centre and any one of these 
tangents as radius, describe a circle. This circle will cut the given line 
in the required points X and Y. For 

0^= Or»= OP. 0Q=- OA,OB=^ OC.OD, 

4. To find the relation between four harmonic points and a 
fifth point on the same line. 

Let (AA^, BB') be harmonic, and take the fifth point P 
as origin. Then by definition AB/BA'= -AB\IB'A\ 
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But AB ^PB-PA — l-a, &c. Hence 

or 2 aa' + 2 66'= (a + a') (&+&')> 
ie. 2.FA.PA''V2.PB.FB'=^{PA+PA'){PB + PB^, 

Conversely, if this relation hold, {AA\ BB^) is harmonic. 
For reasoning backwards we deduce the relation 

AB/BA'^ -AB'/B'A'. 

If (AA% BB') he harmonic, and a bisect AA' and /3 bisect 
BB", then PA . PA'+PB. PB'= 2. Pa. Pp. 

For PA^-PA'= 2 . Pa and PB+PB'- 2 . P/3. 

Note that every relation of the second order connecting 
harmonic points must be identical with the relation of this 
article. Hence the following relations can be proved, 

Ex. 1. 2 . AB^. BA'= 2 . AB.A^B^ = AA\ BB^. 

Ex. 2. AB,ABf + A^B . A^Bf = A'AK 

Ex. 3. A'A^^BTB^^- {AB + A'B'y = 4.ajS^ 

Ex.4. PA.A^B'+PA\AB + PB,B'A + PB'.BA'=o. 

Ex.6. AS^==2.aB.A0. 

Ex. 6. BA : BA^ : : j8B : A'0, 

Ex.7. PA.PA'-PB!^ + 2.aB,P$. 

Ex. 8. If P and Q he arbitrary points^ then 

PA.QB^,A'B + PA'.QB.AB' + PB,QA.B^A' + PB',QA\BA = o. 
Take P as origin and put QB^ = Z/ - x, &c. 

Ex. 9. PB . PB'. AA' + PA^. A^& + A'l^, &A = o. 

This is a relation of tJie third order, which vanishes when A 
coincides with A'. Hence we guess that it is the product of (o — a') 
into the harmonic relation. 

5. If B, Bf divide AA' in the same ratio internally and 
externally, then by definition {AA\ BB^) is a harmonic 
range. Now suppose this ratio is one of equality, then B 
becomes the internal bisector of the segment AA\ i.e. B is 
the middle point of AA^; also B" becomes the external 
bisector of the segment AA\ i.e. a point such that 
AB'= A'B\ B" being outside AA\ But 

AB'/A'B'^ {AA'-^A'B'yA'B'^ AA'/A'B'+ 1 ; 
and this can only be i when AA^= o or A'B^= co. Hence, 



1 6 Harmonic Ranges and Pencils. [ch. 

aBSiiining that A and A' do not coincide^ we must have 
A''Bf=- oi:i y Le. B' must be at infinity. Also if jB' is at 
infinity, then ABf ; A'Bi •=- 1 as above. Hence -4^= A'Vy 
ie. ^ at infinity bisects AJif externally. Hence the two 
theorems — 

The point at infinitff an any line bisects exttmaMy every 
segment on this line. 

Every segment is divided harmonicnUy by its middle point and 
(he point at infinity on the line^ or, in other words, by its internal 
and external bisectors. 

6. If any two points of a harmonic range coincide, then a 
third point coincides with them and the fourth may be anywhere 
on the line. 

Suppose AA^ coincide. Then B lying between A and A^ 
must coincide with them. So for BB'. 

Suppose AB coincide. Then AB = o ; hence, from the 
defining relation AB. A'B^= BA\AB^, we conclude that 
J5-4'= o or AB^=^ o, i.e. ABA^ coincide or ABB^. So for 
AB", A% A'B". 

Again, if ABA' coincide, then AB = o and BA^=^ o ; 
hence the relation AB.A'B^= BA\ AB^ is satisfied wherever 
B' is. So for BA'B', &c. 

7. A pencil of four concurrent rays is called a harmonic 
pencil if every transversal cuts it in a harmonic range. 

Harmonic pencils exist for — 

If a pencil be obtained by joining any point to the points of a 
harmonic range, then every transversal cuts this pencil in a har- 
monic range. 

Let (AA^, BB') be a harmonic range and V any point. 
Join V to AA^BB^, and let any transversal cut the joining 
linos in aa'bV. 

"^ en ab : ba'= A aVb : AbVa' 

= ra.Vb sin aVb : Vb . Va' sin bVa\ 
ab ctl/ ^ sin aVb sin aVb' 
^ ha' "^ 6V " imbVa' "^ sin Wa' ' 
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Now aF6'= AYB^\ but for the transversal a/3' we should 
have a Y^'^ 1 80°-^ YB. 

So in all cases aYV is either equal to or supplemental to 
A YB^; hence in all cases sin aYh'= sin A YB'. So for the 
other angles. 




Hence 



ab ^ ah' _8m AYB , sin^F^ 
ha''^ 



Va! sin^F^' ' sin^'F^' 

AB AB' , . ., 
^BA'-^WA' by B^milar reasoning 

= — I by definition. 

Hence ab/ha'-r- aV/h'a'^^ — i ; hence {aa% hh') is a har- 
monic range. 

We denote the pencil subtended by ABA'B' at F by 
Y{ABA'B') ; and we may briefly state the above theorem 
thus — if {AA\ BB') is a harmonic range, then Y(AA', BB') 
is a harmonic pencil (or more briefly still — is harmonic). 

Ex. 1. If B Insect AA' and VCl he drawn, parallel to AA^j then Ike pencil 
V {AA^, JBn) is harmonic. 

For {AA% B H) is harmonic, Ci being the point at infinity on AA^» 

SjX. 2. J/* a transKersal he drawn parallel to the ray VB of the haarmonic 
pencil V {AA^, B&) meeting the other rays in ah^a\ then 2/ bisects aa\ 

For h is at infinity. 

C 
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Sz. 3. The internal and external bisectors cf an angle form toiOi ^ rays 
of the angle a harmonic peticU. 

Draw a parallel to one of the bisectors ; or use Eu. YI. 3 and A. 

Ex. 4. If a pair of corresponding rays of a harmonic pencil he perpendicular, 
they are the bisectors of the angles between the other pair of rays, 

Ex. 6.IfV (AA% BB^) be harmonicj prove that 

2 cot AVA^ = cot AVB + cot AVB^. 
Take a transversal perpendicular to VA. 

Ex. 6. Also if Va bisect the angle AVA^j then 

tan* aVA=^ tano FJ5 . tan o VB^, 
Take a transversal perpendicular to Va. 

Ex. 7. a sin AV^, sin BVA' = a^inAVB , sin A^VB^ 

^B.\nAVA\^iaBVBf, 

g sin PVA' sin PVB sin PFJ^ 
^* ' ^' sin^FJL' " sin^FJB "*" sin^FJS' 
where VP is an arbitrary line throv^gh V. 
Also deduce Ex, 5. 

8. The polar of a point for two lines BA and BC is the 
fourth harmonic of BO for BA and BG. 

The pole of a line LM for two points A, B is the fourth 
harmonic of the meet of LM and AB for A and B. 

If through there he drawn the transversal OPQ cutting BA 
in P and BC in Q, then the locus of B, the fourth harmonic of 
for P and Q, is the polar of for BA and BC. 

For the pencil B {OPBQ) is harmonic. 

If the two lines BA, BC be parallel, i.e. if ^ be at infinity, 
the theory still holds, if we consider B to be the limit of a 
finite point. 

To construct the polar of for HA, Q,C where X2 is at 
infinity, draw any transversal OPQ meeting Q.A in P and 
Q,C in Q, and take B so that (OPQB) is harmonic, and 
through B draw a parallel Q.B to Q,A and ilC ; then Q.E is 
the polar of for the parallels X2-4, X2C 

Ex. 1. Thepolars of any point for the three pairs of sides of a triangle meet 
the opposite sides in three coUinear points. 

Let AG, BO, CO meet the opposite sides in P, Q, R, and let the polars 
of meet these sides in P', (/, R\ 

Then BP/PC = -BP^/P^C, and so on 

Now use the theorems of Menelaus and Ceva. 

Ex. 2. The poles of any line for the pairs qf vertices of a triangle connect con- 
currenUy voUh (he opposite vertices. 
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:. 3. The poles of any line for the pairs of points BC and CA are coUinear 
vjiih the meet of the line and AB. 

Ex. 4. The polars of Ofor BA, BC and for CB, CA meet on AO. 

9, Through a given point is draum a line meeting two fixed 
lines in P and Q, cmd on OPQ is taken the point E such that 
i/OB = 1/OP+ i/OQ ; find the locus ofB. 

Take the polar noi for the two given lines, and let OFQ 
meet this line in B. Then we know that 

2/02^ = 1/OP+ i/OQ. 
Now draw parallel to n and 
half-way between and n the 
line w' cutting OPQ in Bf* 
Then OBf= OB/2, 

ie. 2/OB = i/OBf. 
Hence i/OJff = 1/OP+ i/OQ ; 
hence n^ is the required locus. 

XiX. L A transversal through the fixed point meets fixed lines inA,B,C,,.. 
and on OA is taken a point P such that i/OP = 1/0-4 + 1/OB+1/OC+ . . . ; 
find the locus ofP, 

Replace i/OA + i/OB by i/OL, and so on. 

Ex. 2. A transversal through the fixed point meets fixed lines in A,B,C,.., ; 
find the direction of the transverse^ when 2 i/OA is (i) a maximum (ii) a 
minimum. 

Perpendicular and parallel to the locus of P. 

Ex. 3. A transversal through the fixed point Omeels fixed lines in AyB,Cj,,. 
and on OA is taken a point P such that i/OP = a/OA + b/0B + c/0C+ . . . , 
where aj h, Cj . , . are any multipliers ; find the locus of P. Also find the direction 
of the transversal when X a/OA is (i) a max., (ii) a min. 

Whatever a, 6, c, . . . are, we can, by taking the integer A; large enough, 
make ka, kh, kc,,,. all integers. Hence 

k/OP = a^OA + y/OB + c^/0C+ .., 

where k, a', b', (/, . . . are all integers. Now by Ex. i find the locus of 
Q such that i/OQ = (i/O^ + ... a' times) + {1/OB + . . . 1/ times) + . . . 
and draw a parallel through P to the locus of Q such that OP = k, OQ. 
This parallel is the required locus. 

10. A complete quadrilateral is formed by four lines called 
the sides which meet in six points called the vertices of the 
quadrilateral. These six points can be joined by three other 
lines called the diagonals. The diagonals are also called the 
Jmrmonic lines of the quadrilateral and the harmonic linesform 
the sides of the harmonic triangle. These names are derived 

c 2 
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from the following property — called <A6 Jiarmonic property of 
a comply quadrilateral. 

Each diagonal of a complete quadrilateral is divided har- 
monically hy the other two diagonals. 

Let the four sides 
of the complete 
quadrilateral meet 
in the three pairs 
of opposite vertices 
AA\ BB", CC\, 
Then AA'^BB'.CC, 
or /3y, yoy afi are the 
harmonic lines. We 
have to show that the ranges {AA% /3y), {BB^j ya\ (CC\ a/3) 
are harmonic. 

To prove that {AA\ /3y) is harmonic consider the triangle 
whose vertices are AA' and any other of the vertices, say 
AA'G. Since ByB! are collinear, we have 

CB.A'y.AB!^ CB\ Ay.A'B. 
Also since AB, A'Bf^ CP are concurrent, we have 

CB.A'fi.AB'=^ -CB'.Afi.A'B. 
Dividing we get A'y/Ay^ —A^^/A^; hence {AA% ^y) 
is harmonic. Similarly {BB^, ya) and {CG\ a/3) are har- 
monic. 

11. Using a ruler only, construct the fourth harmonic of a 
given point for two given points. 

To construct the fourth harmonic of y for B and j5'. On 
any line through y take two points A and A\ Let A^B, 
AB' cut in G and AB, A'B" in G\ Then GG' cuts BBf in 
the required point a. For BB^ is a diagonal of the complete 
quadrilateral formed by AB, ABfy A'B^ A'B^\ hence 
(fiB^, ya) is harmonic. 

Ex. 1. JLO, BO, CO meet BC, CA, AB in P, Q, R ; QR, RP, PQ meet BC, 
CA, AB in X, T, Z. Show that (BC, PX;, {CA, QY), {AB, RZ) are harmonic 
ranges, and that XYZ are collinear. 

Ex. 2. ]fa transversal meet BC, CA, AB in -T, T, Z, and the join qf A to 
the meet of BY and CZ cut BC in P; show tftat (BC, PX) is fiarmonic, and that 
the three lines farmed like AP are conc^jirretU. 
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12. A convpUte quadrangle is formed by four points called 
the vertices which are joined by six lines called the sides of 
the quadrangle. These six lines meet in three other points 
called the harmonic points of the quadrangle ; and the har- 
monic points are the vertices of the harmonic triangle. Some 
writers give the name diagonal-points to the harmonic 
points. 

The following is the harmonic ^property of a complete 
quadrangle. 

The angle at each harmonic point is divided harmonically by 
the joins to the other harmonic points. 

Let ABCD be the v^.^,,^^ 

four points form- \^^^^^^^^^^^-^ — "^7^ ^ 

ing the quadrangle. \ ^ ^^^5^^^^^^^^^ 

Then CT, F, W are \^«=«=='^^^^^^/V^ 

the harmonic points ^ \^ // 

of the quadrangle; \. // 

and we have to show \ /^ 

that the pencils c 

U{AI>, VW), V{BA, WU\ W{GD, UV) 
are harmonic. 

To show that the pencil W{CD, UV) is harmonic, it is 
sufficient to show that the range {LM, UV) is harmonic, L 
being the meet of AG and UVy and M of BB and UV. Con- 
sider the triangle formed by UV and any vertex, say UVC. 
Then because BBM are collinear, we have 

GB.VM. UB = GB. UM.VB. 
Also because UB, VB, GL are concurrent, we have 

GB.VL.UB= -GB.UL.VB. 
Hence dividing we get VM / UM = — VL / UL. Hence 
{UVj LM) is harmonic, i. e. W(CB, UV) is harmonic. 
Similarly U{AB, VW) and V{BAy WU) are harmonic. 

13. Using a ruler only, construct the fourth harmonic of a 
given line for two given lines. 

To construct the fourth harmonic of VU for VA and VB. 
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Through any point TJ on YTJ draw any two lines TAB and 
FDC, cutting F4 in ^ and 2), and YB'vclB and (7. Then if 
AC and 52) meet in TF*, FTT is the required line. For ?7, 
F, TF are the harmonic points of the quadrangle -4, 5, C> 2). 
Hence F(5-4., WTJ) is harmonic. 

!ESx. L Throvi/gh one of the harmonic points of a complete quadrangle is drawn 
the line parcUlel to the join of the other ttoo harmonic poirUs ; sh&u) thai two qf the 
segments cut off between opposite sides of the quadrangle are bisected cU the 
harmonic point. 

SiX. 2. Through Vj oneqfthe harmonic points of a quadrangle j is drawn a lin/e 
paraUd to one side and meeting the opposite side in P and the join qf the other 
harmonic points in Q, show that VP = PQ, 

XiX. 3. In the figure qf the quadrilateral in § lo, show that Aa, A'a^ 30, 
B^fij Cy, (fyform the six sides of a quadrangle. 

We have to show that the six lines pass three by three through four 
points. Consider oA, 0Bfj yCf, Since A'Pf(f are collinear and (/Sy, AA') 
is harmonic, aA^ 35', yif are concurrent. Similarly cul, /3B, yC are 
concurrent, also aA\ dB, y(f, and also aA\ 0B^, yC, 

Ex. 4. In the figure of the quadrangle in §12, the sides of the triangle WW 
meet the sides in six new points which are tlie vertices of a quadrilateral. 



CHAPTER III. 

HAEMONIC PBOPEETIBS OF A CIBOLE. 

1. Evert line meets a circle in two points, real, coincident or 
imaginary. 

For take any line I cutting a circle in the points A and B. 
Now move I parallel to itseK away from the centre of the 
circle. Then A and B approach, and ultimately coincide 
when I touches the circle. But when I moves still further 
from the centre, the points A and B become invisible ; yet, 
for the sake of continuity, we say that they still exist, but 
are invisible or imaginary. (See also XXVII.) 

2. From every point can he drawn to a circle two tangents, 
real, coincident or im^inary. 

For take any point T outside the circle, and let TP and 
TQ be the tangents from T to the circle. Now let T 
approach the centre of the circle along OT. Then TP and 
TQ approach, and ultimately coincide when T reaches the 
circumference. But when T moves still further towards 0, 
the tangents TP and TQ become invisible ; yet, for the sake 
of continuity, we say that they still exist, but are invisible 
or imaginary, (See also XXVII.) 

3. Two points which divide any diameter of a circle har- 
monically are said to be inverse points for this circle. 

If be the centre and r the radius of the circle, then 
inverse points B, B' must lie on the same radius of the circle 
and be such that OB . OB'=z r". 



24 Harmonu Properties of a Circle. [ch. 

Sx. L Thu inverse of any point at infinity for a circle is the centre of 
the ciixle ; and (xynversely, the inverse of the centre is any poirU at infinity, 

£x. 2. Every two points and their inverses for a cirde lie on a drde. 

Sz. 3. Given a pair of inverse points for a circle, the circle must be one 
of a certain system of coaxal circles, 

SjX. 4. If four points {AA\ BBf) he harmoniCf so are the four inverse points 
{^aaf, W) for any circle. 

r* r* r* AB 

For Oa = —, Ob ^-; hence ab=-^j-^^. 

Sz. 6. If BB^ be a pair of inverse points on the diameter AM of a circle, and 
ifPhe any point on the cirde ; then PA, PA' bisect the angle BPBf, and the ratio 
PB : PB^ is independent of the position of P. 

Sz. 6. Also if perpendicidars to AA' at A A' BBf meet any tangent to Vie 
cirde in aa' bV, show that Oa and Oa' bisect the angle bOV, being the centre, 
and that the ratio ObiGbf is independent of the position qf the tangent, 

4. Two circles are said to be orthogonal when the tangents 
to the circles at each point of intersection are at right angles. 

£z. 1. ]f two circles are orthogonal at one qf their meets, they are orthogonal 
at the other, 

SiZ. 2. If the orthogonal drdes a and whose centres are A and B meet in P, 
show that AP touches fi and BP touches a. 

"Ex. 3. The radii of two drdes are a and b and the distance beticeen their 
centres is H ; show that the necessary and sufficient condition that the drdes should 
be orthogonal is a^ + b^= 8*. 

5. Every circle which passes through a pair of points inverse 
for a circle is orthogonal to this circle ; and conversely, every circle 
orthogonal to a circle cuts every diameter of this circle in a pair 
of inverse points. 

First, let the circle y 
pass through the inverse 
points BB' of the circle 
CO. Let P be one of the 
meets of o) and y. Then 
OB . 0B'= 01^. Hence 
OP touches y. Hence 
OPC is a right angle. 
Hence CP touches co. 

Hence the tangents OP and CP are at right angles, ie. the 

two circles are orthogonal 

Second, let the two circles a> and y be orthogonal. 
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Through the centre of co draw the diameter A A' cutting y 
in BB\ Then since the circles are orthogonal, 01?C is a 
right angle ; hence 0^ touches y. Hence OB . 0^= O^'^, 
Hence B and Bf are inverse points for o). 

Sz. L i/ a drde a divide one diameter of the circle fi harmonicaUy, it divides 
every diameter of ^ harmxmixaUy. 

Sz. 2. On ^ diagonals of a complete quadrilateral as diameters are draion 
three circles ; s?iow that each q/' these cuts orihogoncUly the circle about the harmonic 
triangle. 

£x. 3. Through two given points draw a circle to cut a given segment 
harmonicaUy, 

The circle cuts the circle on the segment as diameter orthogonally. 

6. A line cuts two circles in the points PF^ and QQf, so that 
{JPB% QQf) is harmonic ; show that the product of the perpen- 
diculars from the centres of the circles on the line is constant. 

Let A be the centre 
and a the radius of one 
circle, and B and b 
those of the other 
circle. Let AX = p 
and BT=q be the per- 
pendiculars from J^ and 
B on the line. Then 
X bisects PP', r bi- 
sects QQ\ and since (PP', QQ") is harmonic, we have 

XP^=^XQ.XQ\ 

Draw 5^ perpendicular to AX, Denote AB by 8, 

Now 2pqz=p^-^q^--{p^qy=:a''-PX^+V-'QT'-'AIP 

For 

Xr2-PX^-Qr^= (XY-^QY){XY-QY)-XP' 

= XQ\XQ^XP'=o. 
Hence pq is constant. 

XiZ. "L J^ a line cut two orthogonal circles harmonically^ it must pass 
through one of the centres. 

For p =^ o or q = o. 
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2, J^a line I cut one circle in the points PP^ and another circle in the 
points Q(/, which are such that {PP^, Q(/) is harmonic ; show that the envelope 
of I is a conic whose foci are the centres of the circles. Show also ihoA if the 
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dinc2es VMet in C and D, ihe envelope touches the four tangents of the circles 
at C and D, 

Since pq is constant, the first follows by Qeometrical Conies. Also 
if I become the tangent at C, then PP^ and Q coincide at C ; hence 
{PP^, Q(/) is harmonic. 

Ex. 3. The locus of the middle points of PP^ and Q(f is the coaxal circle 
lohMe centre Insects AB. 

For the locus of X and Y is the auxiliary circle. Also each meet of 
the circles is on the locus ; for the tangent to either circle at a meet 
is divided harmonically. 

Ex. 4hIfBhe any point on a circle, A and B fixed points on a diameter and 
equidistant from the centre, the envelope of a line which cuts harmonically the two 
circles unth A, B as centres and ABy BB as radii is independent of the position of 
B on the circle. 

Its foci are A and B. Also 

Qh^= AB^ + BB^-AB!*^a Oi2' + a OA^-4 OA^ 

Hence 6* = OB^ — OA^, which is constant 

7. Through a point U is drawn a variable chord PP' of a 
circle and on PP' is taken the point B such that (UBj PP') is 
harmonic ; to show that the locus o/B is a line. 

Take the centre of 
the given circle co. Let 
OU cut CO in AA\ From 
any position of B drop a 
perpendicular BU' to 
UO, On 22 CT as diameter 
describe the circle /3 pas- 
sing through U\ Now 
since (BU, PP') is har- 
monic; PP' are inverse points for /3. Hence to and /3 are 
orthogonal. Hence UU' are inverse for co. Hence 17" is a 
fixed point. Hence the locus of i? is a fixed line, viz. the 
perpendicular to OU through the inverse of U for the given 
circle. 

The locus of B is called the polar of U for the circle. We 

may briefly define the polar of a point for a circle as the 

locus of the fourth harmonics of the point for the circle. 

1 if RU' ia given, ?7is called its pole for the circle, and 

ad BU' are said to be pole and polar for the circle. 

IfUhe outside the circle, the polar of U for the circle is 
ihord of contact of tangents from U to the circle. 




3i 
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For take the chord TJ^^' very near the tangent TJT, 
Then when ^^' coincide, jB, being between them, coincides 
with them ; ie. one posi- 
tion of i^ is at T. So 
another position of B, is 
atT'. Hence 2T' is the 
polar. 

The polar of the centre 
of the circle is the line at 
infinity. (See IV. 3.) 

For if U coincide with 
0, then PP' is bisected at U, Hence B is at infinity. 

The pole of the line at infinity for a circle is the centre of the 
circle. 

For if i? be always at infinity, PP' is always bisected at 
Z7, i.e. Uis the centre of the circle. 

The polar of a point on the circle is the tangent at the point 

For suppose Uto approach A, then since OU. 0U^= 0A% 
we see that U^ also approaches A. Hence when U is at A, 
U^ is at J. ; and the polar of TJ, being the perpendicular to 
OU through W, is the tangent at U. 

Similarly, the pole of a tangent to a circle is the point of 
contact, 

9. Salmon's theo- 
rem. — If P and Q he 
a/ny two points and if 
PM he the perpendicular 
from P on the polar of Q 
for any circle^ and if 
QN he the perpendicular 
from Q on the polar ofP 
for the same circle, then 
OP/PM = OQ/QN, 
hemg the centre of the 
circle. 

From P drop PX perpendicular to OQ and from Q drop 
QY perpendicular to OP. Then P' being the inverse ^oval 
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of P, and (^ the inverse point of Q, we have 

Also since the angles at X and Y are right, we have 

OY.o:p^ox.oq, 

, \ OP/OQ= OQ'/OP'^ OX/OY^{0(^- OX)-i-{OP'''OY) 

=X(^/YP'=PM/QN. 
Hence OP/PM = OQ/QN. 

We may enunciate this theorem more briefly thus — If p^ 
q he thepolars ofPy Qfor a circle whose centre is 0, then 

OP/{P, q) = OQ/(Q, p). 

Ex. Xf tty hy p he the polars of the points A, J5, P for a circle whose 
centre is 0, show that 

(fia) UiP) (Q,a) (By a) 
■ (P, &) (B,1>)"(0,6)"C^,&)* 

For OA . (0, a)^ OB, (0, &) = r«. 

10. // the polar of P pass through Q, then the polar of Q 

passes through P. 

If the polar of P pass 
through Q, then, P' being 
the inverse of P, P'Q is per- 
pendicular to OP. Take Q' 
the inverse of Q, Then 
OP.OP'=OQ.OQ\ 
Hence PP^QQ' are concyclic. 
Hence OQfP=OP'Q is a 
right angle. Hence PQf is 
the polar of Q, ie. the polar 
of Q passes through P. 

The points P and Q are called conjugate points for the circle. 
We may define two conjugate points for a circle to be such 
that the polar of each for the circle passes through the other. 
Note that if PQ cut the circle in real points BR\ then, 
since the polar of P passes through Q, we see that (PQ, B^ 
is harmonic ; and hence the polar of Q passes through P. 

The pole of the join of P ami Q is tlie meet of the polars of 
P a/nd Q. 
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For if the polars of P and Q meet in ^, then, since the 
polars of P and Q pass through 2?, therefore the polar of IR 
passes through P and Q. 

11. On every line there is cm infinite number of pairs of con- 
jugate points for a given circle ; and each of these pairs is har- 
monic with the pair of points in which the line meets the circle. 

On the line take any point P, and let the polar of P meet 
the line in P\ Then P and P' are conjugate points ; for the 
polar of P passes through P'. Also if PP' meet the circle in 
JtBf, then {PP\ RB!) is harmonic ; for P' is on the polar 
of P. 

Conversely, every ttvo points which are harmonic with a pair 
of points on a circle are conjugate for the circle, 

12. If the line p contain the pole of the line q, then q con- 
tains the pole of p. 

Let P be the pole of p and Q of q. We are given that p 
contains Q, ie. that the polar of P passes through Q, Hence 
the polar of Q passes through P, ie. g passes through P, i.e. 
q contains the pole of p. 

The lines p and q are called conjugate lines for the circle. 
We may define two conjugate lines for a circle to be such 
that each contains the pole of the other. 

Through every point can he dratvn an infinite number of pairs 
of lines which are conjugate 
for the circle, and each of 
these is harmonic mth the 
pair of tangents from the 
point 

For take any line p 
through the given point 
U and join U to the pole 
Pofi?. Then p and Z7P 
are conjugate lines, for 
UP contains the pole ofp. 

Draw the tangents UT and UT^ from U, and let the polar 
TT' of Umeet p in P\ TT meets C7P in P since Z7 is on the 
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polar of p. Now the range (PP', TT') is harmonic, for P' 
is on the polar of P ; hence the pencil U{PP^, TT) is har- 
monic; Le. the conjugate lines p and UF Bxe harmonic with 
the tangents from U. 

Conversely, evety pair of lines which are harmonic with the 
pair of tangents from a point to a circle are conjugate for the 
circle. 

For let UQ and TJQ' be harmonic with the tangents UTy 
UT' from U. Let UQ and UQ' cut the polar TT' of Z7 in P 
and P\ Since U{QQf, TT") is harmonic, hence {PP% TT') 
is harmonic. Hence CT' is the polar of P ; for the polar of 
P passes through P' since (PP\ TT^) is harmonic, and passes 
through U since P is on the polar of U. Hence since the 
pole of C7P' lies on UP, we see that UP and UP' are conju- 
gate lines. 

SiZ. 1. Find the locus ofaXL the points conjugate to a given points 

SiX. 2. AH the lines conjugate to a given line are concurrent. 

XiX. 3. When two points are coif\jugate, so are their polars ; and when tioo 
lines are conjugate, so are their poles, 

SiX. 4. A point can he found conjugate to each qf two given points ; and a line 
can be found conjugcUe to each of two given lines, 

SSx. 6. If the circle a he orthogonal to the circle fi, then the ends of any 
diameter of a are conjugate for fi. 

£x. 6. Tfie circle on the segment PQ joining any pair of conju/gaie points 
for a cirde as diameter is orthogonal to the given circle. 

For PC cuts the new circle in the inverse of P. 

Ex. 7. IfB^(/ he the polar of A, (fA' qfB and A^Bf ofC; then BC is the 
polar of A', CA ofBf owd AB ofCf. 

Ex. 8. Reciprocal triangles are homologous. 

That is, if A is the pole of B'C, B of (fA^, C of A^B", then AA^, BB", 
CCf meet in a point. This follows from 

sin BAA' : sin AUC : : {A', (T) : {M, V) 

and OA' : {A\ (f)iiOCf i {Cf, a'). (See also XTV. 3.) 

Ex. Q.IfP and Q be a pair of conjugate points for a circle to which they are 
extettiaX, then 

(i) P(^ is equal to the sum of the squares of the tangmJtsfrcm P and Q ; 

(ii) P(^ is twice the tangent from the middle point ofPQ; 

(iii) PU. UQ is equal to the square of the tangent from U, U being the foot of 
the perpendicular from the centre of the circle on PQ; 

(iv) the circle on PQ as diameter is orthogonal to the given circle. 
Take C the middle point of PQ and R the pole of PQ. 



\ 
\ 
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Then BQ meets OF perpendicularly in r, say. Hence 

PQ» = OI^-{-0(^--iiOY,OF = 0P» + 0Q*-2r» (i) 

= aC0^ + 2CQ»-2»'" (ii) 
and per. Vq = VR, UO = CTO^-r* (iii). 

(iv) follows at once from (ii), or because the circle on PQ as 
diameter passes through Y, 

Sz. 10. M and N are the projections of a point P on a circle on two perpen- 
dicular diameters^ Q is the pole ofMN/or the circle^ and U and Vare the projections 
of Q on the diameters. Shoio that UV touches the cirde. 

UV is the polar of P. 

13. Pairs of conjugate lines at the centre of a circle are 
called pairs of conjugate diameters of the circle. 

Every pair of conjugate diameters of a circle is orthogonal. 

Take any diameter AA^ of a circle whose centre is 0. The 
diameter conjugate to AA^ is the line through conjugate 
to AA^, i.e. is the join •of to the pole of AA\ But the 
tangents at -4 and A^ meet at infinity in 12, say. Hence 012 
is the conjugate diameter ; hence the diameter conjugate to 
A A' is parallel to the tangent at A, i.e. is perpendicular to 
AA\ 

"EiK. 1. The pole of a diameter is the point at infinity on any line perpendicular 
to the diameter ; and the polar of any point CI at infinity is the diameter perpen- 
dicular to any line through Ci. 

'Ex.. 2. Any tvoo points at infinity which subtend a right angle at the centre are 
conjugate. 

14. A triangle is said to be self-conjugate for a circle when 
every two vertices and every two sides are conjugate for the 
circle. 

Such a triangle is clearly such that each side is the polar 
of the opposite vertex. Hence the other names — self-recipro- 
cal or self-polar. 

Self-conjugate triangles eodst. 

For on the polar of any point A take any point B. Then 
the polar of B passes through A and meets the polar of A in 
C say. Then ABC is a self-conjugate triangle. For BC is 
the polar of A, CA is the polar of B ; hence (7, the meet of 
BC and CA, is the pole of AB. Hence AB are conjugate 
points, and BC, AC are conjugate lines. So for other pairs. 
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£z. The triangle formed by the line at infinity and any two perpendicular 
diameters of a circle is self -coi^ugate for the circle, 

15. There is only one circle for which a given triangle is self- 
conjugate; and this is real only when the triangle is ohttise- 
analed. 

Suppose the triangle ABC is self-conjugate for the circle 
whose centre is 0. Then since A is the pole of BG, it fol- 
lows that OA is perpendicular to BG\ so OB is perpendicular 
to CA, and OG to AB, Hence is the orthocentre of ABG 
Let OA meet BG in A\ OB meet GA in B' and OG meet 
AB in G\ Then the square of the radius of the circle must 
be equal to OA . OA' and to OB . OB' and to OG . OG'; and 
this is possible if is the orthocentre, for then these pro- 
ducts are equal. 

Now describe a circle (called the polar circle of the triangle) 
with the orthocentre as centre and with radius p, such that 
p^=OA. OA'^ OB . 05'= OG . 0G\ Then the triangle ABG 
is self-conjugate for this circle. For BG, being drawn through 
the inverse point A' of A perpendicular to OA, is the polar 
oi A; so for GA and AB. 

Also this circle is imaginary if the triangle is acute-angled ; 
for then is inside the triangle and hence p^ {=0A . OA') is 
negative. 

Ex. 1. Describe a cirde to cut tJt^ three sides of a given triangle harmonically. 
When is this cirde real ? 

Ex. 2. In any ttiangle the circles on the sides as diameters are orthogonal, to 
the polar cirde. 

Ex. 3. If any three points J^y Y^ Z be taken on the sides BC, CA. AB 
of a triangle, the circles on AX, BY, CZ as diameters are orthogonal to the polar 
cirde, 

Ex. 4. The cirde on ecuh of the diagonals of a quadrilateral as diameter 
is orthogonal to the polar cirde of each qf the four triangles formed by the sides 
of the quadrilateral, 

Ex. 5. Hence the two sets of circles are coaxal. Hence the middle 
points of the three diagonals of a quadrilateral ave collinear ; and the four ortho- 
centre" " 'w* triangles formed by the sides of a quadrilateral are collinear, 

irde cutting twoofths cirdes on the three diagonals of a quadri' 
, cut& the third also orthogonally. 

) circles of a coaxal system orthogonally. 
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16. The harmonic triangle of a guadra/ngh inscribed in a 
circle is self-conjugate for the circle. 

Let UVW be the harmonic triangle of the quadrangle 
ABCB inscribed in a circle. Then UVW is self-conjugate 
for the circle. 



Let UV meet AC vn. L and BB in M, Then since 
V{WU, BA) is harmonic, hence {WL, AG) and (TOf, BB) 
are harmonic. Hence L and M lie on the polar of TF, i.e. 
UV is the polar of W. Similarly VW is the polar of U, 
and WUoi V. 

17. With the ruler only, to construct the polar of a given point 
for a given circle. 

To construct the polar of V for the given circle, draw 
through V any two chords AB and BG of the circle. Let 
BA, CB meet in U, and AG, BB meet in W. Then by the 
above theorem WU is the polar of V, 



Through U one of the harmonic points of a quadrangle inscribed in 
a circle is drawn a cJiord cutting the circle in aat^ and the pairs of opposite sides 
in W, ccf; show thai if one of the segments aa\ hi/, cd is bisected at U, the others 
are also bisected at U, 

Let the transversal cut the opposite side of the harmonic triangle in 
JT, then UX divides each segment harmonically. 

18. Hie three diagonals of a quadrilateral circumscribing a 
circle form a triangle self-conjugate for the circle. 

Let the three diagonals AA% BB', CC' of the quadrilateral 
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BA, AB', B^A\ A'B circumscribing the circle form the tri- 
angle a^y. Then a^y (the harmonic triangle of the quadri- 
lateral) is self-conju- 
gate for the circle. 

Since (/3y, AA") is 
harmonic, hence C(y3y, 
AA') ^n^ & {fiy, AA') 
are harmonic, i.e. Cy 
is the fourth harmonic 
of a^ for the tangents 
from C, and Cy is the 
fourth harmonic of afi 
for the tangents from 
C". Hence afi is con- 
jugate to Cy and to 
Cy, i.e. the pole of a^ lies on Cy and on Cy, Hence y is 
the pole of ay3. Similarly a is the pole of /3y, and ^ of ya, 

19. With the ruler onlyy to construct the pole of a given line 
for a given circle. 

This may be done by the above theorem ; but better by 
finding by § 1 7 the meet of the polars of two points "on the 
given line. 

Sx. The two lines joining tlie opposite meets of common tangents of two 
circles which are not centres of similitude cut the line of centres in the limiting 
points. 

For these points are two vertices of a self-conjugate triangle 
with respect to both circles. 

20. The harmonic triangle of a quadrilateral circumscribed 
to a circle coincides with tJie harmonic triangle of the inscribed 
quadrangle formed by the points of contact 

In the figure of § 18, let B'A, AB, BA\ A'B" touch the 
circle in a, b, c, d. Comparing with the figure of § 16, we 
see that we have to prove that ac and bd meet in y, that bct^ 
and cd meet in a, and that cb and da meet in /3. Now ba i& 
the polar of A and cd is the polar of A'; hence ba and cd 
meet in the pole of AA', i.e. in the pole of /3y, i.e. ba and cd 
pass through a. Similarly ac and bd pass through y, and el? 
ind da pass through ^. 
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The theorem is sometimes erroneously stated thus — Of the 
two quadrilaterals formed hy four tangents to a circle and the 
points of contact, the four internal diagonals are concurrent and 
form a harmonic pencil, and the ttw external diagonals are col- 
linear and divide one another harmonicaUy. 

The former part follows from y being a harmonic point of 
the quadrangle. The latter part follows from /3a being a 
harmonic line of the quadrilateral. 

"EsL, "L If the whole figure be symmetrical for AA^ and if the angle ABA^ be 
right, show that ac, bd bisect tfie angles between AA' and BB^. 

By elementary geometry each of the angles at 7 is 45°. 

Ex. 2. AA^ meets abinP and cd in P^, and so on. Show Wit the six points 
PFQ(/RB^ lie three by three on four lines. 
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PBOJECnON. 



1. Given a figure <t> in one plane tt consisting of points 
A, By Cj .., and lines I, m, n, ..., we can construct another 
figure <^' consisting of corresponding points A', ^, (7,... 
and lines 1% w', n%... in the following way. Take any 
point V (called the vertex of projection) and any plane i/ 
(called the plane of projection). Then A', B', C', ... and 
Z', w', w', ... are the points and lines in which the plane 
of projection meets the lines and planes joining the vertex 
of projection to A, B, C,.. and Z, w, w,.... Each of the 
figures <t> and (f/ is called the projection of the other ; and 
they are said to be in projection. 

Also each of the points A and A^ is said to be the projec- 
tion of the other ; so for the points B and B'j C and C, &c., 
and for the lines I and 1% m and m^, n and n\ &c. The line 
in which the planes of the figures (f> and (f/ meet may be 
called the axis of projection. 

When the vertex of projection is at infinity we get what 
is called parallel projection ; in this case all the lines AA^y 
BB', CC, ... are parallel A particular case of parallel pro- 
jection is orthogonal projection. 

The lines AA\ BB\ CC\ ... are called the rays of the 
projection ; and projection is sometimes called radial projec- 
tion to distinguish it from orthogonal projection. 

Figures in projection are also said to be in perspective 
in different planes ; and then the vertex of projection is 
called the centre of perspectivCj and the axis of projection 
is called the axis of perfective, and each figure is called 
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the perspective or picture of the other. Note that figures 
may also be in perspective in the same plane. (See XXXI.) 
Some writers use the term conical projection or central 
projection or central perspective for radial projection. 

2. The projection of the join of two points Ay B is the join of 
the projections A\ W of the points A, B. 

The projection of the meet of the two lines I, mis the meet 
of the projections 1% m' of the lines I, m. 

The projection of (my point on the axis of projection is the 
point itself 

Every line and its projection meet on the a^xis of projection. 

The proofs of these four theorems are obvious. 

The projection of a tangent to a curve y at a point A is 
the tangent at A' {the projection of A) to the curve / {the pro- 
jection ofy). 

For when the chord AB of y becomes the tangent at A to 
yhjB moving up to A, the chord A^B^ of Y becomes the 
tangent at A^ to / by 5^ moving up to A\ 

The projection of a meet (ic a common point) of two curves is 
a meet of the projections of the curves. 

The projection of a common tangent to two curves is a common 
tangent to the projections of the curves. 

The proofs of these theorems are obvious. 

3. The plane through the vertex of projection parallel to 
the plane of one of two figures in projection meets the plane 
of the other figure in a line called the vanishing line of this 
plane. 

Each vanishing line is parallel to the axis of projection. 

For the axis of projection and the vanishing line in the 
plane it are the meets of tt with i/ and with the plane 
through V parallel to tt\ 

Every point at infinity in a plane lies on a single line {called 
the line at infinity). 

Let A be the point at infinity on any line I in the plane tt. 
Through any point V not in the plane draw a plane p 
parallel to the given plane. Then p passes through A \ for 
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p, being parallel to the plane of Z, meets I at infinity. 
Similarly /> passes through every point at infinity in tt. 
Also every point of intersection of tt and p is at infinity on 
TT. Hence the points at infinity on tt are the points of inter- 
section of the two planes tt and />. And as two planes when 
not parallel meet in a line, we may say for the sake of con- 
tinuity that two parallel planes also meet in a line. Hence 
the points at infinity in a plane lie on a line. 

The vanishing line in one plane is the projection of the line at 
infinity in the other plane. 

For the plane joining V to the vanishing line is parallel 
to the other plane. 

To project a given line to infinity. 

With any vertex of projection, project on to any plane 
parallel to the plane containing the given line and the 
vertex of projection. Then the projection of the given line 
will be the intersection of these two parallel planes and will 
therefore be entirely at infinity. 

4. The va/nishing point of a line is the point in which the 
line meets the vanishing line of its own plane. 

The angle between the projections of any two lines I and m is 
the a/ngle which the vanishing points of I and m subtend at the 

vertex of projection. 

Let I and m meet in A, and 
let I meet the vanishing line i 
in B and let m meet i in C. 
We have to show that the pro- 
jection of the angle BAG is 
equal to BVC, V being the 
vertex of projection. Now the 
plane of projection i/ is parallel 
to the plane BVC. Also A'F 
is the meet of the plane A VB and n. Hence A'B^ and VB 
(being the meets of the plane A VB with the two parallel 
planes tt' and BVC) are parallel. Similarly A'C^ and TC 
are parallel. Hence Z B'A'C^ Z BVC. 
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£x. AU angles whose bounding lines have the same vanishing points are 
projected into equal angles. 

5. To project any two given angles into angles of given mag- 
nitudes and at the same tims any given line to infinity. 

Let the given angles ABC, DEF meet the line which is to 
be projected to infinity in AC, BF. Then since A, C are 
the vanishing points of the lines BA, BC, hence the angle 
A'B'C is equal ioAVC; so Z B'E'F'^ Z DVF. Hence to 
construct V draw on AC a. segment of a circle containing an 
angle equal to the given angle A^B'C, and on DF and on the 
same side of it as before describe a segment of a circle con- 
taining an angle equal to the given angle I/E^F'. Let these 
segments meet in V. Kotate V about ACBF out of the 
plane of the paper. Then if we project with vertex V on to 
a plane parallel to the plane YACDF, the problem is solved. 
For the line ABCF will go to infinity. Also ABC will be 
projected into an angle equal to A VC, i.e. into an angle of 
the required size. So for DEF, 

The segments may meet in two real points or in one or 
in none. Hence there may be two real solutions of the 
problem or one or none. 

"Ex. In the eoccepUonal case when the vanishing line is paraUel to one of the 
lines of one of the angles, give a construction for the vertex of projection. 

Let A be at infinity. Through C draw a line making with CF 
the supplement of A^BfQf, This will meet the segment on J)F in V. 

6. Given a line I and a tria/ngU ABC, to project I to infinity 
and eOfCh of the a/ngles A, B, C i/nto an angle of given size. 

Suppose we have to project A, B, C into angles equal to 
o-j A y» where of course a + /3 + y=i8o°. Let I cut BC, CA, 
AB in P, Q, B. Of the points P, Q, B let Q be the point 
which lies between the other two. On BQ describe a seg- 
ment of a circle containing an angle equal to a. On QP and 
on the same side of I describe a segment of a circle contain- 
ing an angle equal to y. These two segments meet in Q ; 
hence they meet again in another point, F say. For if the 
supplements of the segments meet in Y, then i?FQ-|- QFP= 
180° — a -f 180° — y = 180° -f /3> 180°, which is impossible. 
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Now rotate Y about I out of the plane of the paper. With 
Y as vertex of projection, project on to any plane parallel to 
Y:9q ; and let A'lB^C be the projection of ABC, 

We have to prove that A'=aj jB^=^, C'-=-y. Through B 
draw a parallel to YB meeting FQ in Z. Then BYX.=^ay 
YXB-y, and XBY=fi.' Also A'B" is parallel to YB, B^C 
is parallel to YP and therefore to BX, and CA^ is parallel to 
YQ. Hence the sides of the triangles A^B^C and YBX are 
parallel. ' Hence the angles are equal ; Le. ^'=a, 5^=^, 
G=y. 

7. To project any triangle into a triangle with given angles 
and sides a/nd a/ny line to infinity. 

Project as above the given triangle ABC into A'B^C in 
which LA'^La', LB^LV, lC'=le', aVd being the 
triangle into which ABC is to be projected. On YA' take 
a point P such that YPiYA'i : bY:B'C\ Through P draw 
a plane parallel to A'B'C cutting YB' in Q and YC in B. 
Then by similar triangles YPiYA'i : QB iB'C; hence 
QB = 6V. So BP = c V, PQ = aV. I^ence PQB is super- 
posable to a'5V and in projection with ABC, 

Hence we can project any triangle into an equilateral triangle 
of any size and any line to infinity, 

Sx. L Project any four given points into the angular points of a square of given 
size. 

LetABCD (II. 12) be the given points. Project UTto infinity and 
the angles VAU, LWM into right angles. Then in the projected figure 
AB and CD are parallel, and also AD and EC, Also BAD is a right 
angle and also AWD. Hence the figure is a square. We can change 
its size as before. The construction is always real since the semicircles 
on LM and UV must meet since LM and TJV overlap. 

£x. 2. Project any two homologous triangles (see § 11) simultaneously into 
equilateral triangles. Is the construction ahjoays real 9 

!Bx. 3. Project any three angles into right angles. 

Let the legs of the angles A and B meet in L and M, and let LM cut 
the legs of C in DE ; then on LM and DE describe semicircles. 

Ex. 4. If two quadrangles have the same harmonic points ^ then the eight 
veiiices lie on a conic ; as a particular case^ if any three of the points are 
coUinear, the eight vertices lie on two lines. 

Project one of the sides UV of the harmonic triangle to infinity, and 
the angles UAV and UA^V into right angles, and the angle LWM into a 
right angle. The quadrangles are now a square and a rectangle with 
"parallel sides and the same centre ; hence the vertices by symmetry 
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lie on a conic whose axes are parallel to the sides. If however jB' is on 
BB^ clearly this conic degenerates into the common diagonals ; so if ^ 
is on BA, the conic degenerates into BA and CD, and if JB' is on BC into 
BC and AT), (See also XII. 7.) 

8. In ^projecting from one plane to another, there are in each 
plane two points such that every angle at either of them is pro- 
jected into an equal angle. 

Let the given planes be tt and tt'. Draw the planes a and 
13 bisecting the angles between the planes tt and tt\ Through 
the vertex of projection V draw a line perpendicular to a 
cutting the planes tt and tt' in E, E', and a line through Y 
perpendicular to fi cutting the planes tt and tt' in F, F\ 
Then every angle at E will be projected into an equal angle 
at E\ and every angle at F will be projected into an equal 
angle at F\ 

The figure is a section of the solid figure by a plane through 
V perpendicular to the planes it and 7/. Let this plane 
meet the axis of pro- 
jection in K, and let ' 
the legs of any angle 
at ^ in TT meet the 
axis of projection in 
L, M. Then the 
angle LEM projects 
into the angle 
LE'M. 

But EK = E'K 
by construction and 
/.EKL = lE'KL=go°. Hence the figure EKLM is 
superposable to the figure E'KLM, Hence the angle LEM 
is equal to the angle LE^M, i.e. any angle at E is projected 
into an equal angle at E\ So any angle at F is projected 
into an equal angle at F\ 

9. The projection of a harmonic range is a harmonic range. 
For if A'B'G'iy be the projection of the harmonic range 

ABCD, then Y and the lines AB, A'B! lie in one plane. 
Hence by IL 7. 

ThA projection of a harmonic pencil is a harmonic pencil. 
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Draw any line cutting the rays of the harmonic pencil 
Ui^ABCB) in a, 5, c, d. Let U' (A^j^C'I/) be the projection 
of the pencil U{ABCI)), and a\ &', c', (2' the projections of 
a, 6, c, d. Then a being on UA, d is on CT'J.', and so on ; 
hence TJ' [AfBfC^If) is harmonic, if {afVcfd^) is harmonic. 
And (a'h'ifd^ is harmonic, since {abed) is harmonic. 

10. To 2Wtwe 6^ Projection the Jiarmonic property of a com* 
plete quadrangle. 

In the figure of II. 12, suppose we wish to prove that 
V{BA,WV) is harmonic. Project CD to infinity. Then 
VA WB is a parallelogram and U is the point at infinity on 
BA, Let YW cut BA in 0. Then in the new figure 




} 



y{BA, WU) is harmonic, for {BA, OU) is harmonic since 
BO = OA and ?7 is at infinity. It follows that Y{BA, WU) 
is harmonic in the given figure. So TJ{AD,VW) and 
W{CD, UY) can be proved to be harmonic. 

!Bx. Prwe by Projection the harmonic property qfa complete quadrilateral. 

Homologoiis Triangles. 

11. Two triangles ABC, A'B'C are said to be homologous 
(or in perspective) when AA% BB\ CC meet in a point 
(called the centre of Jwmology or centre of perspective) and 
also {BC; B'G'), {GA ; C'A% {AB; A'B") lie on a line (called 
the axis of homology or the axis of perspective). 
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If two triangles in the same plane he copolar, they are coaxal ; 
and if coaxal, they are copolar, 

(i) Let the two triangles ABC, A'B^C' be copolar, i.e. let 
AA\ BB^y CC meet in the point ; then they are coaxal, 
i.e. (BG-, B'C), {CA; (TA^ (AB; A'B') Ue on a line. 

Call these three points X, T, Z. Then we have to show 




that TZ passes through X. Project TZ to infinity. Then 
in the new figure A A', BB^, CC meet in a point ; also AB 




is parallel to A'B^ and JLC to A'G\ Hence 

OB lOB" :: OA :0A' :: OC:OC\ 
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And since OBiOB^-.i OC: 0C% BC is parallel to ^C, ie. 
X is at infinity, i.e. X lies on YZ, i.e. ZFZ are collinear. 
Hence in the original figure XTZ are collinear, i.e. the tri- 
angles are coaxal. 

(ii) Let the triangles be coaxal, i e. let (BC; B^C^), 
{CA ; C^A'), {AB ; A^Bf) be collinear ; then they are copolar, 
i.e. AA% BB^, CO' meet in a point. 

Project XTZ to infinity. Then in the new figure BC is 
paraQel to ^C, CA to C'A\ and AB to A'B". Let AA' and 
BB" meet in 0. Then OBiOB' :: ABiA'B' :: BCiB'C; 
and Z OBC = Z OJ?'C". Hence the triangles OBC and OjB'C 
are similar. Hence Z J50C = Z B'OC\ Hence CC passes 
through 0. Hence AA% BB", CC meet in a poini Hence 
AA\ BB', CC meet in a point in the original figure. 

12. If the triangles are not in one plane, the proofs are 
simpler. 

If two triangles he copolar, they are coaocal. 

(Use the same figure as before, but remember that now 
the triangles are in different planes.) Since AB, A'B^ lie in 
the plane OAA'BB^, hence AB, A'B meet in a point on the 
meet of the planes ABC, A'B!C\ Similarly (04 ; C'A'\ 
(AB ; A'B^) lie on this line, ie. the triangles are coaxal. 

If two triangles be coaxal, they are copolar. 

The three planes BCXB^C, CATC A', ABZA'Jff meet in 
a point ; hence their meets AA\ BBf, CC pass through this 
point, ie. the triangles are copolar. 



:. L Hefnce (by taking the angle between the planes evanescent) deduce 
that coaxal triangles in the same plane are copolar ; and (by a * reductio ad 
altsurdum* proof) that copolar triangles are coaocal, 

£z. 2. If two triangles ABC, A'Wif in the same plane be such ihatAA^j 
BBf, CCf meet in a point ; and if on any line through not in the plane 
be taken two points V, V^ ; show that VA, V'A' meet in a point A'*, and VB, 
V'Bf in a point B^', and VC, V'(f in a point Cf^ ; and that the three triangles 
ABC, A'BfCf, A"Bf'Cf' are swih that corresponding sides meet in threes at three 
points on the same lincj viz, the meet qf the given plane and the plane <^the 
triangle A"Wa^. 

For the triangles AA'A'\ BB'B^' are coaxal (and not in the same 
plane) ; hence they are copolar. 

This gives us another proof that triangles in the same plane which 
are copolar are also coaxal. 
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XiX. 3. ThA sides BC, WCf of two triangles in the same plane meet in JT, and 
CA, (fA' meet in F, and AB, A'Bf meet in Z; and JT, T, Z are coUinear. The 
lines joining A, B, Cto any vertex V vwt in the plane ABC cut any plane through 
X, r, Z bid not thrmgh V in A^% W^ Cf\ Show that A^A'\ B^B'^, (/(/' meet 
in a poirU V siwch that AA^, BB^, C(f meet in the point where W cvtJts the 
plane qf the triangles. 

For B^'A^^ passes through Z. 

This gives us another proof that triangles in the same plane which 
are coaxal are also copolar. 

Ex. 4. If three triangles ABC, A'BfCf, A'^Bf^C^\ which are homolog<yus 
in pairs, be such that BC, BfCf, Bf^(f' are C(meurrent and CA, C^A% C^^A^' and 
AB, A'B^, A"Bf' ; then the three centres qf homology of the triangles taken 
in pairs are coUinear, 

For the triangles AAfA'', BB^Bf' are copolar and therefore coaxal. 

Ex. 5. If three triangles ABC, A'B^C^, A"Bf^Cf' he such that AAU^^, 
BBfBf\ COCf^ are concurrent Unes ; then the axes of homology of the triangles 
taken in pairs are concurrent. 

For the triangles whose sides are AB, A'Bf, A^'Bf' and AC, A'Cf, A'^Cf^ 
are coaxal and therefore copolar. 

Ex. e. If the points A% B', G^ lie on the lines BC, CA, AB, and if AA', 
BB^, CCf meet in a point, show that the meets qf BC, Bf(f, ofCA, CfA' and of 
AB, A'Bf lie on a Une which bisects the lines draum from A, B, C to BC, CA, 
ABparaUel to BfCf, CfA\ A'Bf, 

The line is the axis of homology of the two triangles. Let AB, A'Bf 
meet in Z, and BC, BfCf in X Bisect AL (parallel to BfCf) in 0. It is 
sufficient to prove that AZ. BX, LO '^-ZB.XL, OA, But LO = OA ; 
and AZ iBZ ^ ACf i CB ^ LX \ XB, 
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CHAPTER V. 

* 

HAEMONIC PBOPEBTTES OF A CONIC. 

1. We define a conk section or briefly a conic as the pro- 
jection of a circle, or in other words, as the plane section of 
a cone on a circular base. The plane of projection may be 
called the plane of section. 

From the definition of a conic it immediately follows 
that — 

Every line meets a conic in two points, real, coincident, or 
imaginary. 

From every point cam, he drawn to a conic two tangents, real, 
coincident, or imaginary. 

For these properties are true for a circle, and therefore for 
a conic by projection. 

2. There are three kinds of conies according as the vanish- 
ing line meets the circle, touches the circle, or does not meet 
the circle, or more properly according as the vanishing line 
meets the circle in real, coincident, or imaginary points. 

If the vanishing line meet the circle in two points P and 
Q, then, V being the vertex of projection, the plane of 
section is parallel to the plane VPQ, and therefore cuts the 
cone on both sides of F. Hence we get a conic consisting 
of two detached portions, extending to infinity in opposite 
directions, called a hyperbola. 

If the vanishing line touch the circle, and TT^ be the 

tangent, then the plane of section, being parallel to the plane 

"^ which touches the cone, cuts the cone on one side only 
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of F. Hence we get a conic consisting of one portion ex- 
tending to infinity, called a pa?'ahola. 

If the vanishing line does not meet the circle, the plane 
of section is parallel to a plane through V which does not 
meet the cone except at the vertex, and therefore cuts the 
cone in a single closed oval curve, called an ellipse. 

Since the line at infinity is the projection of the vanishing 
line, it follows that the line at infinity meets a hyperbola in 
two points, touches a parabola and does not meet an ellipse, 
in other words, the line at infinity meets a hyperbola in two real 
points, a parabola in two coincident points, and an ellipse in two 
imaginary points, or, again, a hyperbola has two real points at 
infinity, a parabola two coincident points, and an ellipse two 
imaginary points. 

3. A pair of straight lines is a conic. 

For let the cutting plane be taken through the vertex, so 
as to cut the cone in two lines. Then these lines are a 
section of the cone, ie. a conic. 

But properties of a pair of lines cannot be directly obtained 
by projection from a circle. For let the cutting plane meet 
the circle in the points P and Q. Then the projection of 
every point on the circle except P and Q is at the vertex, 
whilst the projection of P is any point on the line VP and 
the projection of Q is any point on the line VQ. Now if we 
take any point R^ on one of the lines VP and VQ, its pro- 
jection is P or Q unless i?' is at the vertex and then its pro- 
jection is some point on the rest of the circle. 

To get over this difficulty we take a section of the cone 
parallel to the section through the vertex. Then however 
near the vertex this plane is, the theorem is true for the 
hyperbolic section ; hence the theorem is true in the limit 
when the section passes through the vertex and the hyper- 
bola becomes a pair of lines. 

4. A pair of points is a conic. 

This follows by Keciprocation. (See VIII.) For the re- 
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ciprocal of two lines is two points and the reciprocal of a 
conic is a conic. Hence two points is a conic. 

Clearly however we cannot obtain two points by the 
section of a circular cona 

5. As in the case of the circle we define tine polar of a 
point for a conic as the locus of the fourth harmonics of the 
point for the conic. 

The polar of a point for a conic is a line. 

Through the given point U draw a chord PP^ of the conic 
and on this chord take the point B, such that (PP', UB) is 
harmonic. We have to show that the locus of 12 is a line. 
Now by hypothesis the conic is the projection of a circle. 
Suppose the range {PP\ UB) is the projection of {pp% ur) in 
the figure of the circle. Then since (PP', UB) is harmonic, 
so is {pp% ur). Hence r is on the locus of the fourth har- 
monics of u for the circle ; hence the locus of r is a line. 
Hence by projection the locus of i? is a line. 

As in the case of the circle, if the line u is the polar of U 
for a conic, then U is defined to be the pole of u for the 
conic ; and U and u are said to be pole and polar for the 
conic. 

We have proved above implicitly that The projection of a 
pole and polar for a circle is a pole and polar for the conic which 
is the projection of the circle. 

The following theorems now follow at once by projection. 

IfPhe outside the conic, the polar ofPis the chord of contact 
of tangents from P. 

If P he on the conic, the polar of Pis the tangent at P, and 
the pole of a tangent is the point of contact. 

Note that a point is said to be inside or outside a conic 

according as the tangents from the point are imaginary or 

real, Le. according as the polar of the point meets the curve 

dnary or real points. When the point is on the 

polar, viz. the tangent, meets the curve in coincident 

d the tangents from the point coincide with the 

.t the point. 
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1. PQ is a clwrd afa cxmic through ths fixed point U, and u is the polar of 
U ; show that {P, u)-^ + (Q, «) -' is constant 

viz. = a . (17, w)-* by similar triangles. 

"Ek. 2. Iffwiher a he any line, show that 

(fig ) (Q^) (t7,a) 

(P,M) (Q,t/)'' \TJ,uy 
Take the meet of PQ and a as origin. 

iEbc. 3. From any |>otn/ (m the line u, tangents p and q are drawn to a conic, 
and U is the pole qf u, and A is any point ; show that 

Take U on the range UA as origin. 

6. Since a pole and polar project into a pole and polar, 
the whole theory of conjugate points and conjugate lines for 
a conic follows at once by projection from the theory of 
conjugate points and conjugate lines for a circle. Hence all 
the theorems enunciated in III. 10-12 for a circle follow for 
a conic by projection. 

Ex. l,Ifa series of conies he dratim tottching tioo given lines at given points, 
the polar of every poirU on the chord qf contaxt is the same for aXU 

Let the conies touch TL and TM at L and 3f. The polar of P on LM 
passes through T the pole of LM and passes through the fourth har- 
monic of P for LM, 

Ex. 2. The pole if any line through T is the same for dU, 

Ex. 3. TP, TQ touch a conic at P and Q, and onPQis taken the point U such 
that TTJ bisects the angle PTQ, and through U is drawn any chord RUBf of the 
conic ; show that TU also bisects the angle RVBf, 

I>raw TU' perpendicular to 277 ; then TV is the polar of TJ, Hence 
{ZU, RR^) is harmonic, Z being on TU\ 

Ex. ^ Ais a fixed pointy P is a point on, the polar of A for a given conic. 
The tangents from P meet a fixed line in Q, J?. AR^ PQ meet in X; and AQ, 
PR in Y, Show that XY is a fixed line. 

Viz. the fourth harmonic of BR for BP and BA, B being the meet of 
QR with the polar of A. 

Ex. 5. The polar of any point taken on either qf two conjugate lines for a conic 
meets the lines and the conic in pairs of harmonic points. 

For if P be the point, its polar meets the other line in the pole 
of the line on which P Is. 

Ex. 6. A, By C are three points on a conic and CT is the tangent at C; if 
C (TDy AB) be harmoniCj show that CD passes through the pole of AB. 

Ex. 7. TP, TQ <0M<* a conic at P, Q ; the tangent at R meets PQ in N, PT in 
L, QT* in M ; show that (LMf RN) is harrnxmic. 

Ex. 8. A and B aire two fixed points ; a lirie throtigh A cuts a fixed contc 
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in C and D, BD cuts the polar of A in Fj and BC cuts the polar in E ; show thai 
BE and CF meet in a fixed point. 

Viz. the fourth harmonic of B for A and the meet of AB with the 
polar of A, 

"EiK. 9. Through U, the mid-point of a chord AB qf a conic is drawn any 
chord PQ. The tangents at Band Q cut AB in L and M, Prone that AL =Bif. 

If R be the pole of PQ, then i2 A is the polar of 27, A being the point 
at infinity upon AB. Hence UL = VM. 

!Bx. 10. The tangents TP, TP^ to a conic are cut by the tangent at Q (which is 
paraJUd to the chord of contact PP^) in L, If; show thai LQ = QL'. 

£x. U. Through the point U is drawn the chord PQ of a conic and UY 
is drawn perpendicular to the polar of U; show that UY Insects the angle PTQ 
or its supplement. 

7. The theory of self-conjugate triangles for a conic follows 
at once by projection from a circle, since the theory involves 
only the theory of poles and polars. 

Of the three vertices of a self-conjugate triangle two are outside 
and one inside the conic. 

Let UYW be the vertices of the given triangle. Then if 
TJ is outside, YW, being the polar of ?7, cuts the conic. 
Also F, W form a harmonic pair with the meets of YW 
with the conic ; hence F or "FT is outside the conic. 

If Z7 is inside, YW does not cut the conic, and hence 7 
and W are both outside the conic. 

Ex. "L, Of the three sides of a self-conjugate triangle two meet tJie conic ani 
one does not. 

4 

Ex. 2. The joins of n points on a conic meet again in three times as many 
points as there are combinations ofn things taken four togetheiy and qf these meets 
one-third lie within and tux)-thirds without the conic. 

Ex. 3. Show that one vertex of a triangle self-conjugate for a given conic 
is arbitrary^ that the second vertex may be taken anywhere on the polar qf the 
firsts and that the third vertex is then known, 

Ex. 4. Show that one side may be taken arbitrarily and complete the construc- 
tion. 

8. The harmonic points of a quadrangle inscribed in a conic 
form a tria/ngle which is self-conjugate for the conic. 

The harmonic lines of a quadrilateral circumscribed to a conk 
^yrm a triangle which is self-conjugate for the conic. 
If a quadrilateral be circumscribed to a conic, the harmonic 
angle of this quadrilateral coincides with the harmonic triangle 
the inscribed quadra/ngle formed by the points of contact 
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For these propositions are true for the circle, and they 
follow for the conic by projection. So also — the quadrangle 
construction for the polar of a point applies to a conic. 

Through a given point P draw a pair of tangents to a conic. 

By the quadrangle construction obtain the polar of P for 
the conic, and join P to the points where this polar cuts the 
conic. The joining lines are the tangents from P to the 
conic. 

Ex. 1. Aj By C, D are four points on a conic ; ABj CD meet in E, and AC 
BD meet in H, and the tangents at A and D meet in G ; show that E, G, H are 
coUinear. 

Ex. 2. A system of conies touch AB and AC at B and C. D is a fixed point 
and BD, CD meet one of the conies in P, Q. Show that PQ meets BC in a fixed 
point, 

Viz. the pole of AD. 

Ex. 3. Through the fixed point A is drawn the variable chord PQofa conic, 
and the chords PU, QV pass through the fixed point B. Show that XJV passes 
through a fixed point. 

Viz. the fourth harmonic of -4, for B and the polar of B, 

Ex. 4. PP', QCy are chords of a conic through C, and A and Bare the points 
of contact of tangents from C. Show that a conic which IxMches the four lines PQ, 
P'Cf, P^Q, Pqf and passes through B, touches BC at B. 

For AB is the polar of C for the new conic. 

Ex. 5. The lines AB, BC, CD, DA touch a conic at a, h, c, d, and AB and 
CD are pardUel. If ac, hd meet at E, and AD, BC meet at F, show that 
FE bisects AB and CD. 

For if AB and CD meet at n, then FE and FCl are conjugate lines. 

Ex. 6. Through one of the vertices U of a triangle WW self-conjugate 
for a conic are drawn a pair of chords of the conic harmonic with UV and UW. 
Show thai the lines joining the ends of these chords all pass through VorW. 

Through U draw the chord PQ, and join Q to 7. 

9. If one point on a conic he 
given and also a triangle self- 
conjugate for the conic, tlien 
three other points are known. 

Let A be the given point 
and UVW the given self-con- 
jugate triangle. Let UA cut 
WV in L. Then the other 
point D in which UA cuts the 
conic is known since (TJALD) is harmonic. Similarly th€ 
points G and B where YA and WA cut the conic are kaoNni 

E 2 
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Thefimr points JL, 5, C, B form cm inscribed quadrangle of 
which UYW is the harmonic triangU* 

By construction {UALB) is harmonic ; hence W(JJAYB) 
is harmonic. Similarly W(UAYC) is harmonic. Hence 
WB and WC coincide, ie. WB passes through C Similarly 
UB passes through C, Hence the pole of TJW is the meet 
of ^C and BB. But the pole of UW is F. Hence BB 
passes through F. 

£x. 1. Shcyw that if one tangent qf a conic he given and cUso a self'cor0itgate 
triangle J then three other tangents are known; and that the four tangents together 
form a circumscribed quadrilateral qf which the given triangle is the Jiarmonic 
triangle. 

£x. 2. Xftujo sides of a ttiangle insiribed in a conic pass through tujo vertices 
of a triangle selfconjugate for the conic, Iken the third side vriU pass through 
the third vertex, 

10. Properties peculiar to the parabola follow from the 
fact that the line at infinity touches the parabola. 

The lines TQ, TQf touch a parabola at Q, Q', and TV bisects 
QQf in F and msets the curve in P; show that TP = PF. 





Take the point at infinity o) on QQ\ Then since a> lies 

on the polar of T, hence the polar of co passes through T. 

Since (coF, QQ') is harmonic, hence the polar of ca passes 

rough F. Hence TV is the polar of co. Now suppose 

) line at infinity to touch the parabola in 12. Then o) is 
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on the polar of X2, viz. the line at infinity ; hence TY passes 
through 12. Also P and 12 being points on the curve, there- 
fore (TF, PX2) is harmonic; hence TP =z PV. 

For clearness the figure is drawn of which the above 
figure is the projection. In this case, as in other cases, the 
theorem might have been proved directly by projection. 

£x. 1. Tfie line haJf'Way between a point and its polar for a parabola toucfies 
the parabola, 

£x. 2. The lines joining the middle points qf the sides of a triangle se^/*- 
cofnjugaie for a parabola touch the parabola. 

Sx. 3. The nine-poini circle of a triangle self-cxmjugate for a parabola passes 
through the focus. 

Ex. 4. Through the vertices of a triangle circumscribing a paraibola are draum 
lines parctUd to the opposite sides; show thcU these lines form a triangle self' 
conjugal for the parc^la. 

Being the harmonic triangle of the circumscribing quadrilateral 
formed by the sides of the triangle and the line at infinity. 

Ex. 5. No two tangents of a parabola can be paraUel. 

For if possible let them meet at a; on the line at infinity ; then three 
tangents are drawn from ca to the conic, viz. the two tangents and the 
line at infinity. 

11. We define the pole of the line at infinity for a conic 
as the centre of the conic. Hence the centre of a parabola is 
at infinity. For since the line at infinity touches the para- 
bola, the centre is the point of contact and therefore is on 
the line at infinity, i.e. is at infinity. The centre of a hyper- 
bola is outside the curve since the polar of the centre cuts 
the hyperbola in real points ; and the centre of an ellipse 
is inside the curve since the polar of the centre cuts the 
ellipse in imaginary points. The hyperbola and ellipse are 
called central conies. 

The centre of a central conic bisects evert/ chord through it. 

Let the chord PP' pass through the centre C of a conic ; 
then PC = CP\ For let PP^ meet the line at infinity in o). 
Then since co is on the polar of C, hence (Ceo, PP') is har- 
monic. Hence PC = CP\ 

A conic is its otvn reflexion in its centre. 

For if we join any point P on the conic to the centre C 
and produce PC backwards to P', so that CP'=^PC; then P' 
is another point on the conic. 
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£x. 1. All conies circumscribing a pardUelogram have iheir centres at the 
centre q/" the paraUelogram, 

For by the quadrangle construction for a polar, the polar of the in- 
tersection of diagonals is the line at infinity. 

XiX. 2. ABC is a triangle circumscribed to a conic, and the point P of contact 
o/BC bisects BCj show that the centre qf the conic is on AP. 
* For AP is the polar of the point at infinity upon BC, 

Sx. 3. Q(/ is the chord of contact of tangents from T to a conic, and CT cuts 
Q</ in V and the conic in P; show that CV. CT = CF^. 
For {PP^, TV) is harmonic. 

Sx. 4. Given the centre of a conic and a self-conjugate triangle ABC, 
construct six points on Ihe conic, 

12. The locus of the middle points of paraUel chords of a 
conic is a line (called a diameter). 

Let Q(^ be one of the parallel chords bisected in F. The 
system of chords parallel to QQ[ passes through a point co at 
infinity. Also since (coF, QQ') is harmonic, F is on the 
polar of 0). Hence the locus required is the polar of o). 

All diameters of a central conic pass through the centre. 

All diameters of a parabola are parallel. 

For since a diameter is the polar of a point on the line at 
infinity, it passes through the pole of the line at infinity. 
Hence in a central conic it passes through the centre, and in 
a parabola it passes through a fixed point at infinity, viz. the 
point of contact of the line at infinity. 

£x. 1. The tangents at the ends of a diameter are parallel to the cJiords which 
the diameter bisects. 

Being the tangents from at. 

£x. 2. A diameter contains the poles ofattthe chords it bisects. 
Viz. the poles of lines, through a;. 

Ex. 3. ]f the tangents at the ends of a chord are pardUelf the chord is a 
diameter, 

IBx. 4. Ttco chords qf a conic which bisect <me another are diameters, 

13. Conjugate lines at the centre of a conic are called 
conjugate diameters. 

Each of two conjugate diameters bisects chords parallel to the 

; POP' and BGD^ be conjugate diameters. Then by 
tion the pole of CP is on CD. But CP passes through 
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the centre ; hence the pole of (7P is at infinity. Hence the 

pole of CV is the point co at infinity on CD. Through o), ie. 

parallel to Z)i/, draw the 

chord QC meeting CP in 

F. Then since PP' is 

the polar of co, hence 

(QC Fo)) is harmonic, 

Le. qV^YCl[. Hence 

PP' bisects every chord 

parallel to DZy. So 2)2/ 

bisects every chord par- 

aUel to PV\ 

TSoL 1. A pair qf c(n\jttgale diameters form with the linie at trinity a self- 
conjugate triangle, 

XSx. 2. In the hyperbola one and only one qf a pair of cof^jugate diameters 
cuts the curve in real points. 

"Ex. 3. The polar qf a point is parallel to the diameter conjugate to the 
diameter containing the point, 

]EiX. 4. The tangents at the end of a diameter are parallel to the conjugate 
diameter, 

SjZ. 6. The line joining any point to the middle point qf its chord qf contact 
passes through the centre. 

"Ex., 6. The sides qf a parallelogram inscribed in a oonic are parallel to a pair 
of conjugate diameters ; and the diagonals meet at the cerUre, 

XSx. 7. The diagonals of a parallelogram circumscribing a conic are conjugate 
diameters ; and the points of contact are the vertices qf a parallelogram whose sides 
are paraUeL to the above diagonals, 

XSx. 8. A tangent cuts two parallel tangents in P and Q, show that CP and 
CQ are conjugate diameters. 
For, reflecting the figure in the centre C, this reduces to Ex. 7. 

14. If each diameter of a conic he perpendicular to its con- 
jugate diameter^ the conic is a circle. 

Take any two points P, Q on the conic. Bisect FQ in F 
and join CY. Then CY is the diameter bisecting chords 
parallel to PQ, i e. CY and FQ are parallel to conjugate 
diameters. Hence CY and PQ are perpendicular. Also 
PY = YQ. Hence CF = CQ. Hence all radii of the conic 
are equal, ie. the conic is a circle. 

15. The asymptotes of a conic are the tangents from the 
centre. They are clearly the joins of the centre to thf 
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points at infinity on the conic. In the hyperbola they are 
real and distinct, in the parabola they coincide with the line 
at infinity, and in the ellipse they are imaginary. TM 
asymptotes are harmonic with every pair of conjugate diameters. 
For the tangents from any point are harmonic with any pair 
of conjugate lines through the point. 

Any line cuts off equal lengths between a hyperbola and its 
asymptotes. 

Let a line cut the hy- 
perbola in Qj Q^ and its 
asymptotes in B, Bf) then 
BQ = qBf. 

On BB' take the point 
at infinity co and bisect 
QQf in F. Then since 
{QQf, ¥(*>) is harmonic, 
the polar of co passes 
through Y, Since co is 
at infinity, its polar passes through C, Hence CY is the 
polar of CO. Hence CY and Con are conjugate lines. And 
CB, CBf are the tangents from 0. Hence C(BB\ Fco) is 
harmonic. Hence (BB^, Yo)) is harmonic. Hence BY= YB!, 
But qy^YQl. Hence BQ^Q'B'. The proof appHes 
whether we take QQf to cut the same branch in two points 
or (as in the case of qq) to cut diflPerent branches of the 
hyperbola. 

The intercept made by any tangent between the asymptotes is 
bisected at the point of contact 

For let Q and Q' coincide ; then BQ = QBf. 

Ex. 1. Given the asymptotes and one point on a hyperbola, constmct any 
number of points on the curve. 

Ex. 2. Given the asymptotes and one tangent of a hyperbola, construct any 
number of points and tangents of the cune. 

Ex. 3. Two of the diagonals of a quadrilateral formed by two tangents 
of a hyperbola and the asymptotes are parallel to the chord joining the points 
of contact of the tangents. 

Consider the harmonic triangle of the quadrangle formed by the 
tints of contact and the points at infinity on the hyperbola. 

Hz. ^ Jfa hyperbola be drawn through two opposite vertices qf a parallelogram 
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wi^ its asymptotes parallel to the sides, show thai the centre lies on the join of the 
other vertices, 

16. A rectangular hyperbola is defined to be a hyperbola 
whose asymptotes are perpendicular. 

Conjitgate diameters of a rectangular hyperbola are equally 
inclined to the asymptotes. 

For they form a harmonic pencil with the asymptotes, 
which are perpendicular. 

Ex. The lines joining the ends qf any diameter of a rectangular hyperbola to 
any point on the curve are equcUly inclined to the asymptotes, 

17. A principal axis of a conic is a diameter which bisects 
chords perpendicular to itself. 

All conies have a pair of principal aoces ; but one of the prin- 
cipal aoces of a parabola is at infinity. 

Consider first the hyperbola. Then the asymptotes are 
real and distinct. Now the bisectors of the angles between 
the asymptotes are harmonic with the asymptotes and are 
therefore conjugate diameters. But the bisectors are also 
perpendicular. Hence they are a pair of conjugate diameters 
at right angles. Each of the bisectors is therefore a prin- 
cipal axis ; for each bisects chords parallel to the other, Le. 
perpendicular to itself. 

Consider next the parabola. We might say that here the 
asymptotes are coincident with the line at infinity ; and the 
bisectors of the angles between a pair of coincident lines are 
the line with which they coincide and a perpendicular to it. 
Hence the principal axes of a parabola are the line at in- 
finity and another line called the axis of the parabola. 

Or thus — ^All the diameters of a parabola are parallel. 
Draw chords perpendicular to a diameter, then the diameter 
bisecting these chords is perpendicular to them and is called 
the axis of the parabola. The other principal axis (like the 
diameter conjugate to any of the other parallel diameters) is 
the line at infinity. 

Consider last the ellipse. Here the asymptotes are ima- 
ginary and this method fails. But it will be proved imder 
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Involution that there is always a pair of conjugate diameters 
of any conic at right angles. Hence the ellipse also has a 
pair of principal axes. (See XIX. 4.) 
An axis cuts the conic at right angles. 

For the tangent at the end of an axis is the limit of a 
bisected chord. 
A central conic is spnmetricdl for each axis. 

For the principal axis AL bisects 
chords perpendicular to itsel£ 

Let PMP' be such a chord. Then 
P' is clearly the reflexion of P in AL, 
i.e. the conic is symmetrical for AL. 
The same proof shows that 
A parabola is symmetricdl for its 
axis. 

Sx. 1. The tangent at P meets the axis CA in T and PN is i?ie perpendicular 
on CA ; 8h(m that CN,CT ^ CA\ 

For PN is the polar of T, 

£x. 2. PQ, PR touch a conic at Q, R. PM is drawn perpendicular to either 
axis. Show that PM bisects the angle QMR, 




CHAPTEE VI. 



CABNOTS THEOBEM. 



1. The sides BC, GA, AB of a triangle cut a conic in the 
points A^A^, Bj^B.^, C^ Cg, show that 

AC^.AC^.BA^.BA^. CB^. CB^ 

= AB^ . AB^. BC, . BC^. GA, . CA^. 

By definition a conio 
is the projection of a 
circle. Let the points 
ABGA, -^g... be the pro- 
jections oiA'B!CA(Al . . . 
in the figure of the circle. 

Now in the circle we 
have 
A!G(. A'Gi. BfA;. B'A^. GB^. G'B,' 

= A'B/. A'B/. BG^.BG^. CA^. G'A^ 

• for A'C^. A'G^= A'Bl. A'B^\ and so on. 
Let The the vertex of pro- 
jection. 




Then 



AG, AAVGo 



^2 



BG," ABVG^ 
_ AV. C^F. sin ^70 , 
" BV.G^V. sin BVG^ 

_AV sinJLFC, 
"" J? F* sin JBFCj 

and so for each ratio. 




6o CamoVs Theorem. [ch. 

JLCj *AG^ ... _ sin JlFCj. sin JLFCj .. 
AB^. AB^,.. ~" sin J.FJ?i.sinJ.FJ?2... 

where each segment is replaced by the sine of the corre- 
sponding angle. Also the la^t expression 

sin J.'FO/. sin^'FC/... ^ ,^. , A'C^. A'C/ ... 

= sinA'FJB/. sinA'FJB/... ' ^^^ *^ ^^"^^ ^'5/. A'5/ ... 

by exactly the same reasoning as before, and this has been 
proved equal to unity. Hence 

AC^ . AC^. BA, . BA^ . CB^ . CB^ 

= AB^ .AB^ . BC^ . BC^ . CA^ . CA^. 

IBx. 1. The sides ABj BCy CD, . . . qf a polygon meet a conic in Ai A^^ B^ Bj, 
Cx Ca, . . . ; show that 

AAi . AA2 . BBi , BB2 . CCi . CCa . . . = BA^ . BA2 . CB^ . CBj. DCi . BC2 . . . 

"Bisu 2. £t/ taking the conic to be a line and the line at injiniiyy deduce 
Menelaus*s theorem from Camofs theorem, 

Sx. B.Ifa conic touch the sides qf the triangle ABC in Aiy B^ , Ct ; ihen 
AAi , BBi, CCi are concurrent. 

For AB^.CA^\BC^=-AC^,BA^.CB^\ 

and we cannot have AB^ . CA^ . BC^ = + AC^ . BA^ . C©i , for then A^ B^ Ci 
would cut the conic in three points. 

Ex. 4. If the vertex A in Camofs theorem he on the conic, show that the ratio 
AC2 : AB^ must he replaced hy sin TAG : sin TABj AT being the tangent 
at A. 

For Bi Ca is ultimately the tangent at A. 

Ex. 6. What does Gamofs theorem reduce to when A, B, and C are on 
the curve ? 

Ex. 6, If through fioced points Aj B we draw the chords AB^ B2 , BA^ A^ of 
a conic meeting in the variable point C, ihen the ratio 

BAi . BA2 . CBi . CB2 -^ ABi . AB2 ,CAi. CA2 is cmstant. 

Ex. 7. Deduce the corresponding theorem wh^n Bis at infinity. 

Ex. 8. Ay Bj C are three points on a conic ; the tangents at ABC meet in 
GHK; points DEF are taken on BC, CA, AB such that AB, BE, CF an 
concurrent : show that GD, HE, KF are concurrent 

For aiu DOB/ain DGC = BB/BC-^BG/CQ. Now use two forms of 
Ceva's theorem. 

Ex. Q. AC touches a conic at A, AB meets it again in C|, and BC meets it in 
A2 J Ai s if the circle of curvature at A meet AB in C, show that 

A(/, CAi. CA^.BCj^.BA = AC^ . BAi , BA2 . CA\ 

Consider the circle of ciirvature as the limit of the circle through 
Bi B2 C2 . 

^X., 10. If A I A2 be parcel to the tangent at A, this reduces to 

AC. BC^ .BA = ^Ci. BAi^ . BA2 . 

, 11. Deduce the eocpression 2 CZ>^ -V CPfor the central chord of curvature. 
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Ex. 12. A conic cuts the sides BCy CA, AB of a triangle in Pj P, , QiQzj 
Bi -Ra ; BQi and CB3 meet in X, APx and CRy in Y, and AP2 and BQi in Z ; 
show that AJTf BY, CZ are concurrent, 

2. If, on the sides BC, CA, AB of a triangle, the pairs 
of points A^A^, B^B^, Cfi^ ^^ taken, such that 

AG,.AC^ . BA,. BA^ . GB, . CB, 

= AB^ . AB^. BOi . BC^. CA^. (Ma, 
then the six points A^, A^, B^, B2, C^, G2 lie on a conic. 

Through the five points (XXIV. 2) A^, A^, B^, B^y G^ 
draw a conic. If this conic does not pass through G^, let 
AB cut the conic again in y^. Then we have 
AG^ . Ay^. BA^.BA^. GB^ . GB^ 

= AB^ . AB2 . BGi. By^ . GA^ . GA^. 
Dividing the given relation by this relation we have 

AGJAy.^BGJBy^. 
Hence Cj and y^ coincide. Hence the six points A^, J. 2, 
J?j , S2J Gy, G.2 lie on a conic. 

Sx. L If from any two points the vertices of a triangle he projected upon the 
opposite sides, the six projections lie on a conic, 

Ex. 2. The parallels through any point to the sides of a triangle meet the 
sides in six points on a conic. 

Ex. S, Jfa conic which has tioo sides of a triangle as asymptotes Umch the 
third side, ^ point of contact bisects the side. 

Ex. 4. A conic can he drawn to touch the three sides of a triangle at their 
middle points, 

3. Newton's theol^m — If two chords of a conic UPQ, ULM 
"be draton in given directions through a variable point U, show 
that the ratio of UP, UQ to UL. UM is independent of the 
position of U, 

Let WP'O", UTM' be an- 
other position of the chords 
UPQ, ULM. Then PQ is par- 
allel to P'Q' and LM to L'M\ 
Let PQ, P'Q[ meet at infinity 
in 0)', and LM, L'M' at infinity 
in o). Apply Camot's theorem 
to the triangle 0)' [7' F. Then 

i^'q;. (i/p'. u'L\ UM'. jq. vp 

- =a)'Q. co'P. VL'. VM\ WQ[. U'P'. 
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From Q drop the perpendicular QX on Q'co'. 

Then co'O'Q = (co'X+XQV^'-X = ^ H-X^VZ = i. 

So 0)'!^= a)'P. Hence 

V'L\ U'M\ VQ.VP= YL\ VM\ U'Qf. UT' 

i. a iJ'P'. U'(^-^U'L'. U'M'= VP. VQ-i-VL\ YM' 

In exactly the same way the triangle aaUV gives us 

YF. YQ-^YL'. YM'=: UP. UQ^UL. UM. 

Hence UP. UQ-^UL. UM = U'P\ U'^^U'L'. U'M', 

L e. UP. UQ-i- UL . UM is independent of the position of U. 



-vii 



:. If the tangents from T to the conic touch at P and Q, 8?iow that 

TPiTQiiCP' :C(/, 
where CP^j (X/ are the semi-diameters parallel to TP, TQ, 
Take 17 at T and C successively. 

4. In a parabola §7*= 4 . SP. PY. 

Besides QYQ' draw a second 

double ordinate qvq^ of the dia- 
meter PY. Now PY meets the 
parabola again at fl, a point 
at infinity. Also by Newton's 
theorem we have 

YP . fa^ vP.va 
But FX2 = v£l. Hence 

yQ • yQ^-^ yP = t'^ . vg^-^vP, 
i. e, QY^-ir- PY is constant. To obtain the value of this 
constant take qq' through the focus S. Then by Geometrical 
Conies qq'= 4.SP and Pv = SP. Hence QY^-^PY =4.SP. 
Note that the theorem also follows directly from Camot's 
theorem by using the triangle contained by QY, Yv, vq. 

5. In an ellipse QY^ : PY. YP' ::CD': CP\ 

In the figure of V. 13, we have by Newton's theorem, 
yQ . yQ^ lYP.YP'iiCD. CD' : CP. CP\ 
i.e. QY^:PY.YP'::Cn^:CP\ 
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6. In a htfperhola QV : PV. FP' iiCD'': CP\ 
Besides QVQf draw a 

second double ordinate 
qvc( of the diameter POP'. 
Then by Newton's theo- 
rem VQ. VQ^iVP. yp' 
iwg^.v^ ivP.vP% 

ie. QT^ : PF . FP' is con- 
stant. 

To obtain the value of this constant, take F at C, and let 
2) be the position of Q. 

Then QV^=Giy and PV.VP' = PC . OP' = CPK 

Hence QV^ : PV. VP' : : CD" : CP\ 

the formula required. 

But this is not the formula given in books on Geometrical 
Conies ; for in the above formula either P or 2) is imaginary, 
since, of two conjugate diameters of a hyperbola, one only 
meets the curve in real points. Take P real and D imagin- 
ary. Then CJy is negative, otherwise D would be real. On 
CD take the point d, such that Gd^= —CJ)^, Then d is real, 
for Cd'^ is positive. 

Then qST iPY.YP' \x -Gd'' \ CP\ 

i.e. qy : PY. P'Yw Cd'' : CP\ 

which is the formula given in books on Geometrical Conies, 
the d here replacing the D of the books. 

We may call CD the true and Cd the conventional semi* 
diameter conjugate to CP, 

It is sometimes convenient to employ the symbol D for 
the conventional point d when the meaning is clear from the 
context. 

Note that the locus of (2 is the so-called conjugate hyper- 
bola. 

The theorems of § 5 and ^ 6 may also be obtained directly 
from Camot's theorem by using the triangle contained by 
DC, YC, YQ. 

7. If the diameter conjugate to PCP' meet the curve in 
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ilrkA imaginary points D and Z/, and if the tangent at P meet an 
asymptote in T, then CI)^=—PT% ia PT is equal to the 
conventional CD a/nd parallel to it 

In the figure of § 6 let RQQ^ be parallel to the tangent at 
P, and let X2 be the point at infinity on the asymptote CR. 
Then by Newton's theorem BQ . E(^-i-Ea^= rq . rg'-tr- rQ}, 
rqc[ being parallel to RQQ^* But 2?X2 = rX2. Hence 

BQ . BQ[= rq . rq\ 

Now take B at T, then BQ . BQ' = TP\ Again, take r at C, 
then rq . rg'= ^rq'=-' GD\ Hence TP^ = -~GI)^ = Cd\ 
Hence TP = Cd, i. e. TP represents Cd in magnitude and 
direction. 

Notice that we have incidentally proved the theorem — If 
a chord QQ[ of a hyperbola draum in a fixed direction cut one 
of tJie asymptotes in B, then BQ . B^ is constant and the same 
whichever asymptote is taken. 

For BQ. Bq= TP^= rP'= B'Q.B'Q'. 

It follows that BQ . QB' and BQ', Q^B' are constant and 
equal Yor BQ'—QB\ 

Also BQ.BQ'=B'Q.B'Q[ -Cd% Cd being parallel to 
BQqB!. 

Sx. 1. Pd is parallel to an asymptote. 

For by reflexion in C we get the complete parallelogram IT^ttf, and 
clearly Pd is parallel to fT^. 

£x. 2. Oiven in magnitude and position a pair of conjugate diameters qf a 
hyperbola^ construct the asymptotes, 

Ex. 3. Through any point R on an asymptote of a hyperbola is drawn a line 
parallel to the real diameter P^CP cutting the curve in QQ', show that 

RQ.RQ" = -CP^, 

Ex. 4. If the same line cut the other asymptote in Rf, show thai 

QR.QR"^ (/R, Q'Rf= CP^. 

Ex. 6. Oiven a pair qf conjugate diameters of a hyperbola in magnitude and 
position^ construct the aoces in magnitude and position. 

Use Ex. a and Ex. 4. 

6. TTie tangent at Q U> a hyperbola meets a diameter CD or Cd {which 
« curve in imaginary points) in T, and the parallel through Q to ^ 
diameter CP meets CD in F, show that CV. CT = Clf^ = — C^, 

•jt/, TY) is harmonic, and C bisects DD'. Since CY, CT is nega- 
nd T are on opposite sides of C. Of the above harmonic range 
lAt BD^ are imaginary points and TV real points. 
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IBx. 7. Qiven a pair of comjugaie diameters of a hyperbola in position and 
a tangent and its point of contact, construct the axes in magnitude and position. 

CV. CT =s CP^ gives the lengths of the diameters. 

Ex. 8. The polar ofd is d'T. 

Consider the chords intercepted on dT and dP. 

XiX. 9. Jf through a variable point XJ a chord PUQ be drawn in a fixed 
dtrection, and also a chord TJR paraUd to onie of the asymptotes in the ca^ of the 
hyperbola, or pardUel to the o/xis in the case of the parabola^ then UP.UQ -r- UR 
is constant, 

8. In a rectangular hyperbola^ conjugate diameters are equal 
and equally inclined to the asymptotes, , Also diameters which 
are perpendicular are equal. 

Since conjugate diameters are 
harmonic with the asymptotes 
which are perpendicular, they are 
equally inclined to the asymptotes. 
Again CD = PT. But in the r. h. 
TCT' is a right angle and 

TP = PT\ 

Hence CP = PT, hence CP= CD. 
Draw CQ perpendicular to CP. 
Then 

IBCQ = 9o''-lBCP=lACP=^lBCI), since IPCT^IDCT; 
hence CQ is the reflexion of CD in CB. Hence CQ = CD. 
Hence CQ = CP. Similarly CD is equal to the semidiameter 
perpendicular to it. 

Notice that the true formulae are CP^ = — CD^ = — C^ ; so 
that if a diameter meet a r. h. in real points, the perpendi- 
cular diameter meets the curve in imaginary pomts. 




^^perpendicular chords LM, VM' ofar,h, meet in XJ, show that 

VL.UM=^-VU.VMf. 

For XJL . XJM : XJL\ XJM' as the squares of the parallel diameters, 
i. e. asCP'-.-CQ*. 

9. Every rectangular hyperbola which circumscribes a triangle 
passes through the orthocentre. 

Let ABC be the triangle and P its orthocentre. Suppose 
a r. h. through ABC cuts the perpendicular AD in Q. Then 
from the.r. h, we have DQ.DA =—DB DC. And ftoiSL 
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Elementary Geometry we have DT . DA = — DB . 2>G Hence 
BQ^DP^ i.e. Q coincides with P, i. e. the r. h. passes through 
the orthocentre. 

For the converse see XXI. 9. 

Sx. \.Ifa triangle PQR which is rigM angled at Qhe inscribed in a r. h,, 
the tangent at Q is the perpendicular from Q on PR. 

Sx. 2. If a r, h. circumscribe a triangle^ the triangle formed by the feet 
of the perpendiculars from the vertices on the opposite sides^ self-cor^jugate 
for the r. h. 

Being the harmonic triangle of ABCP, 
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CHAPTER VIL 



FOCI OP A CONIC. 



1. A focas of a conic is a point at which every two conju- 
gate lines are perpendicular. 

A directrix of a conic is the polar of one of the foci The 
polar of a focus is called the corresponding directrix. 

From the definition of a focus it at once follows that every 
two perpendicular lines through a focus are conjugate. 

The theory of the foci of a conic is given in Chapter 
XXVIII. It is there shown that— 

Every conic has four foci. 

All thefod are inside the curve. 

The foci lie, two by two, on the principal axes; thepavr SS'on 
one aods (called the focal axis) are real, and those FF' on the 
other aocis are imaginary ; also SS^ are equidistant from the 
centre on opposite sides, and so are FF\ 

One real focus of a parabola is at infinity on the axis of the 
parabola. 

AU the foci of a circle coincide with the centre. 

Note that the focal axis is the major axis in an ellipse, the 
transverse axis in a hyperbola, and the axis in a parabola. 

Sx. L Tangents at the ends of a focal chord meet on the directrix, 

!Ez. 2. ^ CT meet the directrix in Z, then SZ is perpendicular to the 
polar qfT. 

Being perpendicular to the polar of Z, 

SaX. 3. P8Q is a focal chord of a conic UOV is any chord qf the conic 
through the middle point qf PQ. Parallels through U, V to PQ meet the 
directrix corresponding to S in M, N. Show that PQ bisects the angle MSN, 

Let the polar of (which is parallel to PQ) meet the directrix in R ; 
then SR and SP are conjugate lines. 

F 2 
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2. Ifjrom omy point P on a conk, a perpendicular P3f he 
drawn to the directrix which corresponds to a focus S, then 

SP-^PM is constant 

Take any two points 
P and P' on the conic 
Let the tangents at P 
and P' meet in T. Let 
PP^ meet the correspond- 
ing directrix in K, and 
STmE. From P and P' 
drop the perpendiculars 
PM and P'M' on the 
directrix. 

Now SK and ST are 
conjugate lines at the focus ; for the polar of K, which lies on 
PP^ and on the directrix, is TS. Hence SK is perpendicular 
to ST. Also {KPEP') is harmonic, since K is the pole of 
ST. Hence S (KPBP') is harmonic Hence SK and ST, 
being perpendicular, are the bisectors of the angle PSP\ 
Now since SK bisects the angle PSP' (externally in the 
figure), we have SP : SP'i : PK : P'K ::PM: P'M'. Hence 
SP : PM : : SP': P'M'; in other words, SP : PM is constant. 
In the parabola, SP= PM. 

For let SA be the axis. Then SA meets the parabola again 
at infinity, at 12, say. Hence (XASQ) is harmonic, since 
XZ is the polar of S. Hence SA = AX. 

But SP : PM :: SA: AX, for A is on the parabola. 

Hence SP = PM. 

In the ellipse, SP < PM. 

Since a focus is an internal point, S must lie between A 

and A\ JT A s . £ 

Let A be the vertex between S and X. Then since ^i' is a 
point on the ellipse, we have SP : PM : : SA': A'X. 
But SA'< A'X, hence SP < PM. 
In the hyperbola, SP > PM. 

Since the focus is an internal point, S must lie outside the 
segment AA'. ^ AX £ 
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1. A focfos of a conic is a point at which every two conju- 
gate lines are perpendicular. 

A directrix of a conic is the polar of one of the foci The 
polar of a focus is called the corresponding directrix. 

From the definition of a focus it at once follows that every 
two perpendicidar lines through a focus are conjugate. 

The theory of the foci of a conic is given in Chapter 
XXVIII. It is there shown that— 

Every conic has four foci. 

AU the fod are inside the curve. 

The foci lie, two "by two, on the principal axes; thepaii SS^ on 
one aods (called the focal axis) are real, and those FF' on the 
other axis are imaginary ; also SS' are equidistant from the 
centre on opposite sides, and so are FF\ 

One real focus of a parabola is at infinity on the axis of the 
parabola. 

AU the foci of a circle coincide with the centre. 

Note that the focal axis is the major axis in an ellipse, the 
transverse axis in a hyperbola, and the axis in a parabola. 

Ex. L Tangents at the ends of a focal cJujrd meet on the directrix. 

"Ex, ^. Xf CT meet the directrix in Z, then SZ is perpendicular to the 
polar of T, 

Being perpendicular to the polar of Z. 

Ex. 3. PSQ is a focal chord of a conic, UOV is any chord of the conic 
through the middle point of PQ. Parallels throfogh U, V to PQ meet the 
directrix corresponding to S in M, N. Show that PQ bisects the angle MSN. 

Let the polar of (which is parallel to PQ) meet the directrix in R ; 
then SR and SP are conjugate lines. 

F 2 
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5. If the tcmgent at P meet the tcmgents at the vertices AA' 
of the focal aods in UU\ then TTU* subtends a right angle at S 
and S\ Also if US, U'S' cut in E, and US', U'S cut in F, 
then EF is the normal at P. 

For since A U and PU subtend equal angles at S and since 
A'U' and PU' subtend equal angles at S, it follows that 
USU' is a right angle. Similarly UU' subtends a right angle 
BiS\ 

Again, F is the orthocentre of the triangle UEU\ Hence 
EF is at right angles to UU\ Let PU cut the axis in T 
and draw the ordinate PN. Then (TUPU') = (TANA') is 
harmonic. Also if EF cut UU' in P', then since UU' is a 
harmonic side of the quadrilateral SF, FS', S'E, ES, we have 
{TUP'U') harmonic. Hence P' and P coincide, I e. EF 
passes through P. Hence EF is the normal at P. 

Ex. "Llfa circle thrcyugh the foci cut the tangent at the vertex A in U, V and 
the tangent at the vertex A^ in &, F', show that the diagonals qf the rectangle 
UU^V^V touch the cotuc. 

Ex. 2. Given the focal axis AA' in magnitude and position and one tangent 

construct tJie/oci, 

6. If the tangent at a point P of a central conic cut the focal 
axis in T, and if the normal at P cut the same aods in G, then 

ca.cT=cs\ 

For since the tangent and normal bisect the angle SPS', it 
follows that P {SS\ TG) is harmonic ; hence 

Ca.CT=:CS\ 

Ex. 1. Given the axes in position and one tangent and its point of contact, 
construct the foci, 

Ex. 2. In the parabola, S bisects GT. 
For S' is at infinity. 

Ex. 3. Given the axis of a parabola in position and one tangent and its point 
of contact, construct the focus, 

Confocal Conies. 

7. Confocal conies (or briefly confocals) are conies which 
^ave the same foci If one of the given foci is at infinity, 

have confocal parabolas, which may also be defined 
parabolas having the same focus and the same axis. 



VII.] Foci of a Conic. 7 1 

Two confocals can be drawn through any pointy one an ellipse 
a/nd one a hyperbola^ and these cut at right angles. 

Join the given point P to the foci S, 5', and draw the 
bisectors PL and PL' of the angle SPS\ Since both foci are 
finite, the conic must be an ellipse or a hyperbola. If it be 
an ellipse, then Q being any point on the ellipse, 

SQ-^S'Q = SP+S'P.; 
so that one and only one ellipse can be drawn through P 
with S and S' as focL Similarly one and only one hyperbola 
can be drawn. And the two conies cut at right angles, for 
PL and PL' are their tangents at P. 

If one focus is at infinity, the ellipses and hyperbolas 
become parabolas, and we get the theorem — 

Of the system of parabolas which have the same focus and the 
same axis, two pass through any point a/nd these are orthogonal. 

This can be easily proved directly. 

8. One confocal and one only can be dratvn to t(mch a given 
line. 

Take c, the reflexion of S, in the given tangent. Then (tS' 
cuts the given line in the point of contact P of the given line. 
If the given line cuts SS^ internally, the required conic is a 
hyperbola, viz. the locus of Q where S'Q-SQ=S'P-SP. 
If the given line cuts SS' externally, the required conic is an 
eUipse, viz. the locus of Q where S'Q+SQ = ST+SP. 

If one focus is at infinity we get the theorem — 

Of a system of confocal parabolas, one and one only touches a 
given line. 

This can be easily proved directly. 

9. The locus of the poles of a given line for a system of con- 
focals is a line. 

Let the given Hne be LM, and let V be the point of con- 
tact of the confocal which touches LM. Draw VL' perpen- 
dicular to VL. Then Fi' contains the pole of LM for any 
confocal. 

Since V is the pole of LM for the confocal which touches 
LM, the pole of LM for this confocal is on VL\ From V 
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draw the tangents YT and YT to any other confocaL Now 
YL and YV bisect SFfi", for they are the tangent and 
normal to the confocal touching LM. Also Z TYS— L T' YS' 
by Geometrical Conies. Hence YL and YL' are the bisectors 
of TYT'y i.e. FX and YL' are harmonic with FT and YT. 
Hence YL, YL' are conjugate for this confocal, i.a for any 
confocal of the system. Hence the pole of YL for any 
confocal lies on YL'. 

The theorem follows for the confocals to which real 
tangents cannot be drawn from F by the principle of con- 
tinuity. 

We have incidentally proved the proposition — 
IfYhe any point m the plane of a conk whose fod are S a/nd 
S', then the bisectors of the angle SYS' are conjugate for the 
conic. 

If one focus is at infinity, we get the theorem — 
The locus of the poles of a given line for a system of confocal 
parabolas is a line. 

IfYbe any point in the plane of a parabola whose focus is S, 
and if YM be parallel to the aocis, the bisectors of the angle SYM 
are conjugate for the parabola. 

£jX. 1. j^/* a triangle be inscribed in one conic and circumscribed to a omfocaly 
the, points of contact are the points qf contact qf the escribed circles. 

Let ABC be the triangle. Let the tangents at A and B meet in R, 
Then the locus of the poles of AB is the normal at the point of contact 
N of AB, i.e. RN is perpendicular to AB. And R is the centre of the 
escribed circle because the external angles at A and B are bisected. 

Ex. 2. From T are draum the tangents TP, TP^ to a conic and the tangents 
TQy T(/ to a confocal ; show that the angle QP(/ is bisected by the normcU at P. 
For the normal at P meets QQ^ in the pole of TP for the other conic. 

Focal Projection. 

10. To project a given conic into a circle so that a focus of 
the conic may be projected into the centre of tJw circle ; and to 
show that angles at the focus are projected into equal angles at 
tJie centre. 

Let S be the focus to be projected into the centre of the 

circle ; and let XZ be the corresponding directrix. Since S 

be projected into the centre, its polar XZ must be pro- 

to infinity. Eotate S about XZ into any position out 
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of the plane of the conic, and take this position as the position 
of the vertex of projection F. With 
Y as vertex project the conic on to a 
plane parallel to YX.Z. Now the 
projection of a conic is a conic. Also 
C, the projection of /S', is the centre of 
the new conic ; for the polar of S is 
projected to infinity, hence C is the 
pole of the line at infinity. Again, 
the angle LSM at iS» is superposable 
to the angle LYM ; and the projec- 
tion of SL is parallel to YL, and the 
projection of SM to YM, Hence 
LSM is projected into an equal angle 
at C ; so every angle at /S' is projected 
into an equal angle at G. Also con- 
jugate lines at S are projected into 

conjugate lines at C. Hence the perpendicular conjugate 
lines at S are projected into perpendicular conjugate lines at 
C, Le. every two conjugate lines through the centre G are 
perpendicular. Hence the new conic is a circle. 




:. 1. Project a conic into a conic so that one focus of the one shaU project into 
one focus of the other. 

Sz. 2. Project a circle into a conic so that the centre of the circle shall project 
into a focus of the conic. 

Take any line as vanishing line, and to get V rotate C about the 
vanishing line. 

11. Find the envelope of a chord of a conic which subtends a 
constant cmgle at afoctts of the conic. 

Project the conic a into a circle /3 so that the focus S may 
project into the centre C of the circle. Then if the chord PQ 
of the conic subtend a constant angle at S, its projection P'Q' 
will subtend the same angle and therefore a constant angle 
at C. Hence the envelope of P'Q' is a concentric circle ^' 
The required envelope is therefore the conic a' of which ^' is 
the projection. 

Now S is the focus of a'; for the perpendicular conjugate 
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lines of ^' at C are the projections of perpendicular conjugate 
linea of a' at S, since angles at S project into equal angles at 
C. Also the lineat infinity is thepoIarofCfor/i'; hencethe 
vanishing line, i.e. the directrix corresponding to >S in the 
given conic a, is the polar of S for a'. Hence the envelope 
a' of PQ is a conic having the given focus as focus and having 
as corresponding directrix the directrix corresponding to the 
focus in the given conic. 

Ex. In the abore, find Die locus qf the pole of PQ. 

Note that these and all other examples of this method can 
be more easily dealt with by Beciprocation. 
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Eeciprocation. 



1. If we have any figure determined by points A,B, C, ... 
and lines Z, m, ti, ..., we can form anomer figure called a 
reciprocal figure in the following way. Choose any conic F 
called the hose conic. Take the polar a oi A for this conic, 
the polar h of J5, the polar c of C, ... ; also take the pole L 
of I for this conic, the pole M of w, the pole ^ of w, . . . ; 
then the figure determined by the lines a, 6, c, ... and the 
points i, M, N, ... is said to be reciprocal to the figure 
determined by the points A,B,C, ... and the lines ?, w, w, . . ; 
also the point A and the line a are said to be reciprocal, so 
also B and h, G and c, ..., I and L, m and M, n.and N, ... . 

The name reciprocal arises from the following property — 

If the reciprocal of the figure a he the figure a', then the 
reciprocal of a' is a. 

For let J. be a point of the figure a. The reciprocal of A 
is the polar a of A for the base conic F. Hence a is one of 
the lines of a^ the reciprocal of a. Again, in obtaining a", the 
reciprocal of a', we should obtain the pole of a (a line of a') 
for F ; but the pole of a is A. Hence A 18 & point in a'\ 
Hence every point belonging to a belongs also to a". So 
every line belonging to a belongs also to a". Hence a and 
a" coincide. 

The reciprocal of the join of two points A, B is the meet of the 
reciprocal lines a, h; a/nd the reciprocal of the meet of two lines 
I, mis the join of the reciprocal points L, M. 

By definition the reciprocal of AB is the pole of AB for 
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the base conic F. But the pole of AB is the meet of the 
polars of A and B for F, i.e. is the meet of the reciprocal 
lines a and 6. Similarly the second part follows. 

2. A curve may be considered either as the locus of points 
on it or as the envelope of tangents to it. Hence the rec^fj^ro- 
cal of a curve may be defined either as the envelope of the 
polars for the base conic F of points on the given curve or as 
the locus of the poles for F of the tangents to the given 
curve. These definitions determine the same curve. 

For take two points P and Q on the given curve a and the 
polars p and q of Pand Q for the base conic F. Then by the 





first definition p and q touch the reciprocal curve a' of a. 
Now the reciprocal of I, the join of P and Q in a, is the meet 
L ofp and q in a\ Also when P and Q coincide, PQ becomes 
a tangent to a. At the same time p and q coincide and L 
becomes a point on a\ Hence the reciprocal of a tangent to 
a is a point on a'. Which agrees with the second definition. 

From the above we see that — the reciprocals of a point P 
on a curve and the tangent I to the curve at P are a tangent p 
to the reciprocal curve and the point of contact L ofp. 

The reciprocal of a point of intersection of two curves is a 
common tangent to the reciprocal curves. 

For let I and m be the tangents to the curves a and /9 at 
their meet P. In the reciprocal figure we shall have two 
curves a' and /3' which have one tangent p with different 
points of contact L and M. 

The reciprocal of two curves touching is two curves touching. 
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For the reciprocal of I touching both a and /j at P is X, the 
point of contact oi'g with both o! and /3'. 

IBoL 1. 2%€ rectjprocoZ q/" a cont'c, taking the conic itself as base conic, is the 
conic its^, 

Sx. 2. 2%€ reciprocal qf a circle, taking a concentric cirde as base conic, 
is a cirde concentric loith both. 

3. WhcUever hose conic is takenj the reciprocal of a conic is a 
conic. 

From any point can be drawn two tangents real or 
imaginary to the given conic. Hence every line meets the 
reciprocal curve in two points real or imaginary ; hence the 
reciprocal curve is a conic. (For another proof see XIII. 2.) 

More generally. If the degree of a curve is m and its class n, 
then the class of the reciprocal curve is m and its degree is n. 

For a line cuts the given curve in m points ; hence from 
any point can be drawn m tangents to the reciprocal curve. 
Also from any point can be drawn n tangents to the given 
curve ; hence any line cuts the reciprocal curve in n points. 

Sz. 1. The reciprocal qftwo conies having douMe contact is two conies having 
double contact 

XiZ. 2. The reciprocal of a common chord qf two conies is a meet of common 
tangents of (he reciprocal conies. 

4. If the point F be the pole of the line I for the conic a and 
if p, L, a' he the reciprocals of P, I, a for any base conic, then 
the line p is the polar of the point L for the conic a'; or briefly — 
the reciprocal of a pole a/nd polar for a/ny conic is a polar and 
pole for the reciprocal conic. 





From P draw the real or imaginary tangeiitB m, n io a 
touching in Q, B. Then QE is I, the polar of P for a. The 
reciprocals of Q and 9n in a are a tangent g to a' and its point 
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of contact Jlf ; so for r and N. The reciprocal of the meet P 
of the tangents m and le at Q and i^ is* the join ^ of the points 
of contact M. and N of the tangents g and r. Again, the reci- 
procal of l^ the join of Q and JR, is the meet of g and r, La is 
L, Hence the reciprocals of P and I which are pole and 
polar for a are ^ and L which are polar and pole for a\ (For 
another proof see XIII. 3.) 

The reciprocals of conjugate points are conjugate lines. 

For if the point P is conjugate to the point ft then the 
polar { of Q passes through P. Hence in the reciprocal figure 
the pole L of q lies on p, i.e. the reciprocals p and q of P 
and Q are conjugate lines. Similarly — 

The reciprocals of conjugate lines are conjugate points. 

Ex. The reciprocal of a triangle self-oonjtigate for a conic is a triangle 
sey-conjv^iate for the reciprocal conic. 

5. It will be found that all geometrical theorems occiu* in 
pairs called reciprocal theorems. Thus the theorems (i) * The 
harmonic points of a quadrangle inscribed in a circle are the 
vertices of a triangle self-conjugate for the circle j' and (ii) ^The 
harmonic lines of a quadrilateral circumscribed to a circle are 
the sides of a triangle self-conjugate for the circle,' are reciprocal 
theorems. The reason of the name is that each can be 
derived from the other by reciprocation. Hence we need 
only have proved half the theorems in the former part of the 
book ; the other half might have been deduced by recipro- 
cation. This method will be often used in future to dupli- 
cate a theorem. 

For example, to deduce the second of the above theorems 
from the first, reciprocate, taking the given circle as base 
conic. The reciprocals of four points on the circle are the 
polars of these points for the circle, Le. are the tangents at 
these points, and so on step by step ; and the triangle ob- 
tained is self-conjugate because the reciprocal of a self-conju- 
gate triangle is a self-conjugate triangle. 

6. K one conic only is involved it is best to reciprocate for 
*^his conic itself, as then a theorem about a circle gives a 
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theorem about a circle, a theorem about a parabola gives a 
theorem about a parabola, and so on. In this way we get a 
theorem as general as the given one. 

7. Write dxywn the Bedprocals of the folUywmg propositions — 
in other tvords — obtain the corresponding new prepositions by 
Reciprocation. 

1. If two vertices of a triangle move along fixed lines 
while the sides pass each through a fixed point, the locus of 
the third vertex is a conic section. 

If however the points lie on a line, the locus is a line. 
In what other case will the locus be a line ? 

2. If a triangle be inscribed in a conic, two of whose sides 
pass through fixed points, the envelope of the third side is a 
conic, having double contact with the given conic. 

3. Given two points on a conic and two tangents, the line 
joining the points of contact of these tangents passes through 
one or other of two fixed points. 

4. Given four tangents to a conic, the locus of the poles of 
a fixed line is a line. 

5. Given four points on a conic, the locus of the poles of a 
given line is a conic. 

6. Inscribe in a conic a triangle whose sides shall pass 
through three given points. 

7. If three conies have two points common or if they have 
each double contact with a fourth, the six meets of common 
tangents lie three by three on the same lines. 

8. The meets of each side of a triangle with the cor- 
responding side of the triangle formed by the polars of the 
vertices for any conic lie on a line. 

9. If through the point of contact of two conies which 
touch, any chord be drawn, the tangents at its ends will 
meet on the common chord of the two conies. 

10. If on a common chord of two conies, any two points 
be taken, and &om these, tangents be drawn to the conies, 
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the diagonals of the quadrilateral so foiined will pass through 
one or other of the meets of the common tangents of the 
conies. 

11. If a and j3 be two conies having each double contact 
with the conic y, the chords of contact of a and /3 with y 
and their common chords with each. other meet in a point. 

12. If a, /3; y be three conies, having each double contact 
with the conic c, and if a and fi both touch y, the line join- 
ing the points of contact will pass through a meet of the 
common tangents of a and /3. 

Point Beciprocation. 

8. If the base conic is a circle (the most common case), 
the reciprocation is generally called point redprocoHon, the 
centre of the base circle is called the origin of reciprocation, 
and the radius h of the base circle is called the radius of re- 
ciprocation. The reason of the name point reciprocation is 
that the value of Iz is usually of no importance. By recipro- 
cation is meant point reciprocation unless the contrary is 
stated or implied in the context. 

In point reciprocation, the angle between two lines is equal to 
the angle subtended hy the reciprocal points at the origin of re- 
ciprocation. 

V 




Let p and g be the lines, and P and Q the reciprocals of J^ 
and q. Let be the origin of reciprocation. Then P being 
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the pole of _p for a circle whose centre is 0, OT is perpen- 
dicular to j>. So OQ is perpendicular to q. Hence 'POQ, is 
equal to the angle between p and g. 

Jn j?oiw^ reciprocation^ the angle between a line p cmd the line 
joining the origin of reciprocation to a point Q, is equal to the 
a/ngU between the line q and OP, P and q being the reciprocals 
ofp and Q. 

This follows at once, as before, from the above figure. 

In point reciprocation, ifP be the reciprocal of p cmd if be 
the origin of reciprocation, then OP is inversely proportional to 
the perpendicular from onp. 

For OP.OP,= OP.{0,p) = kK 

9. The reciprocal of a figure for a given point and a 
given radius Jc may be obtained without considering a circle 
at all. To obtain the reciprocal of P — on OP take a point P^ , 
such that OP. OP^ = ¥, and through Pj draw a perpendicular 
p to OP. To obtain the reciprocal of p — drop the perpen- 
dicular OPi from top, and on OPi take the point P, such that 

OP. OP, = Jc\ 

Instead of taking OP. OP, = Ar^, we may take 

OP. OP, = -A?, 
ie. we may take P and Pi on opposite sides of 0. This is 
called negative reciprocation, and is equivalent to reciprocating 
for an imaginary circle whose radius is A; \/— i. 

Ex. 1. Ths reciprocal of the origin of reciproccUion is the line at infinity; and 
conversely, the reciprocal of the line at infinity is the origin. 

For the polar of the centre of the base circle is the line at infinity ; 
and conversely. 

£x. 2. The reciprocal of a line through the origin isapoirU aJt infinity; and 
conversely. 

"Ex. 3. Reciprocate a quadrangle into a parallelogram. 
Take at one of the harmonic points. 

Sx. 4. The reciprocal of the meet of OP and m is the line through M parallel 
top. 

JSx. S.IfP and Q he points on a curve such that PQ passes through 0, then in 
the reciprocal for 0, p and q are parallel tangents. 

Ex. 6. The reciprocal for of the foot of the perpendicular from onp is the 
Une throfugh P perpendicular to OP. 
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SjX. 7. The reciprocal of a triangle for Us orthocentre is a triangle Jiaving the 
same orthocentre, 

£jX. 8. On the sides, BCy CA, AB of a triangle are taken points P, Q, E such 
that the angles POA, QOB, ROC are right, being a fixed point ; show that PQR 
are coUinear. 

Reciprocating for 0, we have to prove that the three perpendiculars 

from the vertices on the opposite sides meet in a point. 

Sx. 9. The reciprocal of the curve p =sf(r)for the origin is J<^/r = fijc^/p)' 

Let h be the tangent at J. to the given curve. Then B is on the 
reciprocal curve and a touches it. Hence. 

p ■=-. (0, b) -= kyOB = k^/r^, and r'^ 0A = k^ (0, a) = 1e^/p\ 

Eedprocation of a conic into a circle. 

10. The reciprocal of a circle, taking a circle wOih centre 
as base conic, is a conic having a focus at 0. 




Let U be the centre of the given circle a. Take u the re- 
ciprocal of U, i. e. the polar of U for the base circle T whose 
centre is 0. Let p be any tangent to a touching at T. Take 
P ihQ reciprocal of p. Draw the perpendicular PM from P 
to u. 

Then since p is the polar of P and u the polar of U for F, ' 
we have by Salmon's theorem (III. 9) 

OP/(P, u) = OU/{U, p\ i.e. OP/PM = OU/UT. 
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Hence OP/PM is constant, i e. the locus of P is a conic 
with as focus. But the reciprocal of a for T is the locus 
of the poles for T of the tangents to a, i. e. is the locus of P. 
Hence the reciprocal of a circle a for the circle T whose 
centre is is a conic a' having a focus at 0. 

Briefly, the reciprocal of a circle for a point Ois a conic having 
a focus at 0. 

Since e = OP/PM = OU/UT^ we see that the reciprocal of 
a circle for a circle whose centre is 0, is an ellipse, parabola 
or hyperbola according as 0U< = > UT, i.e. according as is 
inside, on or outside the given circle. This is a particular 
case of a general theorem, (See § 21.) 

Let 0Z7= 5, UT= E, and let k be the radius of the base 
circle. Then e = b/E. Also OX.OU= ¥. 

Hence W/b = OX = a/e - ae. Hence a = ¥E/{ie - b% 

£jX. Show ihcU the semi-laius rectum I = k'^/R, 

This follows from Z = a (i— e'*) ; or directly by noticing that an 
end of the latus rectum through reciprocates into a tangent of 
a parallel to OU. 

Notice that I is independent of 8, i. e. of the relative positions of the 
circles. 

11. Conversely, the reciprocal of a conic, taking any circle 
whose centre is at a focus as hose conic, is a circle. 

Let be the given focus, and XZ or u the corresponding 
directrix. Take any point P on the conic a', and let p be 
its reciprocal, i e. the polar of P for the base circle T whose 
centre is at 0. Draw the perpendicular PM from P to u. 
Take the reciprocal U of u. Draw the perpendicular UT from 
ZJtojp. 

Then since p is the polar of P and u the polar of U for the 
conic r, we have by Salmon's theorem 

OU/UT= OP/PM=e. 

Hence OU/ UT is constant. Also Z7 is a fixed point ; hence 
UT is of constant length. Hence the perpendicular from U 
on i> is constant, Le, p envelopes a fixed circle a. But the 
reciprocal of a' for F is the envelope of the ^^^olstx^ ioT T 

a 2 
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of the points on a'. Hence the reciprocal of the conic o! for 
a circle F whose centre is at one of the foci of the conic is 
a circle a. 

Briefly, the reciprocal of a conic for one of its foci is a 
circle. 

"EiX.. 1. The envelope of the polar for a of the centre of a circle which touches 
two given circles a and is a circle. 

Sx. 2. Deduce a construction for the centre of a cirde touching three given 
circles. 

Sx. 3. Given four points Ay By C, D, show that, with D as focus, one conic 
can he draion touching BC, CA, AB, and four conies through ABC. Show also 
thai;, if ADB he a right angle, a conic, toith focus at D, can he found to touch the 
five conies. 

In a right-angled triangle the nine-point circle touches the circum- 
circle. 

Sx. 4:. Of ffie above four conies, the sum of the latera recta of three is equal 
to the lotus rectum of the fourth. 

Sx. 6. T?ie reciprocals of equal circles are conies having equal parameters. 

Sx. 6. Reciprocate for the orthocentre of ABC the theorem — '' If DEF he the 
feet of the perpendiculars fr(ym A, B, C on BC, CA, AB, then the radius of 
the circle about ABC is double the radius of the circle aboiU DEF.* 

Ex. 7. Four conies a, 0, 7, a have one focus and one tangent t in common. 
A second common tangent to a and a meets the corresponding directrix of a 
ai a point on t ; similarly for fi<T and ya. Show that the other common tangents 
ofaff, fiy, ya are concurrent. 

Ex. 8. Three conies a, fi, y which have a focus in cwnmon are such thai 
a touches in R, $ touches y in P, and y touches a in Q. S?iow that the 
tangents at P, Q, R meet the corresponding directrices of a, 0, y in three coUinear 
points. 

Ex. 9. ReciproccUe the centres of similitude of tux) circles. 

The two circles reciprocate into conies having a common focus S. 
Let u, u' be the directrices corresponding to S. Then two common 
chords pass through the meet of u and W \ and these chords are the 
reciprocals of the centres of similitude. 

Ex. 10. The reciproccU of two circles for eiffier centre of similitude is 
two similar and similarly situated conies with a common focus as centre of 
similitude. 

Reciprocate a pair of parallel tang^its. 

12. The figures of the reciprocals of an ellipse, a parabola 
and a hyperbola are given below. In the first figure in each 
case the curves are in their proper relative positions ; the 
second figure represents the circle separately and the third 
figure represents the conic separately, so that if one figure 
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be sKd on to the other, so that in one comes on in the 
other, we get the proper figure as in the first figure. To 
avoid complication the figures will generally be separated as 
in the second and third figurea 

13. We already know that the reciprocal of is the line at 
infinity and the reciprocal of the line at infinity is 0. Also 
that the reciprocal of the directrix u corresponding to 
is the centre TJ of the circle. 

The cevdre C of the conic is the pole of the line at infinity 
for the conic. Hence the reciprocal of the centre is the polar 
c of for the circle. 

The asymptotes y, y[ are the tangents from C to the conic. 
Hence the reciprocals of the asymptotes are the points in 
which c meets the circle ; i. e. the points in which the polar 
of for the circle meets the circle. 

The reciprocals of the vertices A, A' are clearly the tangents 
at the points where OU meets the circle. In the parabola A* 
is at infinity ; hence its reciprocal is the tangent at 0, 

The reciprocals of the vertices B, B' are clearly the tangents 
to the circle at JK, JK', the points where the perpendicular 
through to OU meets the circle. 

The reciprocals of i, L\ the ends of the laius rectum LOL% 
are clearly the tangents Z, V of the circle parallel to 0Z7, 

Ex. 1. The reciprocal of the second focus S is the line half'voay between and 
its polar for the cirde. 

For OS = a.OCj hence OCi «= 2 . OSi , where C^ and Sj are the points 
where the reciprocals of C and S meet OU. 

Ex. 2. ACB is the diameter of a circle whose centre is C. Tioo equal 
parabolas are drawn vnth foci at C and vertices at A and B. A hyperbola 
is drawn having a focus at C, and a vertex at D one of the ends of the diameter 
perpendicular to AB, and touching the parcCboUis, The corresponding directrix of 
this hyperbola meets DC in E, and the hyperbola meets DC again in F. Show that 

CF=-a.CE = s.CD, 

Beciprocate for the circle ABD, and notice that CFi =» ^ . CEi = ^ . CD. 

Ex. 3. If EFf be the chord of the given cirde which passes through and is 
perpendicular to OUy then the minor axis of the reciprocal conic is sJ^ -r- OE, 

Ex. 4. T?ie reciprocals of coaxal circles for any point on the radical axis are 
conies havirtg equal minor axes. 

14. If the polar of a point Tfor a conicmeet the conic in P, Q 
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(mA a directrix in K, then, being the corresponding focus, the 
bisectors of the angle POQ are OT and OK. 




Let the two tangents I and m of the conic touch in P and 
Q and meet in T, and let n be the chord of contact. Let be 
a focus of the conic and u the corresponding directrix, and 
let PQ meet w in jK". Then we have to prove that OT and OK 
are the internal and external bisectors of FOQ. 

Reciprocate the conic for a circle with centre at 0. Then 
in the reciprocal figure p and q touch the circle at L and M 
and meet in N, and t is the chord of contact. Also the 
reciprocal of K, the meet of n and % is JYTJ. 

Now IPOT = Ltp : so LTOQ = Itq^. But Up = Itq. 

Hence IPOT = ITOQ. Again 

LPOK = Iph = iSo^'-ZgA; = i8o°- ZQO^ = lKO(;g, 

if we produce QO to Q'. Hence OT bisects IPOQ, and OZ 
bisects the supplement LPOQ;. 

Note that if TP and TQ had been drawn to touch different 
branches of a hyperbola, OT would have been the external 
bisector and OK the internal, instead of as above, 

Ex. L Reciprocate for any point the theorem — * The tangent to a circle is per- 
pendicvUar to the radius through the point o/corUad.' 

If the tangent at P meet u in K, then ZPOK = 90°. 

Ex. 2. Reciprocate for any point the theorem — * The angle between the tangerU 
to any circle and a chord through the point qf contact is equal to the angle in the 
dUemate segment,* 
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Ex. 3. Two cxmics which have a common focus S touch at P. From any point 
Q on one of the (Mnics, tangents are drawn to the other ^ meeting the tangent at P in 
UV. The tangent at Q meets the tangent at P in T. Show that TU and TV 
su^t^td equal angles at S, 

Ex. 4. The common tangent qf an dUpse and its circle of curvature at 
P meets the tangent at Pin a point T, such that SPand ST are eqwMy indined to 
the join of the focus S to the centre of curvature. 

Beciprocating for £1 we get a circle and an ellipse having three-point 
contact. 

Ex. 6. The polar of Tfor a conic meets in Q a conic which has the same focus 
S and correspcmding directrix. The perpendicular to SQ through S meets the 
directrix in Z, and SQ and TZ meet in P, Show that the locus of P is a conic 
having the same focus and directrix. Show also that Die eccentricity of the locus is 
a third proportional to those of the two given conies. 

Reciprocate for <S and notice that the envelope reduces to a locus. 

Ex. Q. If the chord PQ of a conic subtend at the focus a constant angle, the 
envelope ofPQisa conic having as a focus ; and the directrices corresponding 
to in the two conies coincide. 

For if Z POQ is constant, then Zpq is constant ; hence the locus of N 
is a circle having U as centre. Hence the envelope of n is a conic 
having as focus and u as corresponding directrix. 

Ex. 7. Find the locus of T when I POQ is constant. 

Ex. 8. From two conjugate points on the directrix of a conic are drawn four 
tangents to the conic. Show that the locus of each of the oUier meets of the tangents 
is a single conic ; and that the given directrix is a directrix of this conic, and 
that the corresponding foci of the two conies coincide. 

Ex. 9. T?ie parameter of any conic is a harmonic vman "between the segments 
of any focal chord of the conic. 

For if perpendiculars OP^ and OQ^ be drawn from any point to two 
parallel tangents of a circle, then the radius «= J (OPi + OQi). If 
is outside, OQi must be considered negative. 

Ex. 10. A pair of parallel tangents to a conic meet a perpendicular to them 
through a focus in Y and Z and the corresponding directrix in M and N. Show 
that MZ and NY touch the conic. 

For the angle in a semicircle is a right angle. 

Ex. IL On the tangent at P to a conic is taken a point Q, sitch that PQ subtends 
at a focus S a given angle ; show that the locus of Q is a conic having a focus at 
S. Show also that its eccentrid^ is to the eccentricity qf the given conic as its 
parameter is to the parameter of the given conic. 

For ei(f iiBfiR III iVi I biqqO 11. 

Ex. 12. Bedprocate for any point the theorem — ^JfPP', QQf be two pairs of 
inverse points for a circle, then PP'QQ^ are coney die. 

Notice that inverse points are conjugate points whose join passes 
through the centre. 

Ex. 13. * If two circles touch one another at C and be touched by a common 
tangent in A and B, then ACB is a right angle.* Bedprocate this theorem (i) for 
any point, (ii) for A, (iii) for C, and (iv) for the centre of one of the drdes. 

Ex. 14. Bedprocate for any point the tfieorem — * The locus qf the points of 
contact of tangents from a ftoced point to a system of concentric drdes is a drde 
through the fixed point and through the common centre* 
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XiX. 15. Reciprocate for the cenJtre of the given circle— 'The joins of two fixed 
points on a given circle with the ends of a variaMe diameter meet eU P on a fiaud 
circle through the fixed points and orthogonal to the given circle. Also the tangent 
at P to the locits is parallel to the diameter* 

Ex. 16. Reciprocate for any point — * The bisectors of the angles of a triangle 
meet, three by three, in the centres of thsfour circles tottching the sides* 

Ex. 17. Also — ^ The chord of a circle which suibtends a right angle at a fixed 
point on the cirde passes through the centre.* 

Ex. 18. If a circle be reciprocated into a hyperbola, taking a cirde with centre 
as base conic, then BC = Ic^/OT, OT being the tangent from to the circle. 

15. The tricmgles subtended at the focus of a parabola by amy 
two tangents are similar. 




The reciprocal of the parabola for its focus is a circle 
through 0. 

We have to prove that 

LPTO = LTqO and LVOT = LTOq. 

Now LVTO, the angle between the line I and the radius 
OT^ is equal to the angle between the radius OL and the line 
t, i. e. equals /.OLM, So LTQO is equal to the angle between 
OM and g, i. e. equals lOMN'. But lOLM = lOMN'. 
Hence LFTO = LTQO. As before, IFOT = LTOQ foUows 
from LNLM = INML. 

Ex. 1. Obtain a property of a cirde from the theorem — * The orthocenlre of a 
triangle circumscribing a parabola is on the directrix.* 

Ex. 2. Reciprocate the property of a cirde obtained in Ex, i (i)/or the cirde 
itsdf, (ii) /or any circle. 

Ex. 3. Reciprocate for the theorem — * If from any point on a cirde ptif 
pendictdars be drawn to the sides of an inscribed triangle, the feet lie on a line.' 

We get — * If be the focus of a parabola and PQR the vertices of a 
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circumscribed tiiangle, then the perpendiculars through P, Q, J2 to OP, 
OQj OR meet in a point/ Calling this point D, we have proved that the 
points A, B, C, lie on the circle on OD as diameter. Hence *The 
circle about a triangle circumscribing a parabola passes through the 
focus.* 

XiX. 4. Reciprocate the sam6 theorem fw any point. 

Ex. 6. Find by reciprocation the locus of the meet of tangents to a parabola 
which meet ^i) at a given angle, (ii) at right angles. 

16. Find the envelope of a chord of a circle which is bisected by 
a given line. 

Let th(9 chord p of the circle be bisected by the fixed line I 
in the point Q, Take the centre of the circle ; then OQ is 
perpendicular to p. Eeciprocate for the circle itself. Then 
P is the foot of the perpendicular from on the variable line 
q through the fixed point L. Hence the locus of P is a circle 
on OL as diameter, i. e. a circle through and having the 
opposite point at L, Hence the required envelope is a para- 
bola with focus at and having its vertex at L^ the foot of 
the perpendicular from on I. Hence the envelope is 
completely determined. 

Ex. 1. A, B, 0, D are four points on a circle, and AC, BD are perpendicular ; 
8?iow that AB, BC, CD, DA envelope one and the same conic. 

Let ACj BD meet in 0. Reciprocate for and we obtain the property 
of the director circle. 

Ex. 2. The envelope of the boM BC of a triangle ABC whose vertex A and 
vertical angle BAC are given and whose base angles move onfxed lines is a conic 
one of whose foci is A, 

Eeciprocate for A. 

XiX. 3. Find the envelope of the asymptotes qf a system of hyperbolas having 
ihe same focus and corresponding directrix, 

17. is a fixed point, cmd Q is a variable point on a fixed 
jircle. QB is drawn such that the angle OQB is constant. Find 
■he envelope of QB. 

Let QB be called p. Reciprocate for 0. Then we have to 
ind the locus of a point P taken on a tangent q to a, conic 
)ne of whose foci is 0, given that the angle between OP and 
r is constant. Draw OY the perpendicular from on q. 
Then since the locus of F is a circle and since OY: OP 
3 constant and LYOP is constant, hence the locus of P is a 



92 Reciprocation. [ch. 

circle. Hence the envelope of |) is a conic with as one 
focus. 

SiX. If the lo(MS of Q be a line instead of a cirde,flnd the envelope ofQR, 

18. To investigate bifocal properties of a conic by recipro- 
cation we reflect the figure in the centre of the conic. For 
example — 

In any central conic the pair of tangents from a point make 
equal angles tvith the focal radii to the point. 




Let the tangents from T to a conic touch in P and Q. We 
have to prove that PTS = QTS\ Keflect the whole figure in 
the centre C, The tangents at P and Q with their reflexions 
form a parallelogram ETB'T. Then T is the reflexion of T, 
Q^ of Q, TQ" of TQ, rS of TS\ Hence the angle QTS^ 
is equal to its reflexion, the angle Q^TS. Hence we have to 
prove that ASTP and /.STQ^ are equal. Reciprocating for S 
this reduces to * angles in the same segment of a circle are 
equal' 

Prove by reciprocation that — 

Sx. L The focal radii to a point on a conic make equal angles with H^ 
tangent at the point. 

Ex. 2. The product of the perpendiculars from the foci qf a conic on any 
tangent is equal to the square of the semi-axis minor. 

Ex. 3. If two opposite vertices of a paraXldogram circumscribed to a conic 
mxwe on the directriceSj the other two vertices move on the auxiliary circle. 

That is, if tangents a, b be drawn from any point on a directrix of a 
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conic and a! ^ \/ be the parallel tangents ; then, S being the correspond- 
ing focus, S (a'fe) is perpendicular to a' and S (afe') to &'. Now recipro- 
cate for S. 

Ex. 4. The sum of Uie redproccUs of the perpendiculars from any point 
within a circle to the tangents from any point on the polar of is constard. 

19. To reciprocate a system of coaocal circles into a system of 
confocal conies. 

If we reciprocate the system of coaxal circles for any point 
0, we get a system of conies having one focus in common. 
In order that the other focus may be common to all, the 
conies must have the same centre, i e. the line at infinity 
must have the same pole for each conic. Hence in the 
figure of the circles, must have the same polar for each 
circle, L e. must be one of the limiting points of the 
coaxal system. Now reciprocate the coaxal system for the 
limiting point L. Then the reciprocal conies have a focus 
and centre in common, and hence are confocal. 

20. To reciprocate a system of confocal conies into a system of 
coaxal circles. 

Since each conic is to be reciprocated into a circle, we 
must reciprocate for one of the common foci. Keciprocate 
for the focus 0. Then since the conies have the same centre, 
the reciprocal circles have the same polar of 0. We have to 
show that a system of circles each of which has the same polar 
of is coaxal. Drop the perpendicular OC/ on the polar of 
0. Bisect Off in X. Let 00' cut one of the circles in 
Ay A\ Then since {Off, A A') is harmonic, and X bisects 
Offy hence XA . X4'= X0^ a constant. Hence X has the 
same power for all the circles. And the centres all lie 
on the line Off. Hence the circles are coaxal, X being the 
foot of the radical axis. 

Note that 0, ff are the limiting points of the coaxal 
system. 

The reciprocal of the other focus Sis the radical axis. 

For 0S= 2.0C; hence 05^ = i . 00,. But C, is the 
ff of the above proof. Hence S, is the X of the above 
prool 
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SSx. L Ttit Twxprwal qfthe minor axis is the other limiting point, 

XSz. 2. 8 and H are the foci of a system ofconfocal conies. A parabola toith 
S OS focus touches the minor axis. Show that its directrix passes through H : 
and that ifPy Q he the points qf contact of a tangent to one of the confocals and 
the parabda, then PSQ is a right angle, 

XSz. 3. Prove by reciprocation thai the circle qf simHihide qf two circles is 
coaxal with them. 

The circle of similitude is symmetrical for the line of centres and 
passes through the meets on this line of the common tangents. Kow 
reciprocate for a limiting point 0. The circles become an ellipse and 
hyperbola with the same foci and 8j which have a pair of common 
chords I and l^ perpendicular to OS. We have to show that a conic 
which is symmetrical for OS, which has as a focus and which touches 
{ and If J has S as its other focus. This is obvious. 

Sx, 4. Deduce properties of coaxal circles from — (i^ * Confocal conies meet at 
right angles,* (ii) * Tangents from any point to tujo confocals are equally inclined 
to each other.' 

XiZ. 6. Deduce aproperty of confocal conies from — * The polars ofafixedpoinl 
for a system of coaxal cirdes meet at another fixed point; and the two points 
subtend a right angle ai either limiting point,* 

XiX. 6. If the sides qf a polygon tomh a conic, and aU hut one of the vertices 
lie on confocal conies, the last vertex also lies on a confocal conic. 

Reciprocate Poncelet's theorem respecting coaxal circles. 

Reciprocation for any conic, 

21. Having discussed the particular case of two reciprocal 
conies, one of which is a circle, we return to the general case 
of the reciprocal of a conic, taking any base conic 

The reciprocal of a conic, taking a conic with centre as hose 
conic, is a hypert)ola, parabola, or ellipse, accotding asO is outside, 
on or inside the given conic 

Let a be the given conic and F the base conic, and a^ the 
reciprocal conic. Then a' is a hyperbola, parabola, or ellipse, 
according as the line at infinity cuts a' in real, coincident or 
imaginary points. Now the reciprocal of the line at infinity 
is the pole of the line at infinity for F, i. e. is 0. Hence 
the reciprocals of the points in which a' meets the line 
at infinity are the tangents to a from 0. And the tangents 
from are real if be outside, coincident if be on, and 
imaginary if be inside a. 

The reciprocal of the centre of the given conic, Le. of the 
pole of the line at infinity for a, is the polar of for a^ The 
reciprocal of the asymptotes of the given conic, L e. of the 
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tangents to a from the pole of the line at infinity for a, 
are the points of meet with a! of the polar of for a', 
i. e. are the points of contact of tangents from Q to a', 

Ex. 1. The axes qf the reciprocal of a conic for a point are parallel to the 
bisectors qfthe angles hetuoeen the tangents from to the conic. 

Ex. 2. Jf aO he the angle between these tangents, shove that cosec $ is the 
eccentricity of the reciprocal conic, and deduce the formula e == OU -t- UT of 

§ lO. 

Ex. 3. The reciprocal of a parabola for any poinl on the directrix is a red-' 
angular hyperbola. 

For since the points of contact of tangents from to a subtend a 
right angle at 0, hence the asymptotes of a' are perpendicular. 

Ex. 4. From * The orthocentre of a triangle circumscribed to a parabola lies 
on the directrix,* deduce by reciprocation * The orthocentre of a triangle inscribed 
in a rectangular hyperbola is on the curve.* 

Reciprocate for the orthocentre. 

Ex. 6. I7te reciprocal of a rectangular hyperbola for any point is a conic 
whose director passes through 0, 

Ex. 6. Reciprocaie for any point — * A diameter of a r&Uangular hyperbola 
and the tangent at either end are equally inclined to either asymptote.* 

Let CP = r be the diameter, q the tangent at P, and y the asymptote. 
Then we have to reciprocate that Iry = Zqy. We get — *If c be the 
polar of any point on the director of a conic, and if from the point R 
on c a tangent be drawn touching in Q ; then Y being either of the 
points in which c cuts the conic, RT and QT subtend equal angles 
at 0.* 

Ex. 7. Reciprocate for any point — a focus of a conic. 

A line such that every pair of conjugate points upon it subtend a 
right angle at a given point 0. Hence given a conic and a point 0, 
there are four such lines. 

Ex. 8. Reciprocate for any point — a directrix of a conic. 

The pole of such a line. 

Ex. 9. If the chord PQofa conic sijibtend a right angle at a fixed point on 
the conic, then PQ passes through a fixed point (called the Fr^gier point of 
for the conic). 

Reciprocate for the fixed point ; and we have to prove that the locus 
of the meet of perpendicular tangents of a parabola is a line (the 
directrix). 

Ex. 10. Obtain by reciprocating Ex. g a property of a cirde, 

Ex. 11, The reciprocal for qf the focus of a parabdkt is the polar of the 
Fregier point qf Ofor the reciprocal conic. 

Ex. 12. 0, D, E are fixed points on a conic, and P a variable point. PD, 
PE meet the polar qf tJie point in which chords which subtend a right angle at 
meet, in B and C; show that I BOC = Z DOE. 

Ex. 13. The envelope of a chord of a conic which subtends a riq^Lf^"*^*^^*^ 
fixed point 0, not on the conic, is a conic having a focus at 0. ^^ 

Ex. 14. A system of four-poifvt conies or fov/r'tang&BiLy^ o- 

eated into concentric conies ^ 
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Take as origin one of the vertices of the oommon self-eo^jugate 
triangle. 

Sx. 15. Tke reciprocal of a central conic, taking a concentric circle as haae 
conic, is a similar conic 

For OA . OAi ^ OB.OB^^I^; hence OA^ : 03^ :iOB: OA. 

XiX. 16. Reciprocate for any point — a system qf coaxal circles. 

That is, a system of circles passing through the same two points, 
real or imaginary. 

SjX. 17. Reciprocate for any point — ' The directors qf a system qf comics 
touching the same four lines are coaxal* 

£jX. 18. Also — < The locus of the centres of a system qf rectangular hyperbolas 
passing through the same three points is a cirde* 

22. Bedprocate Camofs theorem, taking any circle as lose 
conic 

Let be the origin of reciprocation. Then, as in VI. i, 
Camot's theorem gives 

sin AOC^ . sin AOC^ • . = sin AOB^ . sin AOB^ . .. 

Now /-AOCi=^ ^«^i> and so on. Hence the reciprocal 
theorem is — * The sides a, &, c of a triangle meet in the 
points P, Q, R; and from P, Q, R are drawn the pairs of 
tangents OiO^f ^i ^2> ^1^2 ^^ ^^7 conic ; then 

sin oCj . sin oCj . sin ha^ . sin ha^ . sin ch^ . sin cb^ 
= sin abi . sin a&, . sin ^o^ . sin bc^ . sin ca^ . sin ca2, 

where oCi denotes the angle between the lines a and c^, and 
so on. And conversely if this relation hold, then the six 
lines a, a^ b^ b^ Cj c^ touch the same conic' 

Ex. 1. If the sides qf a triangle ABC meet a conic in A^A^, ByB^, C1C2, 
then the six lines AA^ , AA^ , BB^ , BB2 j CCi , CC^ touch a conic ; and wn- 
versely, if the latter towih a conic, the former are on a conic 

Ex. 2. Redprocaie the extension of Camofs theorem given in Ex. i ofVl.i. 

Ex. 3. Reciprocate the theorem — * The lines joining the vertices of a triangle to 
any tioo points meet the opposite sides in six points which lie on a conic,* 

NOTE. 

23. The following theory would have been preferable in some ways 

to that employed in the text. 

Prove by § 3 or XIII. a that the reciprocal of a conic for a point (le. 
for a circle with centre at this point) is a conic. 

The reciprocal qf^ circle for atiy point is a conic one of whose foci is 0. 

For in the cir; tldS^^iy P&ii' ^^ conjugate points on the line at 
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infinity subtends a right angle at the centre of the circle and therefore 
at 0. Hence in the reciprocal conic every pair of conjugate lines at 
is orthogonal, i.e. is a focus of the reciprocal conic. 

Also since the centre of the circle is the pole of the line at infinity, 
the reciprocal of the centre of the circle is the polar of the origin, i.e. 
is the corresponding directrix. 

The reciprocal of a conic for one of its foci is a circle. 

Every pair of conjugate points on the corresponding directrix sub- 
tends a right angle at the focus. Hence in the reciprocal conic, every 
pair of conjugate lines at the pole of the line at infinity, i.e. at the 
centre, is orthogonal. Hence every pair of conjugate diameters of the 
reciprocal conic is orthogonal ; hence the reciprocal conic is a circle. 

In any conic SP : PM is constant 

For as in § lo, OPi PM ::0U :UT. Hence OPiPM is constant 
Hence the eccentricity of the reciprocal conic is 8 -^ JB, for 

e = SP:PM, 

Notice that we have here given by Reciprocation an independent 
proof of the SP : PM property of a conic 



H 



CHAPTER IX. 



ANHABMONIC OB CROSS BATIO. 

1. One of the anharmonic or cross ratios of the four col- 

AB AD 
linear points A, By C, B is ^ -^ -jtt^ . This is denoted by 

{AC, BD). So every other order of writing the letters gives 
us a cross ratio of the points, e.g. another cross ratio is 

Ex. 1. If {AB, CD) = {AB, Cfl/), then {AB, CCf) = {ABy BI/). 

Ex. 2. // {AC, A'B) = {A'C, AB"), then {AC, CB) = {A^CT, CB^. 

Ex. 3. If {AB, CD) = {A'B", CI/), and {AB, CE) = {A'B^, C'Ef), 
show that {AB, DE) = {A^Bf , If I/). 

Ex. 4. IfOA, OB, OC cut BC, CA, AB in P, Q, R, and if any line cut BC, 
CA, AB in P', (/, R', then 

{BC, PP") X {CA, Q(/) X {AB, RR") = - 1 ; 

and conversely, if this relation hold, and if PA, QB, RC be concurrent, then V, 
(^ , Rf are cdlinear, and if P^, (/, R^ be collinear, then PA, QB, RC are con- 
current. 

Ex. 5. If OA, OB, OC cut the sides of the triangle ABC in P, Q, i2, and 
Cf A, C/B. &C cvi the sides in P^, Qf , Rf , or \f two transversals cut the sides in 
P, Q, R and P', Qf , Rf, then 

{BC, PP^) X {CA, qqf) X {AB, RRf) = i ; 

and conversely, if this relation hold, and if PA, QB, RC be concurrent, then 
P'A, Q'B, R^C are concurrent, and if P, Q, R be collinear, then P', (/, Rf are 
coUinear. 

Ex. 6. A cross ratio is not altered by inversion for a point on the line. 
For given OA.OA^ ^OB.OB"-^ »-. = k\ 

we have AB ^ OB-OA = l^/OBf -W/OA' 
^-le.A'B^/OA'.OBf, 

Ex. 7. The tangent at to a conic meets the sides of a circumscribed trian^e 
in A, B, C and the sides of the ti-iangle formed by the points of contact in A^j £', 
C; sh(yu) that {OA, BC) = {OA', BfC). 
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Since (0-4', BC) is harmonic, we have a' = 2 6c -r {b + c). So for 6' 
and c'. Now substitute in (0-4', B'Cf), viz. in 

OB' C^' 6' g'-c' 

5:1' ^ 00^ ^¥^ ^~7~' 

and we get (0-4, BC). 

2. -4 cro55 ratio is equal to a/ny other, in which amy two points 
being iMercha/nged, the other two are also interchanged. 

Let {AC, BD) be the cross ratio. We may interchange A 
with B, C or D. Hence we have to prove that 

{AG, BD) = (BD, AC) = {CA, BE) = {DB, CA\ 
or that 

AB BC _BA CB_CB BA_BG AB 
BC ' AB^AB ' BC^BA ' CB '^CB ' BA ' 

3. There are 24 cross ratios of four points ; ami these can he 
divided into 3 groups of 8, such that every cross ratio in a group 
is equal to or the reciprocal of every other in the group. 

Let the points be ABCB. Take the three cross ratios 
{AB, CB:, {AC, BB) and {AB, BC). Now 

{AB, CB) = {BA, BC) = {CB, AB) = {BC, BA) 

by IX. 2. Also it is easy to prove that {AB, CB) is the 
reciprocal of {AB, BC), {BA, CB), {CB, BA), {BC, AB). 
Hence we get a gf-oup of 8 connected with {AB, CB). Simi- 
larly there is a group of 8 connected with {AC, BB) and with 
{AB, BC). And no ratio can belong to two groups ; for in 
the first group AB are together and CB, so in the second 
group -40 are together and BB, and in the third group AB 
hadBC. 

4. 7/ A = {AB, CB), /x = {AC, BB), v = {AB, BO), 

V I I I X 

then A + - = fi + - =z;+ - =— A)Ltz; = i. 

,1 AC BB BC AB 

For X + --i=^.^ + -^^.^-i 

AC.BB-B C. A B- CB . AB 
■" CB.AB 

_ {c-a){h-d)-{c-d){h-a)-{h-c){d-a) 
■^ CB.AB _ _^ ^ 
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"" CB.AD 

= o. 

AC BB AD BC AB CD 
Also ^'i^'^^cB-AD'DC'AB'BD'AC^-'^ 

We have now shown that the three fundamental cross 
ratios A, /ut, v are connected by the above four relations. 
Two of these are independent and give fx, v in terms of A. 
The other two can be derived from these. Hence given any 
one cross ratio of four points, the other 23 can be cal- 
culated. 

£jX. 1. Qwen A + -«i, 11 + - =^ 1, show thai 

fX V 

I' + - = I and XfMP =» — I. 

£x. 2. Given A + - = i, A/tv = — i, show thai 

V + - = I and u + - ~ I. 

Ex. 3. If (AB, CD) = I, show that either A and B coincide, or C and D; 
and conversely, if A and B coincide, or C and D, then (AB, CD) = i. 

Ex. 4. Xf ^0 points of a range of four points coincide, each of tfie cross ratios 
is equal to o, i, or co ; and no cross ratio can equal o or i or 00 unless two 
points coincide, 

Ex. 5. Show that no real range can be found of which aU the (^oss ratios are 
equal. 

Ex. 6. Of the three A, yit, v, two are positive and one negaMve. 

Ex. 7. If any cross ratio of the range ABCD is equal to the corresponding 
cross ratio qfthe range A'BfCflf, then every two corre^onding cross radios of the 
ravages are equal. 

For if A = A', then a* = A*' and v = v^. 

Two such ranges are said to be homographic, and we denote the £Eict by 
the equation {ABCD) = {A'BTC^Jf). 

Ex. 8. If (ABBTC) = {A'BfBCf) and (ABBTD) = (A'B^BI/), show that 

(BB'CD) = {BfBCfD"). 
Divide {BBf, AC) = (B'B, A'C) by {BBT, AD) = {B'B, A'l/). 

5. If {AC, BD) he harmonic, then (AC, BD) = — i. 
r^ AB AD ^ AB AD 

If {AC, BD) he harmonic, then {AC, BD) = {AC, DB) ; and 
conversely, if {AC, BD) = {AC, DB), then either {AC, BD) is 
harmonic or two points coincide. 
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then 



For if (AC, BD) = {AC, BB), 

AB BC AB BC ^ ^AB BC .^ 
BC ' AB^BC ' AB^ ^^^"H^ ' I^) = '' 



hence 



^ . -j^ = ± I, 1. e. {AC, BB) = ± I. 



If {AC, BB) = + I, then A and C, or B and B coincide ; 
and if {AC, BB) = — i, then {AC, BB) is harmonic. 

Ex. If a range of four points he harmonic, each of its 24 cross ratios is 
equal to — i, ^, or 2 ; and if any one of the cross ratios of four points be equal to 
— I or ^ or 2, then the four points form a harmonic range. 

6. If A,B,C, B, B' he coUinear points, such thai 

[AC, BB) = {AC, BB"), 
then B and B^ coincide, 

AB BC AB B'C ^ BC B'C 

i. e. AC is divided in the same ratio at B and 2/ ; hen6e B 
and 2/ coincide. 

7. If four lines a, h, c, d passing through the same point V 
be cut by ttw transversals in ABCB and A'B'C'iy, then 

{ABCB) = {A'B^C'B'). 
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It is sufficient to prove that 

{AG, BB) = (^'C, Bfl/). 

Now {AC,BI))^^.j^=-^-^y^.^^j^ 

_ VA.VB.smAVB VD.VC.amBVG 
" VB. VC.&mBVG' VA.VD.BmAVD 

_ sin AVB &mBVO 
""sin JBFC* sin^FD' 
Similarly, 

Now A VB is equal to either ^' FC or its supplement. In 
either case, sin^FJB = sin A'YB^. And so on. Hence 

{AC, BB) = U'C, -B'i/), ie. {ABGB) = {A'B'C'B^). 

We may enunciate the above theorem in the form — Every 
trcmsversal cuts a pencil of four lines in the same cross ratio. 
The cross ratio (AG, BB) of the pencil is written 

V {AG, BB) OT {ac, hd). 

Also, by the above, 

, - _, sin db sin ad 
{ac, hd) = -T— ^; — '--^^ • 
sm DC sm dc 

Ex. L Show that the fundamental cross ratios A, fji, v of the range {ABCD) 
are equal to cosec'' <p, — tan^ and cos* 0, where z<p isthe angle ai which ike 
circles on AC and BD as diameters intersect, 

„ ^ AC DB BinAPC sin DPB 
For k « — . — = . , 

CB AD sin CPB ain APB 
and lAPC^-, IDPB=^--, lCPB=^-<p, lAPD^v^<b, 

2 2 

Ex. 2. Express {ac, hd) as a ratio of two segments of a line. 

Draw a transversal parallel to d. Then {ac, hd) = AB : CB, for 
AD = CD, D being at infinity. 

Ex. 5. Given the three points A,B,C; find D so that (AB, CD) may Jiave a 
given value X. 

Take any line ABf, and divide it in C so that -AC^ CfBf^ \, Let 
BB^, C(f meet in V. Through V draw VD parallel to ABf, Then 
'^AB, CD) = {AB^, C^Ci'), [where fl' is the point at infinity upon AB^,] 
= -ACi- CTB'^ K 

Ex. 4. Through a given point draw a transversal to cut the sides of a given 
triangle ABC in points A'y B', C, st«c/i that {OA', B^C^ may have a given value. 
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Let OA cut BC in (/. Then {0A\ BfCf) « A {OA', BfCf) = ((/^', CB). 
Hence A^ is known. 

Ex. 6. lf^^^\ BBf, CCf meet in a point and if {AC, BD) = (^'(T, B^I/), 
then DI/ passes through 0, 

8. A cross ratio of a rcmge of four points is unaltered hy 
projection. 

Let the range ABGB be joined to the vertex F, and let 
the joining plane cut the plane of projection in A^B'G'D\ 
Then since A'B'G'D' is a section of the pencil F {ABGD), it 
foUows that {ABGB) = A'B'G'D'). 

Ex. If the points o, 5, c, ... he taken on the sides AB, BG, CD, ... of a 
polygon ; show UuU the continued product of such ratios as Aa/aB is unaltered by 
projection. 

Let any transversal cut the sides AB, BC, CD, ... in a, fi, y, ,..; then 
the continued product of Aa/aB is numerically unity. Hence, divid- 
ing, we have to prove that the continued product of Aa/oB ■- A a/a B 
is unaltered by projection, i.e. the continued product of certain cross 
ratios. 

9. A cross ratio of a pencil of four lines is unaltered hy 
projection. 

Join the pencil {ABGB) to the vertex F, and let the 
joining planes cut the plane of projection in the pencil 
(y {A'BG'B^). Through F draw any plane cutting the 
pencils in abed and a'Vdd', Then 

0{ABGB) = {abed) = Y{a})ed) = F(a'6Vd') 

= (a'ydd') = a {A'B!G'B^). 

Hence the pencils 0{ABCB) and 0' (A'B'G'B") have the 
same cross ratios. 

Ex. 1. If through the vertices A, B, C, ,., of a polygon there be drawn any 
lines Aa, Bb, Cc, ..., t?ien the continu^ed product qf the ratios smABb/^n bBC 
is unaltered by projection. 

Take any point and consider the cross ratio 

sin ABb/sin bBC ^ sin ABO/ain OBC, 

!EjX. 2. The figure ABCD consisting of four points joined by f(mr lines can be 
projected into any figure A'Bf(fIf of the same kind. 

Let AC, BD meet in C7, and A^C, Bflf meet in V, Take X on AC so 
that {JTAUC) = (fl'^'U'cr), and Ton BI) so that {YBUD) = {CiBfU'I/), 
where Ci and Of are at infinity. Now project XY to infinity, and the 
angles AUB^ BAU into angles of magnitude A'TfBf, BfA^V, Let the 
projections of ABCBUXYhe a^b^tfd'uWoa, where ou and o/ are at infinity. 
Then(o/a'wV) = {jrAUC) = {n^A'U'(/), Hence a't*': mV : lulV: U'C; so 
b'ufiu'd'iiB'ViU^J/i also la'u'l/ ^ lA'JJ'Bf and ll/a'u' ^IB^A'V, 
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Hence the figures a^}/cfd^u' and A''Bf(fIfXf are similar. If they are 
not equal, we proceed as in IV. 7. 

Note that this construction fails if XY as constructed be at infinity ; 
in other cases, by IV. 6, the construction is reaL 

Cross raMo of four planes meetmg in a line. 

10. Any trcmsversal cuts four planes which pass through 
the same line in four points whose cross ratio is constant. 

Let two transversals cut the planes in ABCD and A' Iff CI/. 
Join ABCD to any point on the meet of the planes, and 
A^B'C'iy to any other point ff on this meet. Then the 
meet of the planes OABCD and CyA'BC'B' is a line which 
cuts the four given planes in the points a, y3, y, 6, say. 

Then {ABCD) = {ABCD) = (a^y8) = (a^yh) 

= (y{a^yh) = (/{A'B'C'D') = {A'B'G'D^). 
Hence {ABCD) is constant. 



:. Any plane cuts four planes which meet in a line in four lines whose 
cross ratio is constant. 

nomographic ra/nges a/nd pencils. 

11. Two ramies of points ABCD . . . and A'BfC'D^ ... on 
the same or different lines, in which to each point {A say) of 
one range corresponds a point {A') of the other, are said to he 
hmnographic if the range formed by every four points {ABCD) 
of one range is homographic with the range formed by the 
corresponding four points {A'B'C'D') of the other. (See 
Ex. 7 of § 4.) 

Two pencils of rays at the same or different vertices are 
said to be homographic when any two sections of them are 
homographic. 

It is convenient to use tlie notation 

{ABCD.,.) = {A'B'C'D'...), 

to denote that the ranges {ABCD ...) and {A'B'C'D"...) are 
homographic; and thenotation V{ABCD...)= V'{A'B'C'D'.,.) 
to denote that the pencils V{ABCD...) and V'{A'B'C'D'..') 
are homographic. 

A range is said to be homographic with a pencil when 
the range is homographic with a section of the penciL This 
is denoted by {ABCD. ..)=V' {A'B'C'D'. . .), 
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:. 1. Two ranges {or pencils) which are homographic with the same range 
{or pencil) are homographic. 

£jX. 2. If TJX : V'JI^ he given, U being a fixed point and X a variable point 
on one line, and V', X' on another line ; then X and X' generate homographic 
ranges on th^se lines. 

Let A, Bj C, D be four positions of X, and A% B% Cf, If the corre- 
sponding four positions of X* . 

Then AG = VQ- UA = K {V^Cf-VA') = A . A'(f. 

Hence {AB, CD) « {A'Bf, Cfl/). 

Ex. 3. The same is true if TJX . V'X' be given. 
For AC = UC- UA = X/F'C- \/V'A' 

Ex. 4. A variable circle passes through a fixed point and cuts a given line at 
a given angle ; show that it determine on the line two homographic ranges. 

For the pencils at the point ai*e superposable. v 

12. To form two homographic rcmges on different lines* 




Take any range ABODE ... on one of the lines, and take 
any three points A% B^, C arbitrarily on the other line to 
correspond to ABC, 

Let AB^ and A'B meet in ^, AC and A'C in y ; let t^y 
meet AA' in a and A'D in 6 ; let J. 8 meet A'B' in I)\ 
Similarly construct the points f, E\ &c. Then the range 
A'BC'D'E!... is homographic with the range ABODE.... 

For take any four points of the first range, viz. LMNBj 
and the corresponding four points of the other, viz. L'M!N*B!. 
Then 

(I/MITB!) = A {HM'NB') = (\\Lvp)^A' {\fivp)={LMNB). 
Hence every range of four pomts of one range is homo- 
graphic with the range of the corresponding four points 
of the other range, i.e. the ranges are homographic. 



Anharmon 



iB other caBOB, by ivot 

Cross «*«' "/■''' 
10. Arty transversal ' 

LottwotnmBWtmls' 
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A'SfC'V to any o^li' 
meet of the pl»»«» " 
cute the four given I'l 
Then (ABCV) = ' 

= 0'(o3r8) = ' 

Hence (ABCD) i" 
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meet in 0, and let OD meet AB' in D". 
U) = {ABGD) by hypothesis = {ASC'iy') by 



UxiliUne 



U 



i*fl^»r 




«i«b* 



::^ 



Hence {ABfG'B') = {AB'C'J)"\ i.e. 2/ and 2)'^ 
i.e. the join DZ)' of any pair of corresponding 
sses through 0. 



f Ahtihe meet qfbjoo corresponding rays ofhoo homographic pencils, 
J transversals through A toiU cut the pencils in ranges in perfective. 

If a cross ratio qf the range ABCD he equal to the corresponding cross 
range A'BfCfl/, show thai every two corresponding cross radios are 
ee also § 4, Ex. 7.) 

he two ranges so that A and A^ coincide and that the lines 
^ A'B^ do not coincide. Then, as above, the ranges are in per- 
; and hence every cross ratio is equal to the corresponding 
cio. 

3. If (ABCD) = (AfE'Cl/) and (ABCE) « (A'BfCfE') and so on, 
BCBE...) and {A'B^C/B^E^.,,) are homographic ranges, 

4. If (I7F, AA') = {JJV, BBf) = {UV, CCf) «..., 

show that {ABC,.,) = {A^BfCf.,,), 
For (JJV, AB) « \VV, A'Bf). 

..6. If P he a variable point on the line joining two fixed points A, B, and 
jariaible point on the line joining ^ fixed points A', Bf^ such thai 

AP/BP -r A'P'/B^P' 

nstant, then P and P' generate homographic ranges, 

or if C be a position of P and C of P', we have 

AC/BC 4- AP/BP « A'Cr/BfCf ^ A'P'/BfP', 

i.e. {ABCP) = {A'B'crP'), 

Ex. e. If VA, VB, VP and V'A', F'B'. VP' he such thai 
sin AVP/ain BVP i- sin ^T'P'/sin B'V'P' 
i conslani, then VP and V'P' generate h,omographic pencils, 

\lso if tan AVP/t&n A'V*P' he constant, 
and A'V'B^ right angles. 

'P. B^P^-T- BP he constant J then P and P* generate homographic 



ip.p'p'4- BP, n'p'- ACBfcf^ Bc, n'cr, 

hence {AB, CP) = (Cl'B', CTP'), 
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!Ex. 9. If the triangle ABC he circumscribed to the triangle LMN ; show that 
an infinite number qf triangles can he drawn which are inscribed in the triangle 
LMN and at the same time circumscribed to the triangle ABC, 

Take any point R on LM ; let AR cut NL in Q, and let BR cut NM in 
P. It will be sufficient to prove that PQ passes through C. Let BC 
cut NM in X, let CA cut LN in T, and let AB cut ML in Z. 

Then (NMPJT) = B {NMPX) = {ZMRL) = A (ZMRL) « {NTQL). 

Hence the ranges (NMPJT) and {NYQL) are in perspective. Hence 
MYj PQj XL meet in a point, i.e. PQ passes through C, Hence PQR is 
inscribed in LMN and circumscribed to ABC, 

Ex, 10. Six points A, B, C, D, E, F are taken, such that AB, FC, ED meet 
in a point 0, and also FA, EB, DC in H; show that BC, AD, FE also meet in 
a point. 

Let BE and CF meet in P, CF and AD in R, and AD and BE in Q. Then 

{BPQE) = G{BPQE) = {ARQD) « H{ARQD) = (iJ'lJPC) «= {CPRI*). 

Ex. 11. ^0 weete BC m i). BO meets AC in E, CO meets AB in F. X, F, Z 
are taken such that {AD, OX) = {BE, OY) = {^CF, OZ) = — i ; sh(yw that the 
triangle XYZ circumscribes the triangle ABC. 

For {AD, OX) = {EB, OY). 

Ex. 12. The points A and B move (m fixed lines through 0, and U and V art 
fixed points coilinear unth ; if UA and VB meet on a fixed line, show that AB 
passes through a fixed point. 

Take several positions of the point A, viz. AiA^At...* Join A^U 
cutting the given line in Cy , and join C^V cutting OB in B^ . Similarly 
construct C, C3 . . . and B^B^.... Then 
(^i^2^s...)=C7(^i^a^3...) = (CiCaC3...) = F(qCaC3...) = (J3iB,J33...). 

Hence the ranges {A^ A2A3...) and (B^ B^B^.. .) are homographic. Also 
when A is at 0, B is also at 0. Hence the ranges are in perspective. 
Hence A^^B^, A^B^, A^B^, ... meet in a point, i.e. AB passes through a 
fixed point. 

Ex, 13. If the points A,B,C move on fixed lines through 0, and AB turn cibout 
a fixed point P, and BC turn about a fixed point Q, show that CA turns about a 
fixed point. 

Ex. 14. 1/ the vertices of a polygon move on fixed concurrent lines, and aU hut 
one of the sides pass through fixed points, this side and every diagonal unll pass 
through a fixed point. 

16. If two homographic pencils at different vertices have the 
ray joining the vertices as a ray corresponding to itself in the two 
pencils, then the pencils are in perspective. 

Let the two homographic pencils be V(V'ABC...) and 
F' (F^'^C..). Let YA cut TA' in a. Let VB cut F'JT 
in /3. Let a/3 cut YV in v. If a^ does not cut YC and TC 
in the same point, let a^ cut YC in y and F'C in >/, 

Now Y(rABC. . .) = F' {YA'B'C. . .). Hence 

{vafiy) = (yafiY), 
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by considering the sections of these pencils by a^. Hence 
y and Y coincide. Hence FC, Y'C meet on a^. So every 




pair of corresponding rays meet on a)3. Hence the pencils 
are in perspective. 



:. 1. If^ABCD..!) and {A'BfCfl/...^ he two homographic ranges^ and any 
tt€o points Vy V be taken on AA' ^ show that the meets of VB and V^B^, of VC 
and V^Cf, of YD and F'i/, 4*0., aU lie on a line. 

Ex. 2. If AB pass through a fixed point Z7, and A and B move on fixed 
lines meeting in 0, and if F", W be fixed points coUinear with 0, show that the 
locus of the meet of AV and BW is a line. 

Let AV and BW cut in P. Take several positions AiAt... of -4, 
Bx Ba ... of £, Pi Pa ... of P. Then 

V(pPiP^...) = l0AiAa...) = U{0AiA2...) = (0BiB2...) = W{0PiP2...). 
Now the pencils F(OPiPa...) and W^OPiPi.,.) have a common ray; 
hence they are in perspective. Hence all the meets {VPiiWPi), 
{VP^ ; TTPa), ... lie on a line. 

!EjX. 3. Show that the meet of UV and OB, and the meet of XJW and OA lie 
on the locus, 

Ex. ^, If A and B move on fixed lines through 0, and AB, BP, and APpass 
through fixed coUinear points U, F, W, show that ttie locus of P is a line 
through 0. 

Ex. 6. If each side of a polygon pa^s through one qf a set of cdlinear points 
whilst all but one qfits vertices slide on fixed lines, then will the remaining vertex 
and €Kery meet qf two sides describe a line, 

17. If (ABC...) and {A^JB^C',..) he two homographic ranges 
on different lines, then the meet of AB^ and A^B, of BC and 
B'C, and generally ofPQf and F'Q, where PP', QQ are a/ny two 
pairs of corresponding points, all lie on a line (called the homxh 
graphic aods). 

Let the two lines meet in a point which we sbfiH ^V 
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X or Y\ according as we consider it to belong to the range 
{ABC,.') or to {A'JffC\..). Take the points X' and T cor- 
responding to the point X ( = Y') in the two ranges. Then 
every cross meet such as {PQf\ PQ) lies on X^Y. (See figure 
of § 12.) For by hypothesis (XYABC.) = (X'TA'B'C^..). 
Hence A' (XYABC.,,) = A (X'TA'B'C.,) ; and these two 
pencils have the common ray AA^; hence they are in per- 
spective ; hence {A'X; AX'), (A'Y; AT), (A'B ; AB'\ ... 
all he on a line. But {A'X ; AT) is X\ and (A'Y; AT) is 
Y. Hence (A'B ; AB') lies on the fixed line X'Y ; i.e. every 
cross meet lies on a fixed line, for AA', BBf are any two 
pairs of corresponding points. 

18. By Keciprocation, or by a similar proof, we show that 
ifV^ABCD...) and Y' {A'BfC'If ,..) he homogmphic pencils, 
then all the cross joins such as the join of {VB ; VC) tvith 
{V'B' ; VC) pass through a fioced point- (called the homographic 
pole). 

£x. 1. I/AjBjC be any three points on a line, and A', Bf, Cf he any three 
points on another line, show that the meets of AB' and A'B, of A(f and A'C, and 
of BQf and B^C, are coilinear. 

Consider X ( = FQ as above. 

Ex. 2. When two ranges are in perspective, the axis of homography is the 
polar of the centre of perspective for the lines of the ranges. 

Projective ranges and pencils, 

19. If range a is in perspective with range P, and range /3 
with range y, and range y with range b, and so on ; then 
each of the ranges a,^,y,h... is said to be projective with every 
other. 

If pencil a is in perspective with pencil /3, and pencil 3 
with pencil y, and pencil y with pencil h, and so on ; then 
each of the pencils a, /3, y, 6... is said to be ptvjective with 
every other. 
Projective ranges are homographic. 

For the range a is homographic with the range (3, being in 
spective with it ; so ^ with y, y with b, and so on ; 
^ each is homographic with every other. 
jective pencils are homographic. 
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For the pencil a is homographic with the pencil y3, being 
in perspective with it ] and so on. 

Homographic ranges are projective. 

For they can be put in perspective with the same range 
on the homographic axis. 

Homographic pencils are projective. 

For they can be put in perspective with the same pencil 
at the homographic pole. 

A nmge and a pencil are said to be projective, when the 
range is projective with a section of the pencil. 

Hence a range and a pencil which are projective are homo- 
graphic ; and a range and a pencil which are homographic arc 
projective. 



CHAPTEE X. 

VANISHING POINTS OP TWO HOMOGEAPHIC EANGES. 

L The points corresponding to the two points at infinity 
in two homographic ranges are called the vanishing points. 

To construct the vanishing points. 

Let the ranges be {aiABC.„)= (J'Q.'A'B'C ...), where 
il and 12^ are the points at infinity, and I and J^ are the 
vanishing points. 

First, suppose the ranges to be on different lines. 

Through A' draw A^a) parallel to AB (and therefore 
passing through Q) cutting the homographic axis in co. 
Then A co will cut A'B^ in the vanishing point J\ Similarly 
I can be constructed. 

Second, suppose the ranges to be on the same line. 

Join Q^ABC... to any point F, not on the line ; and let the 
joining lines cut any other line in oabc.... Then Vo is 
parallel to AA\ By using the homographic axis of the two 
homographic ranges ahc... and A'B'C ,.., find the point J' 
in A'B^O',.. corresponding to o in afec... Then J"' is the 
vanishing point belonging to the range A'B'C. . . . For 

{Q^ABC,.,) = {odbc.) = {rA'B'G'...). 
Similarly I can be constructed. 

2. In two homographic ranges {ABCP...) and (A'B'C'P^..), 
on the same or different lines, if I correspond to the point X2' ai 
infinity in the range (A'Jff...\ and J' correspond to the point fl 
at infinity in the range (AB. . .), then IP . J'P' is the same what- 
ever corresponding points P and P' are taken. 
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For we have (J 12 ABOV, . . ) = {^'J'A'B'C'P', . .) ; 

hence (AP, IQ) == {A'P\ Q/J% 
i.e. .iJ/JP -r- Aa/Q.P = ^'12712T'-r- A^J'/rP'. 
But ^12/X2P=-i and ^'127,12T'= -i. 
.-. AIlIP^rP'IA'r, 
. •. JP. J'P'-=^ I A . J'A\ -which is constant. 
Conversely, if IP, J'P' he constant, then P and P' generate 
ranges which are homographic, and I and J' are the points cor- 
responding to the points at infinity in the ranges. 

For let A and A' be any two positions of P and P', then 
IP , J'P'^IA , J'A\ Hence retracing the above steps, we 
get (AP, IQ) = (A'P\ Q'J'). Hence P and P' are cor- 
responding points in the ranges determined by AIQ and 
A' Of J', and I and J"' correspond to il' and 12 in these ranges. 

Ex. 1. If thr(yugh the centre of perspective of the two ranges {ABC,..) and 
{AB^Cf ...\ there he draxtm a parallel to AB^ meeting AB in I and a parallel to 
AB mating AEf in J', prwe geometrically that 

lA.J'A = IB,J'B' = ... =10.^0. 

Deduce the formula IP . J^P' for any two homographic ranges. 

Ex. 2. If OP. OP^ he constant y heing the meet of the lines on which P and 
P' lie, show that P and P' generate homographic ratiges. 

Sx. S.Ifl and J' he the vanishing points of the homographic ranges 

(ABCP...) = {A'B'crP'...), 
show that (o) APiAI:: A'P'x J'P* s 

(5) AP/BP -f A'P'/BfP' = AI/BI. 

Ex. 4. Show also that AP. J'P^-r- A'P' is independent of the position of P. 
For {ACl, PQ) = iA'J^, P^tf). 

JBx, 6. If 0, A, B he fixed points on the fixed line CAB, a'nd 0, -4', B' he 
fixed points on the line OA'Pf which may Jiave any direction in space, show that 
the iheet of AA! and BBf describes a sphere. 

Through the meet V of AA' and BBf draw VI parallel to A'B', 
Then I is a fixed point, for {lOAB) =V{IOAB) ^(a'OA'B'). Again, 
through Fdraw VJ^ parallel to AB. Then J' is a fixed point on OA'y 
i.e. ofi is known, i.e. IV is known. 

Ex. 6. If one ofhco cqpolar triangles he rotated about the axis of homology , 
show thai the centre of homology describes a circle, whose centre is on the axis. 

Viz. the meet of the spheres determined by AB, A'Bf and by AC, 
A'Cf, whose centres are on the axis. 

3. Take any two origins U and F' on the lines of the 
ranges. Then IP = UP— UI = x—a, say ; 

and 7'P'= FT'- F'J' = of- a', say. 

I 
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Hence we get (x—d) {of —a') = constant, 

or xo(f—a!x—aoif-¥ oaf = constant, 

a relation of the form hxxxf -^-Ix-^-moif -^-n = o. 

Hence the distances x arid x^ of corresponding points in two 
homographic ranges from any fixed points on the lines of the 
ranges are connected by a relation of the form 

kxxf + lx+mx^ + n = o, 

where k, I, m, n are constants. 

Conversely, if tJie distances he connected by this relation, 
the points generate homographic ranges. 

For if hxoif -\^lx+moif'\-n = Oj 

then A;(a; + |)(a/+|) = y~n, 

or IF . eTP' = constant, where m/h = J?7 and l/h = eTF. 

The above relation assumes a neat form if we take V 
to coincide with TT. For then 

IF . erP'= lU. J' U\ .-. xxf-a'x-ax = o, 

or a/x^a';cif= i, or UI/UF+WJ'/UF'z^i. 

4:,IfF and F' he connected hy the relation Ix+mx^+n = o, 
F and F' generate homographic ranges in which the vanishing 
points are at infinity ; and conversely, the corresponding points of 
two homographic ranges whose vanishing-points are at infinity, 
are connected hy a relation of the form Ix + maf -|- n = o. 

(The reasoning employed in the general case does not 
apply here because I and J^ are at infinity, and hence 
we cannot start with the equation IF . J^F^= constant.) 

If Ix + mx^ ■^n= o, then x^= fix + y (say). 

Hence F'Q'=rQ'-VT'=y'-x' (say)=/3(2^-a;)=^.PC. 

Hence the two lines are divided proportionally by the two 
set-s of points, which therefore form homographic ranges. 

Also putting a; = 00 , we get x^=oo ; hence 12 and 0/ are 
corresponding points, i. e. J and J' are at infinity. 

^ mversely, if I and tT are at infinity, then 

(AB, FQ) = {A'B', F'Df). 



I 
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Hence _= ^^ or ^-^ = ^.-^ 

.% a?(5'-a')+ic'(a-6)+a'5-a5'= o, 

which is of the form Ix+mixf-^-n = o. 

Or, we may consider the equation ZflJ+ woj'+n = o as the 
limit of the relation hcaf + Ix+rnx'-^-n = o when h decreases 
indefinitely. Since the latter equation determines two homo- 
graphic ranges however small Tz is, we may assume this to be 
true in the limit when A; = o. 

Two homographic ranges in which the vanishing points 

are at infinity may be called similar homographic ranges. 

• 

Ex. 1. ^ (flIAB...) - (J^a'A'Bf,..), and AB = A'Bf; show that 

AB « AI+A'J% and AI = -JS'J'. 

Ex. 2. Through the vertex V of the pardUelogram VIOJ^ is draum a line 
cutHng 01 in A and OJ' in A\ show that OI/OA + OJ^/OA' - i. 

Ex. 3. Find the valiAes of the constants in the relation 

xaf + lx + rmf + w = o. 
The relation is i + l/yf + m/x + n/xxf « o. 
Put a; = 00 ; .•. i = -a/= — FV; so w = —VL 
Again, put x = o and a/= V*V'\ /. n « W'. UI. 
Hence VP. V*P'- VJ*. UP^ UI. VP' + V'V\ VI « o. 

Another value of n is TTV . Y'J*. 
These values come also at once from 

IP.J'P'^-IV.J^U' or IV.J'V'. 

Ex. 4. Deduce the formula when the vanishing points are at infinity. 
Dividing by UI and putting UI = oo , we get c . UP+ V^P"-- VU' 
(where c is the limit of V'J'/UI), or te + maf -^n = o. 

Ex. 6. Show thai theformukb Ix + mxf + » = o can be written 

UP/UV-^VP'/VU*= I. 
Put P =U and P' —Y' successively. 

Ex. 6. ShoMo that by properly choosing Y* ^ the general relation can be thrown 
into the form ocxf + l{x—i)cf)+n = o. 

Ex. 7. S?iow that corresponding points PP^ of two homographic ranges on the 
same line are connected by a relation of the form 

UP.7'P' + 7.PP' + 8 = o, 

provided UV ^^U'V, Show also that y = lU = VJ^ and 

5 = ULUU'= VJWr. 

5. The following are geometrical applications. 

Ex. 1. If 0, (/, A, A\ U, y* be fixed points of which OAA'Q^ are eoUinear, 
and if points P and P' be taken on AU and A'V' such that 

a . UP/AP-^fi . rP'IA'P'^ 7, 

I 2 
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where a, /3, 7 are constants, show that the locus of the meet qf OP and (/P^ is a 
line. 

Reducing the given relation to any origins on AU and A'V^j it is 
clearly of the form xjif + lx + maf + n = o. Hence P and P' generate 
homographic ranges. Also putting P = A, we get P'=A', Hence 
in the two homographic pencils 0{^P..^ and (f (P'...)* ^^ is a common 
ray. Hence the locus is a line. 

ISx. 2. The same is tnte if any one of the following relations hold — 
(i) a . UP/AP+fi/A'P' =3 7. F' being at infinity ; 
(ii) a/AP + fi/A'P' =7, U and F' being at infinity ; 
(iu) o . UP/AP+fi . y'P'^ 7, A! being at infinity ; 
(iv) a,UP4-fi . yp' =7, A and A' being at infinity. 

Sx. 3. i/* 7 B o in any of these relations, the locus passes through the meet 
qfOUandC/V, 

Ex. 4. Obtain the Cartesian eqtuiiion of a line, viz. Ax + By+C = o. 
Consider the pencils at the points at infinity on the axes. 

Ex. 6. Xf P^i P^' draion in given directions from P meet given Unes OM 
and OM' in M and M' so that a . PM + 3 . PM* *= y, show that P moves on a line. 

For PM' and PM are proportional to the x and y of Ex. 4. 

Ex. 6. If 0, U, V be fixed points, and if points P and P' be taken on OU 
and OV such that a . UP/ OP + /3 . V'P' /OP' = 7, 
ih^n PP* passes through a fixed point, 

Ex. 7. The same is true if any one of the following relations hold — 
a/OP + fi . V'P^/OP* =7, V being at infinity ; 
a/ OP + fi/OP' =^7, XJ and V being at infinity ; 
a . UP + fi . V'P' = 7, being at infinity, 

Ex. 8. If y = Of the point is on UV', 

Ex. 9. Xf p, q, r, the perpendiculars from A, B, Con a line, be connected by 
the relation K.p + fx.q + v .r = o, then the line passes through a fixed point. 

Divide by p and use Ex. 6. 

6. If P and P' be connected by a relation which can 
be reduced to the form kxx' -\-lx-hma/-\-n=: o, we have 
proved that P and P' generate homographic ranges. The 
foUovdng converse is very important, viz. 

Antf relation which can be reduced to the form 

Tcxxf -\-hf-\- mx' + w = o 

is true of every pair of corresponding points of two homographic 
ranges, provided it is true of three pairs of corresponding points. 

Let the two homographic ranges be {ABCD.,,) and 
iA'B^C'iy...), Suppose the above relation (in which x=UP 
and fl/= F'P') is satisfied when P is at J. and P' at A\ and 
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when P is at JB and 1^ at ^, ond when P is at C and P' at C\ 
Then it will be satisfied when P is at 2> and P'' at 2/, D and 
2/ being any other two corresponding points of the ranges. 

For if not, suppose that when P is at 2>, the above relation 
gives -EJ' as the position of P'. Then since the given relation 
determines two homographic ranges, we have 

(ABOB) = {A'B'C'E') ; 

but {ABCB) = {A'B'C'JD') by hypothesia Hence 2/ and 
E^ coincide, ie. the given relation is true for every pair of 
corresponding points of the two ranges. 

TUt. \, 1/ the point P on the line AB and the point P' on the line B^Cf be 
connected by the relation 

\ . AP/BP + II . C'P'jWpf = I, 

shwjo that P and P' generate homographic ranges^ and thai B and Bf are cor- 
responding points in these ranges. Find also the values of K and fi. Prove cUso 
conversely, that if {ABCP) = (A'B^C^P^) then the relation holds. 

Taking any origins we get 

K{x-a) (a/-y)+At(a/-0 (x~6) = (a;-6) (a/~b'}, 

which is of the form kococf + te + moc/ + w = o. 

Hence P and P^ generate homographic ranges. 

Take P at B, then x = 5, .-. X (b-a) (aZ-^) = o, .'. a/= l/. 

Hence P' is at J^, i.e. B and B^ correspond. 

Again, let P be at C when P' is at (y. 

Put a/= </. .-. \ (c-a) = (c-b), .-. X = BC/AC, 

Let P' be at -4' wflen P is at A. 

Put X = a. .-. fi {af-cf) = o'-b', .'. a* = B'A^/aA'. 

Conversely, if {ABCP) = (^'B'CP'), the relation 

BG AP 5^ cnP^ __ 
AC' BP '*' C'A^ ' B'P' " ^ 

is true ; for it is of the form xa/ +lx + nrvxf + n = o, and it is satisfied by 

{A, A')y (B, Bf) and (C, C"). 

Ex. 2. TreaJt thefdhminjg relations in the same loay — 

(a) \/BP + fi. aP'IBfpf=^ I ; 

(b) X . AP/IP-^ii . (rP'= I ; 

(c) X/IP + /*.0'P'= i; 

(d) ^P.B'P' + X.CP + /*.0'P'=:^C.5'(?'/ 
(c) 2P.5'P' + X.CP + /* = o. 

Results— (a) X -= BC, a* = B^J'/CfJ'; 

(6) X = JC/^C, /* = i/Cr^'; 

(c) X = IC, /* = l/C/'; 

(d) X =-. ^BfJf, n = -^I; 

(e) X == -5^ J', /A = -IC.&C^. 
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IjX. 3. Show fhaJt the following equations are satined by every tico homo- 
graphic ranges, 

, , AP jyP' , AP BfP 

^ CF I/P' CP J^P* 

,,, AP PfP' ^ AP PfP' 

Each equation is of the required form, and >^ v^v can be determined 
so that the equation shall be satisfied by any three pairs of points. 

Ex. 4. Bedwx in Ex. 3 definite formulae for (ABCP) = {A'BfCfP'), ue. 
determine the values of \, fiy v. 

Ex. 6. If (ABCD) = (A'^Cfl/), prove that 
,. AB.CD AC, BE AD,BC 

(/ hemg an arbitrary point on the line APf, 
Take B and 2/ as variable points. 

Ex. e. If thepenca r(ABCB) he homographic with the range {AfBf(fI/), 
show that 

sm AVB.mnCVB sin ^FC. sin JF.B sin^FJ. sinBFfc ^ 

AB^ "*" A a "*" AB^ '"®* 

Use Ex. 5 (a). 

Ex. 7. Show that VP, V'P^ generate homographic pemUs if 
sin ^FP sin BVC sin C^V^P' sinB^V'A' _ 
^*^ sin BFP * sin ^FC "*" sin B^V^P' ' sin C^V^A' ~ ^' 
or (b) \ cot BVP + fi cot B'V'P' = i, 
or (c) \t8LnAVP + fi tan C/F'P' = i. 

Ex. 8. If VP and V'P^ generate two homographic pencils, and AVP = 9 
and Pfy'P' =B\ VA and V'B' being any initial lines ^ show that 

tan $ . tan $^ +\ tan 6 + fi tan $^ + v = o; 

and conversely, if this relation be satisfied, then VP and V'P' generate homo- 
graphic pencils. 

Take transversals perpendicular to the initial lines, then 

tan oc X and tan^'oc a/. 

Common points of two homographic ranges on 

the same line. 
7. Suppose corresponding points in two ranges on the 
same line to be connected by the relation 

k,UP. TF' + l.UP^m.TP'^n-o. 

For the origins U and V we can take the same point 
on the line, called U or F' according as it is considered 
to belong to one or the other range. The equation becomes 

1g,UF. UP'+l.UP-hm. UF'^n = o. 
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Now if P correspond to itself, P must coincide with P'. 
Hence the equation giving the self-corresponding or CKymmtm 
points of the two ranges is 

k. UP2 + (?+w) UP+n = o. 

Hence every two homographic ranges on the same line 
have two common points, real, coincident, or imaginary. 

A graphic construction of the common points will be 
found in XVI. 6. 

Ex. \.IfE and F he the common points qf the homographic ranges (ABC. . .) 
and {J/^Cf, . .), show that 

{EFAA') = (EFBB^) = {EFCCf) = . . . . 

For (EF, AB) = {EF, A'Bf), .-. (JEF, AA*) = {EF, BBf\ 

Ex. 2. If (EFABC.) = {EFA^B^C^,..) = (EFA^^B^'CT'...) =...., 
then {EFAAU^\ . .) = {EFBB^B^^. , .) = {EFCCa'. ..)=.... 

Ex. 3. If {EFf PP^) he constant, then PP^ generate homographic ranges (/ 
which EF are the common points, 

Ex. 4. If ABC..., A'BfCf ... he homographic ranges on the same line, and 
if P', Q he the points corresponding to the point P{= Q^) according as it is con- 
sidered to belong to the first range or the second, show ikat P', Q generate homO" 
graphic ranges whose common points are the same as those of the given ranges. 

The range generated by i^ is homographic with the range generated 
by P, i.e. by ^, and this is homographic with the range generated by 
Q. Hence range P' = range Q. 

Again, suppose P is a common point of the given ranges ; then P^ 
coincides with P, i.e. P' coincides with (/; hence P coincides with Q, 
i.e. P' coincides with Q, i. e. P is a common point of the derived 
ranges. 

Ex. 6. If JT he the fourth harmonic of P for P' and Q, then PX is divided 
harmonically by the common points. 

Let the given homography be defined by 

PA . PA' + l .PA + m. PA' + n = o. 

Put ^ = P and ^'= P", .-. PP'= -n/m, Pjit A =■ Q, A' ^ (/= P, 

.-. PQ = -n/Z, .-. a/PX= i/PP^+i/PQ = -(J + wO/w. 

Now E and F are given by x^ + (Z + m) x + n — o, 

.-. i/PE + i/PF = - (Z + m)/n = ii/PX, 

.*. {PX, EF) is harmonic. 

Ex. 6. Constrtt4:t the fourth harmonic of a given point for the (unknoum) 
common points of two given homographic ranges. 

Ex. 7. Show thai {EF, gP') = (EF, AAy in Ex. 4. 
For (EF, AAy= (EF, PP*) . (EF, QC/) where P =--(/, 
This gives us another proof of Ex. 4, using Ex. 3. 

Ex. 8. If ABA'Bf he given coUinear points, find a point X in the same 
line, 8U4ih that the compound ratio AX ,A'X -^ BX ,BfX may be a given 
quantity. 
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X is one of the common points of the homographic ranges deter- 
mined by AP/BP -r BfP^/A'P'^ the given quantity. 

Ex. 9. Determine the point X, given the value of AX . A'X -r BX. 

8. If one of the common points of two homogmphic ranges 
{ABC.) and {A'B^G'.,.) on the same line he at mfinitif, then 
the points ABC... divide the line in the same ratios as the points 
A'BfC ; and conversely. 

For if {AB, CD) = {A'B\ CO). 

^, AC aB A'C DB" 

^^^"^ CB' Mi^C'W' A^' 

But DB-r-A a = - 1 = aB'-T-A'a ; 

.-. ACiCBiiA'C'iCB"; 

and similarly for any other pair of segments ; ie. the line is 
divided sinailarly by the two sets of points. 

Conversely, if the line be divided similarly by the two sets 
of points. 

Since AC :CB:: AX': C'B", 

we have, retracing our steps, {AB, CD) = {A'B^, C'D). 

So {DB, CD) = {D'B", CO), and so on. 

Hence {DABC. ..) = {flA'B'C. ..), 

i.e. (ABC.) and (A'B'C^..) are two homographic ranges 
with a common point at infinity. 

Or thus — Let the homography be given by 

to/+ Za;+ ^3/"+ w = o. 

The common points are given by 'koi^-{-{l-{-m)x-\-n'= o. If 
one of the common points be at infinity, then A; = o, i.e. the 
homography is given by Ix + mc(f + ^ = o, i.e. the ranges are 
similar. 

Conversely, if the ranges are similar, then 

Ix^-mx'-^-n = o, 

Le. A; = o, i.e. one of the common points is at infinity. 

SjZ. 1. If in two homographic ranges on different lines the points cU infinity 
correspond f the ranges are similar ; and conversely. 

Ex. 2. If one of the common points of two homographic ranges on the same 
line be at infinity, the other j Ey is given by EA : EA' : : BA : B^A\ 
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Sx. 3. Shcm also that E is the meet with A A' of the radical axis of any 
two circles through ABf and A'B. 

Ex. 4. If AB/A'B' =^ BC/B^(f= ... = — i, show that one common point 
is at infinity, and that the other bisects all the segments AA' , BBf , C(/, .... 

SjZ. 6. If each of the common points he at infinity, then all segments joining 
corresponding points are equal ; and conversely. 

For if 1* be at infinity, the ranges are divided proportionally, hence 
uiB/A^B^= EB/EB^ = I, for E is also at infinity. Conversely, if 
AB = A'Bf, BC = ycf, . . . , the ranges are divided proportionally ; 
hence i?" is at infinity. And E is given by EB/EBf = i, hence E is 
also at infinity. 

Or thus. In this case the quadratic kot^ + (l + m)x + n = o has both 
roots infinite. Hence A: = o and l + m =* o. Hence the homography 
is given by I {x—oi/) + n — o, i.e. x—7/= constant, i.e. AA^ is constant. 
And conversely, if AA^ is constant, then k = o and J + m = o. Hence 
both common points are at infinity. 

Common rays of two homographic pencils having 

the same vertex. 

0. In (my two homographic pencils having the same vertex, two 
rays exist, each of which corresponds to itself. 

Let the pencils be V{ABC...)== F(^'^C'...). Suppose 
a line to cut the pencils in the ranges (ahc.) = (afVcf...\ 
a being on YA, and so on. Then if YA and YA' coincide, 
a and a' will coincide. Hence if e and / be the self-corre- 
sponding points of the ranges {ahc ...) and (a'&V...), Ye and 
F/*are the self-corresponding or comrmn rays of the pencils 
Y {ABC,.,) Mid Y{A'B'C\„). 

Ex. 1. If VP and VF' be a pair of corresponding lines in two homographic 
pencils whose common lines are VE and VF, show that 

sin EVP/ain FVP -^ sin EVP^ /ain FVP^ 
is constant, 

Ex. 2. Find a point on a given line through which sfiall pass a pair of 
corresponding lines of two given homographic pencils. 

Either of the common points of the homographic ranges determined 
on the line by the pencils. 

Ex. 3. If VA, V'A' generate homographic pencils at V and F', show that in 
two positions VA is parallel to V'A' ; and that any transversal in either of these 
directions is cut by the two pencils proportionally. 

For without altering the directions of the rays, superpose F' on V, 

Ex.4:. Two given homographic pencils V{abc...) and V^ (a^l/c^...) meet a 
line in the points ABG, , , and A'WCf .. . ; determine the position of the line so that 
AB « A^B^, BC = B'Cr, CD = C^I/, &c. 

Suppose the line drawn. Since (n^JBC.) = (n-4'B'C'...), the line 
must be parallel to one or other of .the pairs of corresponding pataXUV 
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raya. Let it meet the other two corresponding parallel rays in 0, (/. 
Draw V^S parallel to the line to meet VO in S. Then 

SO = V*(/, OA = (fA', and iSOA^lV^CfA'. 

Henoe SA is parallel to V*A', 

Hence the construction — ^Take the corresponding rays Vy, F'v' which 
are parallel, and also the corresponding rays Vz, V*^ which are parallel. 
Let Vz meet V*^ in S, and through S draw SA parallel to V*af to meet 
Va in A, Throu^ A draw ABC... A'BfCf... parallel to VS. This 
line satisfies the required condition. 

For Fy, V*tf meet the line in the same point fl at infinity. Hence 
{aOAB) = {Cl(/A'Bf). Hence OA :0B:: C/JL': O^B^. But OA = (/^' hy 
construction. Hence OB = O^B^, Hence AB = A!Bf^ and so on. 

Hence there are two such lines, one parallel to each of the lines 
Fy, Vz, 

SjX. 6. Qivem. awf two homograpkic peKcUs, one can be moved paraUd to itsdf 
90 ctatohein perspedive with the other, 

10. If J, J' correspond to the points at infimty in two 
homographic ranges on the same Une, and bisect IJ% and 
(X he the point corresponding to 0, then the common points 
E, F are given hy 

OIP= OF^ = 07'. o(y. 

For (012, IE) = {O'J', Of E\ 

where X2 or X2' is the point at infinity upon the line. 

07 Ea_ffQf_ ET 

**• ni * OE" ^'r' o'e' 

But EQ.'^IQ. = I and 0'a'-^X2'J'= - i, 

.-. OI.(yE-hOE.Er=zo. 
Take as origin, .-. 01 (OE-^ 00') + OE {OJ' - OE) = o, 

hut 01= - or, .-. - or {OE- oo') + oe {or- oe) = o, 

.-. 0E^= or. 00'; so 0F'= Or. Off. 

Hence the ttvo common points are equidistant from ; there- 
fore one is as far from I as the other is from r. 

Notice that {EF, O'J') is harmonic. 

Ex. "LlfB and F coincide, they both coincide toith 0. 
For bisects EF. 

Ex. 2. Show that the relation connecting two homographic ranges on the same 
line can be thrown into the form EP, FP + IP , PP^ = o. 

For this relation is of the required form, and it is satisfied by {E, E) 
and {F, f ). Also putting the relation in the form 

EP.FP/PP^ + IP = o, 

we see that it is satisfied by (I, ft'). 



I 
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3. Trwe the same for the relationa 
(a) EP,FP^=EI,PI^; 
(6) OP. OP'-OI.PP' + OI. 0(y-^ o; 
(c) OF^ + IP.PP^ + OI.O(/=^o, 

Sz. ^JfE amd F coincide, P and P' are connected by the rdation 

UP. XIP^-UJ\ UP-UI. UP'+UO^^ o. 
For putting P = P' in the general relation 

UP. UPf-UJ^. UP-UI. UP' +UU^. UI = o, 
and noticing that a. UO = UI+ UJ*, we get 

UP'-a . UO . UP+ UU'. UI=o. 
And this is a perfect square, hence UU'. UI = UCf^. 

Ex. 5. If E and F coincide, show that P and P' are connected hy the 
rdatwn OP.OP'= OI.PP'. 

It is of the required form, and is satisfied hy (J, Ci'), and hy {E, E) 
and {F, F) since E and F coincide with 0. 

Ex. Q.IfE and F coincide, show also thai 

(a) {OP) -1 + {OP') -1 = (O^^-i + (0^0 -^• 

(5) OP. OA/AP = OPf. OA'/A'P's 

(c) OP^ = PI. PP'. 

Ex. 7. ^nv /tro ranges whose common points coincide, can be placed in 
perspective with two ranges whose corresponding segmerUs are equal. 

For join the two ranges to any point V and consider the ranges on 
any line parallel to VO. 

11. If the common points he imaginary, then the ra/nges 
{ABC.) and (A'B^C^..) subtend at two points in the plane 
of the paper superposahle pencils. 

For if E and F axe imaginary, since OE^ = OJ'. OC/, we 
see that OJ^ and OO'have different signs, i. e. lies between 
(y and J^. On a perpendicular to the line AA^ through 
take OU, such that OIP= 0J\ (fO. Two such points can 
be taken one on each side of the line AA'. 




Then the pencils subtended at TJ are superposahle. 

Since I corresponds to the point 12' at infinity, tk^ twj 
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TJ^' is parallel to A A' ; so the ray TJQ. corresponding to 
TJJ' is parallel to AA\ Now since U(f=J'0. Off it follows 
that J'TJiy is a right angle. 

Hence Z iWr^ Z VrO = LOV(/ 

= Z Vir, since J'O = OJ 

= Z I27I2'. 

Hence the pencil U{D.OI) can be superposed to the pencil 
U{J'0'O'^) by turning it through the angle QJJJ\ After the 
rotation three rays of the pencils U(Q.OIABC...) and 
U(J^(yQf A'B'ff,,.) coincide ; hence every ray of one pencil 
coincides with the corresponding ray of the other pencil, i.e. 
the pencils are superposed. 

Notice that the points U give solutions of the problem — 
Given, on one line, two homographic ranges (ABC.) and 
{A'B'C'...) of which the common points are ima^ginary, find a 
point at which the segments AA\ BB% CC, ... subtend equal 
angles. 

Ex. Determine a point at which three given ccUinear segments subtend egud 
angles. 

12. Two homographic pencils with the same vertex whose 
common rays are imaginary can he placed in perspective ivith tm 
superposable pencils. 

For let any line cut the given pencils in ABC, and 
A^B'C\... In a plane not that of the pencils construct the 
point CT at which A A, BB^,... subtend equal angles. Take 
the vertex of projection on the line joining 27 to the vertex F 
of the given pencils ; and take the plane of projection 
parallel to UAA\ Then the projection of VA is parallel to 
JJA, and of VA' to UA\ Hence the projection of the angle 
AVA' is equal to the angle AUA^', so for the other angles. 
Hence the angles AY A', BVB\ CYC,... project into equal 
angles. 
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A»HABUONIC PHOPEBTIES OP POINTS ON A CONIC. 



1. "We have already shown in IX, 8 that the projection 
of a range of four points is homograpMc with the range, 
and in IX. 9 that the projection of a pencil of four lines 
is homographlc with the pencil. We shall now proceed 
to investigate certain properties of a conic by proving the 
«M>rreeponding properties of the circle of which the conic 
is by definition the projection. 

2. Four fixed points on a cmic subtend at a vari<d>le fifth point 
on the conic a constant cross ratio. 

Let the four fixed points on 
the GODic be ABCD and the 
variable point P. Let A, B, C, 
D, Phe the projections of the 
points a, b, c, d, p on the circle 
of which the conic is the pro- 
jection. Now, in the circle, abed 
subtend the same cross ratio at 
©very point on the cucle. For ' 

take any two points p and p' on the circle. Then 

sin apd _ sin ojj'c Bin ap'd_ 

sin dpb sin cp'6 
For in all cases the angle apb is equal to the angle (^'b 
or its supplement ; and so for the other angles. Hence 
P (ABCD) = p (abed) by projection = / (abed) = P' (ABCD) 




p (ab, cd) = 



=p'{ab, cd). 



] 
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by projection. Hence ABCD subtend the same cross ratio 
at every point P on the conic. 

The cross ratio subtended by the points {AB, CD) on 
a conic at any point on the conic is called the cross ratio of 
the points (AB, CD) on the conic. 

Notice that, making P coincide with A, the cross ratio of 
{AB, CD) is equal to A {AB, CD) = A (TB, CD), where AT 
is the tangent to the conic at A, 

SjX. 1. Show that in a cirde the pencils p (aibcd) and p^ (abed) are super' 
posahle in aU cases. 

This gives another proof of § a. 

iEx. 2. A tangent to an ellipse meets the auxiliary cirde in ZZ'; show ihaJt t^ 
cfross ratio qf the four points (AA', ZZ') o»i ttie circle is (i— e) -r- (i +e). 
Consider the pencil at the point opposite to Z'. 

SjX. 3. Prove that the cross ratio (ABy CD) qf the four points A, B, C, Dona 
circle is AC/CB -i- AD/DB, AC being the length of the line joining AtoC. 

For sin APC =AC-v-aR, 

SjX. 4. Corijugate lines for a conic meet the conic in four points which subtend 
a harmonic pencil at every point on the conic. 

Consider the pencil at one of the four points. 
Such points are called ?iarmonic points on the conic. 

SjX. 5. If AA% BB^ be pairs of harmonic points on a conic, show that AA' 
and BB^ are conjugate lines for the conic. 

Ex. 6. Tfie chords AB, CD of a conic are conjugate, and ACB is a right 
angle ; through D is draum the chord DP meeting AB in Q ; show that CA, CB 
are the bisectors of die angle PCQ, 

For -1 = P{AB, CD) = P(AB, CQ) = C(AB, PQ), 

Ex. 7. Two conies a and trntch at B and C. Through A, the meet of tt« 
commcm tangents, is draum a line meeting a in P, Q. BQ, BP meet fi in V, V. 
Show that VU passes through A. 

{BC, UV) = B{BC, UV) = B{AC, PQ) = -i. 

'' Ex. S,Ifa variable cirde cut a given arc of a given circle Jiarmonicc^y, it is 
orthogonal to the circle, which passes through the ends qf the given arc and is 
orthogonal to the given cirde. 

Ex. 9. If AA', BBf be pairs of harmonic points on a circle, show thai 

AA'. BB'=a.AB. A'Bf = a . AB^. BA'. 
By Ex. 3 we have AB . A'B' = AB^. BA'. 
By Ptolemy's theorem we have 

AA'. BB'=AB. A'B' + AB'. BA'=a,AB, A'B'. 

Ex. 10. Obtain the equation of a hyperbda referred to its asymptotes. 

Let P, Q be any two points on the hyperbola, and H, CI' the points at 

^nity on the hyperbola. Then n {PQ ClCl') = CI' {PQCICI'). Through 

d Q draw PL, QM parallel to one asymptote, and PN, QR parallel to 

•ther. Then (^LMCCl') « {NRCIC) where C is the centre of the 
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Hence — r -^ -r- =r-. — _ -f — - , i.e. CL . CZV^ =r CM. CR. 
CL Ci^L CIN CN 

Ex. 11. Any diameter of a parabola meets the tangent at Q in T, Uie curve in 
?, and any chord QQf in R ; shwjo that TPiPRiiQRx RQf, 

For q {Qpcyci) = n {QPQ'n\ 

£x. 12. A variable point P on a conic is joined to the fixed points L, M on 
the conic; show that the angle LPM is divuled in a constant cross ratio by 
parallels through P to the asymptotes, 

Sx. 13. Through four fixed points -4, JB, C, D is drawn a system of conies ; 
show that the tangents at A, the tangents at By the tangents at C, and the tangents 
at D form four homographic pencUs. 

For A {ABGD) = B (ABCD) = B (BADC). 

3. Pappus's theorem. If from <my point P on a conic 
perpendiculars a, /3, y, b he drawn on the lines AB, BC, CD, DA 
joining fixed points ABCD on the conic, then a.y = Jc. fi. t, 
where Jc is independent of the position of P. 

For P{AG, BD) = sin APB . sin DPC-i-sin BPC sin APD. 

But PA . PB Qin APB = a . AB, and so on. 

Hence a,y .AB .DC^^.h.BG. AD =^ P{AG, BD) is 
constant, i.e. ay =^Jc» fi .b. 

Ex. L If the perpendiculars let faUfrom any point on a conic on the sides of 
an inscribed pdygon of an even number of sides be caUed i, 2, 3, ..., sn, show 
that i.3.5....(an — i)-r2.4.6 an is constant. 

Suppose the theorem holds for 2 n — a sides. Then 

1 .3.5. ... (a «- 3) = /c. 2. 4. 6. ... (2 w — 4)05. 
And by the above theorem (2 w — i ) ac = A/ (2 « — 2) (a w). Multiplying^ 

1.3. 5. ... (2w — i) = A/', 2. 4. 6 an. 

Hence by Induction. 

Ex. 2. The product of the perpendiculars from any point on a conic on the 
sides of any inscribed polygon varies as the product of the perpendicidars on the 
tangents at the vertices. 

Make the alternate sides in Ex. i of zero length. 

Ex. 3. If the conic be a cirde, the products are equal, in the theorem and in 
Ex. I and Ex. 2. (See Ex. 3, § 2.) 

Ex. 4. The product of the perpendiculars from any point on a conic on two 
fixed tangents is proportional, to the square of the perpendicular on the chord of 
contact. 

Ex. 5. The product of the perpendiculars from any point on a hyperbola on 
hco fixed lines parotid U> the asymptotes is proportional to the perpendicular on 
the intercept on the curve. 

For a.7-r /3.5 = a^y-^ /3'. y and a=a\ 

Ex. 6. The product of the perpendiculars from any point on a parabola on two 
fixed diameters is proportional to the perpendicular on the intercept on the curve. 
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4. Any number of fixed points on a conic subtend hamographic 
pencils at variable points on the conic. 

Let the fixed points he A, B, C, D,... and take two other 
points P, Q on the conic ; we have to prove that 

P{ABCD ...) =. Q {ABCD ...). 

This follows at once from the fact that 

P (ABCD) =zQ (ABCD), 

where ABCD are any four of the fixed points. 

Ex. 1. P, Uy V are points on a hyperbola^ P being variable ; show thcU the 
lines PU and PV intercept on either asymptote a constant length. 

Instead of the asymptote consider at first a chord LM of the conic, 
andletPC7, PF cut iAf in p and j/. Then {p) = U{P) =V{P) = (i/). 
And the common points of the homographic ranges (p) and (|/). are 
seen, by taking P at £ and 3f, to be L and M. Hence in the given case 
the common points coincide at infinity ; hence pp^ is constant. 

Ex. 2. Throtigh a fixed point are dravm lines parallel to the rays of the 
pencils svhtended at two points on a parabola by the other points on thepardbcia; 
show that corresponding lines cut off on a fixed diameter a constant length. 

Join the ranges determined on the line at infinity to the fixed point 
and proceed as above. 

Ex. 3. The fixed line DA meets a fixed conic in JL, and EB touches at a fixd 
point B. A point is taken on the conic. Through A is dravm a variable Mm 
meeting the conic again in P and EB in Q. OP meets DA in U and OQ meds 
DA in V. Find the position of when UV is qf constatit length. 

First take EB to be a chord BC. Then 

{U) = 0{U) = OiiP) =A{P) = (Q) = 0(Q) = (F). 
And the common points are where OB and OC meet DA. In the given 
case therefore these coincide. And they must be at infinity. Hence 
OB is parallel to DA, 

5. The locus of the meets of corresponding rays of two homo- 
graphic pencils^ at different vertices and not in perspective, is a 
conic which passes through the vertices. 

Let the pencils be (PQR . . .) and V(PQR . . .). Then we 
have to prove that the locus of the points PQR ... is a conic 
through and F. Since the pencils are not in perspective, 
corresponding to the ray VO in the V pencil, we shall have 
some ray OU, say, in the pencil which does not coincide 
with VO. Draw any ciicle touching OU at 0. Let this 
circle cut OF in F', OP in P\ and so on. 

Now F {OPQ . . .) = by hypothesis {UPQ . . .) 

= 0{UP'(^...)=0{OP'Q^...) = V'{OP'Qf„.) 
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fi*om the circle. Hence the two pencfls F(OPQ...) and 
V (PJ^C^,,,) are homographic. And they have a common 
ray, viz. VY'O. Hence they are in perspective. Hence 




aU the points (FP; V'P% (FQ; FQ'),... lie on a line, viz. 
the axis of perspective. Let {VP ; V^P') be called w ; and let 
the axis meet OV in v and OP in w' ; so for Q, i?, . . . . 

Now rotate the figure of the circle out of the original 
plane about the axis -TrT/...; and let 0' be the new position 
of O. Then the triangles OPF and O'P'Y' are coaxal ; for 
OP and OfP' meet in -tt', and OY and O^Y' meet in v^ and 
PY and P'Y' meet in it. Hence these triangles are copolar, 
i. e. (Wy, PP', YY' meet in a point. Hence PP' passes 
through a fixed point, viz. the meet of 0&^ YY\ Hence the 
figure 0YP(iR, . . is the projection of the figure CF'P'C'^- • • • 
But the latter figure is a circle ; hence the locus of P is the 
projection of a circle, i. e. is a conic. Also, since the circle 
passes through F' and C, the conic passes through F 
and 0. 

Notice that if the pencils are in perspective, the locus 
degenerates into a conic consisting of the axis of perspective 
and the join of the vertices. 
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6. On&, a/nd only onCf conic com he drawn through five given 
points. 

Let the five points be A, By C> D, E, Take A and B as 
vertices. Through A draw any ray AP, and let BQ be such 
that A{GDEP) = B{CDEQ). Then the rays AP and BQ 
generate homographic ranges of which AC and BC, AD and 
BDf AE and BE are corresponding rays. Hence the locus 
of the meet E of the rays AP and BQ is a conic through 
ABODE. Hence a conic can be drawn through ABODE. 

Also only one conic can be drawn through ABODE, For 
the other point E, in which any ray AP cuts a conic through 
ABODE, is given by the relation A (CDEE) = B (ODEB). 
Hence every ray through A cuts all conies through ABODE 
in the same point, i.e. all the conies coincide. 

The hem of points at which four given points subtend a 
constant cross ratio is a conic through the given points. 

Let the points ABOD subtend the same cross ratio at 
E, P, Qy E Then, taking E and P as vertices, since 

E (ABOD) = P (ABOD), 

we know that ABODEP lie on a conic. Hence the locus of P 
is the conic drawn through the five fixed points A,BjOyDfE. 

7. Everg two conies cut in four points. 

Two conies cannot cut in more than four points; for 
if they have five points in common, they must coincida 
Also we see that two equal ellipses laid across one another 
cut in four points. Hence we conclude that if two conies do 
not apparently cut in four points, some of the meets are 
imaginary or coincident. (See also XXVII. 4.) 

Through four given points ca/n he draum <m infinite number of 
conies. 

For we can draw a conic through the four given points 
and any fifth point. 

All conies through four given points have a common s^* 
conjugal triangle ; viz. the harmonic triangle of the quadrangle 
^ irmed by the points. 
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Sx. 1. Any four points Aj B, C7, D are taken, and M is ike middle point of 
AC; BQ a parallel to AC cuts DM in Q, and DP a parallel to AC cuts BM in P ; 
show tkat ABCDPQ lie on a conicL 

For P{AC, BD) = Q{AC, BD) = - i on AC, 

"EiX. 2. Through four given points can be drawn one and only one rectangular 
hyperbola. 

For a fifth point is the orthocentre of any of the other three. An 
exception is when this orthocentre coincides with the fourth point, 
when an infinite number of rectangular hyperbolas can be drawn 
through the four points. 

XiX. 3. Given in position two pairs of conjugate diameters of a conic and a 
point P on the conic, to construct it. 

Through P draw parallels to a pair of conjugate diameters ; this 
gives two more points on the conic. Proceeding similarly with the 
other pair, we have five points on the conic. 

Ex. 4. If P, Qj A, B, C7, D' be six points on a conic ; show that the meets of 
PA and QB, ofPB and QA, qfPC and QDy and of PD and QC lie on a conic 
through PQ. ^or P {BCAD) = Q (BCAD) = Q {ADBC), 

Ex. 5. The sides PQ, QB, RP of a triangle inscribed in a conic meet a 
diameter in Z, X, F, and W, U, V are the reflexions of these points in the centre ; 
show that PUf QVj RW meet on the conic. 

Let the diameter be LM. Let PU, QV meet in N. Then 

P{LMRN) = qIlMRN), 
for (LMYV) = (LMJrV), since (LMYU) and {MLVJT) are superposable. 

Ex. Q. If a conic coincide vnth its reciprocal, it mu^ coincide also with the 
hose conic, or have double contact with it. 

For let the conic a and the base conic T meet in the point P. Then 
the reciprocal of P touches r, and therefore a at P. Hence a and r 
touch at P; so they touch at every common point. 

Ex. 7. In the case of Ex. 6 when a and T have double contact, if R be the 
point where the reciprocal of any point Q on a touches a, then QR passes through 
the pole of the chord of contact of a and T, 

Let the tangent at R meet the chord of contact BC in L. Let A be 
the pole of BC. Let AR cut a in Q'. Then (/ is the reciprocal of RL. 

Let AR cut BC in M. Then since AR Ib the polar of L for a, hence 
{LM, CB) = — I. Hence AR is the polar of L for T, Hence AR , RL 
are conjugate for r. Hence the reciprocal of RL lies on RA ; and also 
by hypothesis on a. Hence (/ is the reciprocal of RL, Hence QR 
passes through A, 

8. Aj B, C, D are fixed points. CD meets AP in M <md BP 
m N; fi/nd the locus of P, given that the ratio CM :DN is 
constant Discuss the locus when AB and CD are parallel. 

Since CM = h . DN, M and N generate homographic 
ranges on CD (see X. 8). Hence 

A (P1P2...) = ^ {M,M,...) = B (N.N,...) = B (P^P^^..). 
Hence the locus of P is a conic through A and B. 

K 2 
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\i AB and OD be parallel, it follows from elementary 
geometry that the locus is the line dividing CD and AB 
is the given ratio. 

Sx. 1. Thb IwsiJiA of the vertex qf a triangle, whose base is fixed^ and ufhose 
sides cut off a constant length from a given lins, is a conic, which is a rectangular 
hyperbola, when Ike constant length is equal to the length of the Inise. 

For in this case AM and BN are parallel when AM is i>arallel to 
either of the bisectors of the angles between the given lines. 

£jX. 2. A triangle ABC is suck that B and C move on flxed lines OL and OM, 
whilst its sides BC, CA, AB pass through fixed points P, Q, R ; show that (he 
locits of A is a conic pcLssmg through R, Q, and tkr&ugh themeetofPQ and OL 
and through the meet qfPR and OM, 

£iX. 3. AU hut one qf the vertices qf a polygon move on fixed lines and eoA 
side passes through a fixed point; find the locus qfthe remaining vertex, 

Ex. 4. The locus of Q is a line. The angles QOP and QC/P are given, and 
(/ being fixed points. Show that the locus of P is a conic 

Ex. 5. A, A' are fixed points on a circle and,Gie arc PP* moves round the 
circle ; show that the locus of the intersection ofAP, A'P' is a conic. 

For A(P,.,) ^AiP',,,) since IPAP^ is given 

= A'{P'..,), 

Ex. 6. A and M are fixed points, P is a variable point moving on a fixed 
line I, QM at right angles to PM meets PA in Q; show tlwi the locus of Q is a 
conic. If I meet the circle on AM as diameter in B and C, show that the 
asymptotes of the conic are parallel to AB, AC. 

Ex. 7. A and B are fixed points, and P and Q are points such that the angles 
PAQ and PBQ are constant; if P describe a conic through A and B, so wiU Q. 

Ex. 8. (PQR...) and {P^Q^R'...) are two homographic ranges on the lines 
OA, OB ; if the parallelogram POP'V be comtrmUd, shorn that the locus qfVisa 
conic. 

Viz. a conic through the points at infinity on OA and OA'. 

Ex. 9. All but one of the vertices of a polygon move on fixed lines, and each 
side subtends a fixed angle at a fixed point ; find the locus of the remaining 
vertex, 

Ex. 10. PCP^ and DCI/ are fixed conjugate diameters of an ellipse. On CP 
and CD are taken X and Y such that PX. BY = aCP, CD. Show that DI 
and PY meet on the given ellipse. 

For X and Y generate homographic ranges of which P and D are the 
vanishing points. To get the constant, take JT at P'; then Y is at C. 

Ex. 11. EF, FD, BE pass through the fixed points A, B, C. The centroid qf 
DEF is fixed at 0. AQ is produced to H, so that GH = a, AG, Show thai 
the locus of D is a conic through BCGH, 

For D {GH, JBQ = - 1 on EF, 

Ex. 12. Q moves on a fixed line, PQ passes through a fixed point, the anf^ 
QAP is constant, and A is a fixed point. Find the locus ofP, 

Ex. 13. A variable line PQ passes through a fixed point D and meets the fixii 
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Unes AB and AC in P and Q, Through P and Q are drawn PR and QR in given 
directions. Show that the locus ofR is a hyperbola mih a,symptotes in the given 
directions ; anJdfind where the locus meets AB and AC. 

9. The loom of the meets of corresponding rays of two 
pencils whose corresponding angles are equal hut measured in 
opposite directions is a rectangular hyperbola uMh the vertices 
of the pencils at the ends of a diameter. 

The locus is clearly the locus of the meets of corresponding 
rays of two homographic pencils, ie. is a conic through the 
vertices of the pencils. 

Let OP be one of the rays of the pencil at and (XP' the 
corresponding ray of the pencil at (/. Through draw 
Qp' parallel to (/P^ Then clearly all the angles POp^ have 
the same bisector. Now draw this bisector OL and its 
perpendicular OJf, and the parallels O'i' and O'Jf ^ Then 
OL and C/i' correspond and are parallel, hence their meet 
is at infinity ; hence OL is parallel to an asymptote of 
the conic. Similarly OM is parallel to an asymptote of the 
conic. Hence the conic is a rectangular hyperbola. 

Again, the ray corresponding to 0(y, viz. the tangent at (/, 
is parallel to the reflexion in OL of 00^ ; and the ray corre- 
sponding to O^Of viz. the tangent at 0, is the reflexion in OL 
of O'O. Hence the tangents at and 0' are parallel, L e. 00^ 
is a diameter. 

Ex. 1. The point qf trisectUm of a given arc of a circle may be constructed as 
one of the meets of the arc with a rectangular hyperbola. 

Let AB be the arc and BT the tangent at B. - Let C be the centre of 
the circle. Make the angle ACP equal to the angle TBP. Then if P is 
on the arc we have ZBCP = aZACP. If P is not on the arc, the locus 
of P is a rectangular hyperbola ; and if Q be that meet of the circle 
and the rectangular hyperbola which lies between A and B, Q trisects 
the arc AB. 

The other meets trisect the other arc AB and the arc supplementary 
to AB. 

Ex. 2. The locu^ of the points of contact of paraJUel tangents to a system of 
confocal conies is a recUinguiar hyperbola through the foci. Prove thiSj and obtain 
(he reciprocal property qf coaxal circles. 

10. Converse of Pappus's theorem. If a point move so 
tJuU its perpendicular dista/nces a, /3, y, b from four fixed lines 
AB, BG, CDy BA are connected hy the relation a . y = A; . /3 . 8, 
th&n the locus of P is a conic through ABGB. 
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For —-4 • -^rp: — TTv IS constant. Hence, reasoning as in 
p . jdC . AD 

§ 3, we see that P(AG, BB) is constant. 

Ex. L Given two pairs of lines which are conjugate for a drde^ the locus of 
the centre of the circle is a recta/ngidar hyperbola. 

Let ABj CD be conjugate, and also BCj AD, Assume to be a position 
of the centre. From drop OP perpendicular to DC to meet AB in P'. 
Then F is the pole of CD, hence OP.OP^ = (radius^^ So if OQ, per- 
pendicular to AD, meet BC in (/, we have OP, OP'^ OQ, 0(/. Also 
OP = 7, OP' oca, OQ = 5, O(/qc0. Hence a . y oc/3 . 5. Hence the locus 
of is a conic through ABCD. Also the orthocentre of ADC gives 
OP.OP'^ OQ. 0(/. Hence the conic is a r. h. 

!Bx. 2. The locris of the foci of conies inscribed in a paraUdogram isar, h. 
circumscribing the parallelogram. 

Here a . 7 «= /3 . 8. 

11. The projection of a conic is a conic. 

We have to prove that any projection of a conic can be 
placed in perspective with a circle. Now every projection of 
a conic is such that all the points on it subtend homographic 
pencils at two points on it ; for this is true in the conic which 
was projected and is a projective property. Hence the projec- 
tion is the locus of the meets of two homographic pencils 
and is therefore a conic. 
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CHAPTER Xn. 

ANHAEMONIC PEOPEETIES OP TANGENTS OP A CONIC. 

1. Four fixed tangents of a conic cut any variable fifth 
tangent of the conic in a constant cross ratio. 

Consider first the circle of which the conic is the projec- 
tion. Let the fixed tangents of the conic be the projections 
of the tangents at ABCD 
of the circle, and let the 
variable tangent of the 
conic be the projection 
of the variable tangent 
at P of the circle. Let 
the tangent at A cut the 
tangent at P in a, and 
so on. 

Then if be the centre 
of the circle, Oa is per- 
pendiculartoP-4. Hence 
the pencils {abed) and 

P{ABCS) are superposable and therefore homographic. 
But P(ABCD) is independent of the position of P on the 
circle. Hence (abed), i. e. (abed), is independent of the 
position of the variable tangent of the circle. Hence the 
proposition is true for a circle ; and being a projective 
theorem, it follows at once for the conic by projection. 

The constant cross ratio (a&, cd) determined on a variable 
tangent by four fixed tangents is called a cross ratio of the 
four tangents. 




136 Anharmonic Properties of [ch. 

Notice that the pomt where a tangent cuts itself is its 
point of contact ; for as two tangents approach, their meet 
approaches the point of contact of each. 

Similarly any number oftcmgents of a conic determine on two 
other tcmgents of the conic ttvo ranges which are homographic. 

Notice that we have in the above proof incidentally shown 
that the range determined on any tangent of a conic hy several 
other tangents of the conic is homographic toith the pencil sub- 
tended at any pomt on the conic by the points of conta>ct of the 
other tangents. 

XiX. L Show that the angle aOb is the same for every position qf the varidtiU 
tangent. 
This gives us another proof of the proposition of § i. 

£iX. 2. A variable tangent of a conic meets atQ and Q^ the tangents at the ends 
PyP^ of a fixed diameter of the conic ; show that PQ . F^Qf = CD^, CD being the 
semi-diameter conjitgate to CP, 

For P and i^ are the vanishing points of the ranges determined 
by Q and (/ on the tangents at P and P'. Hence PQ . P</ is constant. 
To get the constant in the ellipse, take Q(/ parallel to PP^. To get the 
constant in the hyperbola, take an asymptote as Q(/, Then 

PQ = P^(/ = CD, 

Ex. 3. If the joins of the ends PP' of a diameter to a point on the conic cui the 
tangents at P and P^ in Q and (/, show that PQ . P'Qf = 4 . CU^, 

Ex. ^,lfB. and R^ be the meets of these joins and DD^y then CR , CR^ = CB\ 
and R and R^ are conjugate points. 

Ex. 5. A vanabU tangent to a conic meets the adjacent sides AB, BC of the 
parallelogram ABCD circumscribed to the conic in P and Q ; show that AP , CQ is 
constant. 

Ex. 6. A variable tangent cuts the asymptotes of a hyperbola in T and t; 
show that CT , CI^ is constant, C being the centre. 

Ex. 7. Deduce the equation of a hyperbola referred to its asymptotes, viz. 
xy = constant. 

Ex. 8. B and C are the points of contact of tangents from A to a conic 
A variable tangent meets AB in P and AC in Q, Show that Vie locus qf (BQ ; CP) 
is a conic touching the given conic at B and C, 

For B {R) = (g) «= (P) = C{R), Also when P approaches B, R ap- 
proaches B. 

Ex. 9. The two pairs of tangents from a pair of conjugate points meet any 
tangent in two pairs of harmonic poin^. 

Such pairs of tangents are called harmonic pairs of tangents, . 

Ex. 10. IfAA^ BB^ be pairs of harmonic points on a conic, show that tte 
four tangents at ABA'B' cut any fifth tangent in a harmonic range. 

Ex. 11. On a fixed tangent of a conic are taken two fixed poirUs AB and also 
two variable points QR, such that {AB, QR) = — i; sJiow that the locus of 
the meet of the other tangents from Q and R is the join of the points qf contact qfthn 
other tangents from A and B, 
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2. If AB, BCj CBj BA touch a coniCy and p, q^ r^ s he flue 
perpendiculars from Ay B, Cy B on a variable tangent of the 
conk, then p.r = Jc.q.s, 

Let two variable tangents cut BC in P, P' and AB mQyQf.- 




Then (BCy PP') = {AB, QQT). 

BP P^_AQ qB^ 
•'• PC' BP''^ QB * AQf' 

.'. BP.QB-T-PG.AQ is constant. 

But ^=2 and M = ^. 
PC r QB 8 

. ;, p.r-T-q.s is constant. 

Six. 1. Extend the theorem to a zn'Sided circumscribed polygon. 

£x. 2. DedxMe a theorem concerning a n-sided circumscribed polygon. 

"Ex. 3. If the conic he a cirdef show that p. r •^ q, 8 is eqwd to 

OA.OC-i- OB, OD, 
being the centre. 

For sin ACQ = sin BOP. 

£x. ^ If the conic be a parabola, then p.r = q. s. 

For taking the line at infinity as tangent, fc-«i/. r'-»-g'. 5^=1. 

Ex. 5. Show that for any conic the k ofp ,r = k.q,sisthe cross ratio of the 
four tangents divided by the cross ratio cf the pencil formed by four lines drawn 
parallel to them Girough any vertex. 
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Let PQ meet AB va'il and CD in ^. Then 

2fQ -^ sin 2f^Q = w4Q •^ sin AM(^ ; and so on. 
Hence the ratio of cross ratios corresx>onding to (if^^ QP) is 

Aq,FQ^ QD,BP =p,r-^q.8. 

XiX. 6. Tfie lines AB BC, CD, DA touch a conic ; one iangent meets AB, CD 
in M, N and another tangent meets AD, BC in P, Q ; show that 

AM. BQ, CN, DPr= AP, BM. CQ.DN, 

Ex. 7. The sides BC, CA, AB of a triangle touch a cmic at P, Q, R; show 
that if t he any tangent 

(i) (p,o.U,0«(^,0.(c^,0; 

(ii) (B. . (Q, t) oc {A, t)\ 

3. Deduce, from the theorem a.y = 7c, ^,b of XI. 3, the 
tJieorem p.r = Jc,q.s hy Reciprocation. 

Call the sides of the inscribed figure in XI. 3 (n, h, c, d; 
and let the reciprocals of a, b, c, d he the points A, B, C, D 
of a four-sided figure circumscribing a conic ; then p, the 
reciprocal of P, touches this conic. 

The given theorem a . y = A; . /3 . 6 asserts that 

(P, o) . (P, c) ^ (P, 6) . (P, d) 
is constant. 

But by Salmon's theorem OP/{P, a) = OA/{A, p), and 

so on. 

Hence, dividing by OP^, we see that 

OA ' oc ' OB ' OB 
is constant. 

Now is a fixed point, hence 

{A,p).(G,p)^{B,p).{I),p) 
is constant, i.e. p.r-r- q^,s is constant. 

Ex. 1. Given any fixed point and any conic, two lines s and h can befcwnd 
such that OP^ -r- (P, s) . (P, h) is constant, P being a variable point on the 
conic. 

Viz. the lines corresponding to the foci of a reciprocal of the 
conic for 0. 

Ex. 2. AA^, BW CG^ are the three pairs of opposite vertices qfa quadrHaterci 
circumscribed to a parabola whose focus is S ; show thai 

SA,SA'=- SB.SB^^SC.SC. 
Take the four-sided figure whose vertices are AB^A'B, Then 
i) . r = g . s. Hence in the reciprocal circle we have 

; BA . SA', a.y = SB, SB\ /3 . 8. 
^nt k= 1 ix3^/^ I -cle. Hence SA. SA^ = SB . SB'y^SC , SC^ silnilariy. 
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Ex. 3. JfiJie tangents at ABCD ,„ to a circle meet in LMN„.j then^ t being 
any tayigent and the centre qf the circle, 

II {Ajt) : II (L, t) :: 11 OA I II OL, 

II denoting a proditct. 

For II (T, o) ■= II (r, Z) in a circle. 

4. The lines joining corresponding points of turn homographic 
ranges which are on different a^oces and not in perspective tottch a 
conic which touches the axes. 

Let the ranges be (PQJR...) and {P'Q'B"...) on the axes OP 
and 0P\ Since they are not in perspective, the point which 
corresponds in the range (P'Q'22'...) to will be some point 
(/ not coinciding with 0. 
Draw any circle touching 
OP^ at (/, and from and 
P' draw the second tangents 
to this circle, meeting in p. 

Then the range (P) = 
range (P') by hypothesis = 
range (p) from the circle. 
Hence the ranges (P) and 

(p) are homographic. Also when P' coincides with (/, both 
P and p coincide with 0. Hence the ranges are in per^ 
spectiva 

Now rotate the figure of the circle out of the original 
plane about the axis 0(7. Then the ranges (P) and (p) are 
still in perspective. Hence all the lines Pp, Qq, Br, ... meet 
in a point, say F. Hence, taking V as vertex of projection, p 
projects into P, and therefore the line P^p into the line P^P. 
Hence, since P^p in all positions touches a circle, P^P in all 
positions touches the projection of a circle, i e. a conic. 
Also, since the circle touches Op and 0P\ the conic touches 
the projections of these lines, viz. OP and 0P\ 

Notice that if the ranges be in perspective the envelope of 
PP^ degenerates into the centre of perspective and the meet 
of the axes. 

5. One, a/nd only one^ conic can he drawn touching five given 
lines. 
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Tht envelope of a line which cuts four given lines m a given 
cross ratio is a conic touching the given lines. 

These propositions can be proved like the reciprocal pro- 
positions in XI. 6 or they may be deduced from these by 
Eeciprocation. 

6. Every two conies have four common tangents. 

Two conies cannot have more than four common tangents ; 
for if they had five, they would coincide. Also we see that 
two eq^ual ellipses laid across one another have four common 
tangents. Hence we conclude that if two conies have not 
apparently four common tangents, some of the tangents are 
imaginary, or coincident. (See also XXVII. 4.) 

Touching four given lines can he drawn an infinite number of 
conies. 

For we can draw a conic touching the four given lines and 
any fifth line. 

All the conies which touch four given lines have a common 
self-conjugate triangle, viz. the harmonic triangle of the 
quadrilateral formed by the common tangents. 

Ex. L Given tioo homographic ranges ABC... and A^B^(/,,.on different 
lines ; show that two points can he found at each of which the segments AA', BB^j 
C(/j ... subtend the same angle. 

Viz. the foci of the touching conic 

Ex. 2. There are also two points at which AA', BB', (X/.... subtend angles 
having the same bisectors. 

Let the enveloped conic touch the lines in P and Q, The required 
points are the meets of PQ with the director ; as may be shown by 
reciprocating for one of these meets. 

Ex. 3. The vertices A, B, C of a triangle lie on the fixed lines MN, NL, LM, 
and the sides BA, AC pass through the fixed poitUs W and V ; show that Uie 
envelope of BC is a conic toiiching the five lines LM, LN, VW, NV, MW, 

Ex. 4. AU but one of the sides of a polygon pass through fixed points and each 
vertex moves on a fixed line ; find the envelope of the remainitig side, 

Ex. 5. From the variable point situated on a fixed line are draum the lines 
OA, OB, DC to the fixed points ABC, meeting BC, CA, AB in X, F, Z; BC, YZ 
meet in X', CA, ZX meet in Y'^ and AB, XY meet in Z' . Show that the Une 
X'Y'Z' envelcypes a conic which touches each side of the triangle at the fourth 
harmonic of the fixed line for the side. 

By a previous example X'Y'Z' are coUinear. Also 

(0) =:A{0)= (JT) = (JTO since (50, XX') is harmonic 

= (r') similarly. 
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Hence X'Y* envelopes a conic. Let the locus of meet BC in P. 

Then when coincides with P, X coincides with P, X' coincides 
with P' where i^V'^ BC) = - i, F and F coincide with C, and Z and Z' 
coincide with B. Hence BC touches at P'. 

XiX. 6. J2eciprocato ^/t6 l>reinot«8 eocample. 

Ex. 7. 2%6 verfo'ce« BCofa triangle lie on given lines and the vertex A lies on 
a conic on which cUso lie fixed points VW through which the sides CA, AB pass. 
Show that the envdope ofBC is a conic touching the given lines. 

"Ex,. 8. The side BC of a triangle towihes a coniCy and the vertices B and C 
move on fixed tangents of this coniCy whilst the sides AB, AC pass through fixed 
points s show thai the locus of A is a conic through the fixed points. 

£x. 9. Ife{obbj cd) mean the cross ratio determined on the line e by the lines 
a, hj Cj d ; show thai 

e {ab, cd) . c (aib, de) . d {cib, ec) = i, 

where a, h,Cyd,e care any five lines. 

Estimate the cross ratios on any tangent to the conic touching ahcde. 

Ex. 10. S?iow that the problem— * To find a line on which five given lineSf no 
three of which are concurrent ^ shaU determine a range homographic unth a given 
range * — has four sduMons, 

Ex. 11. Qivm in position two pairs of conju^/ate diameters of a conic and a 
tangent, construct the conic. 

Construct the parallel tangent (which is equidistant from the 
centre). Let these tangents cut a pair of conjugate diameters in LL' 
and iflf . Then LM and i'3f also touch the conic. Proceeding simi- 
larly with the other pair, we have seven tangents. 

Ex. 12. Oixten in position a pair of conjugate diameters and two tangents, 
construct the conic. 

13. Profoe the converse q/" 5 a. 



7. If two quadrangles ham the same harmonic points, then 
their eight vertices lie on a conic ; as a particular case, if any three 
of the vertices are collinear, the eight vertices lie on two lines. 

Let ABCD, A'B^O'iy be the two given quadrangles, and 
UV W the common harmonic triangle. 

If no three of the eight vertices lie on a line, we can draw 
a conic through any five, say A', B^, C, Df and A, Then 
from the inscribed quadrangle A^B^CB' we see that UYW 
is a self-conjugate triangle for this conic. Also by hypo- 
thesis UYW is the harmonic triangle of the quadrangle 
ABCD. Hence (see figure of V. 9) B is such that ( WANB) 
is harmonic ; hence B is on the conic, for A is on the conic, 
and W is the pole of UV; similarly C and D are on the 
conic. 
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Hence ABCBA'^O'If lie on a conic. 

If three of the vertices lie on a line, say ACIf, then 
since B'l/ passes through V we see that B' also lies on AC, 
Again, BD and also A'C' form with AC or B^jy a pair har- 
monic with YTJ and YW, Hence BD and A'C* coincide. 
Hence the eight vertices lie on two lines, i.e. on a conic. 

!Bx. 1. Trwe that two quadrilatercds which have the same harmonic irianffie 
are such that the eight sides touch a conic {which may be two points). 

!Bx. 2. A conic can he drawn through the eight points of contcu:t of two amies 
inscribed in the same quadrilateral. 

!Bx. 3. The eight tangents at the four meets of any two conies touch the 
same conic, 

8. Any number of tangents of a parabola determine on two 
other tangents of the parabola two ranges which are similar. 

Let the two ranges be (PQR...) and (P'Q'B^...). Letfi 
and 12' be the two points at infinity upon the lines PQ and 
P'Q'. Then since the line at infinity touches the parabola, 
the line ilQ' is a tangent. Hence the two ranges (SIPQR...) 
and (QfP^QfK...) are homographic ; also the points at infinity 
1212' correspond. Hence the ranges are similar. 

Conversely, the lines joining corresponding points of ttoo 
similar ranges which are on different axes and not in perspective 
toitch a parabola which touches the aoces. 

For if the ranges (PQR...) and (P^(^K ...) are similar, the 
ranges {ilPQB . . . ) and {QfP^Q'I^ . . . ) are homographic. Hence 
the lines 12X2', PP\ QQ\ ... all touch a conic which touches 
PQ and P^Q\ And this conic is a parabola since 1212' 
touches it. 

Ex. 1. One and only one parabola can be draum touching four given lines. 

Ex. 2. The oiveJxype of a line which cuts three given lines in a constant ratio is 
a parabola. 

Ex. 3. Every two parabolas have three finite common tangents. 

Ex. 4. Touching three given lines can be draum an infinite number of 
parabolas. 

Ex. 6. TP, TP^ touch a parabola at P and P', and cut a third tangent in 
g, (/ ; show that QP:TPi:T(/ : TP^. 

For {QTj PCI) = {QfP^i TCi'), considering the ranges determined on 
the two tangents TP, TP^ by the four tangents Q(/, IP', PT, CiOf. 

Ex. 0. Ifqqf touch at Rj then PQ/QT = QR/R(/. 
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Ex. 7. Thrmji/gh the fixed points A, B is drawn, a variable circle meeting fixed 
lines through A in Pj Q ; show that PQ envelopes a parabola, 

XjX. 8. The envelope of the axes of conies which touch two given lines at given 
points is a parabola. 

Let TP, rP' be the fixed tangents. Then 

PQ : P'C/ ^Pg:P^g^=>Cl) : CI/ = TP: TP^, which is constant. 

Ex. 9. The normals at the points P and P^ on a conic, the chord PP^ and the 
axes of the conic touch a parabola, 

Ex. 10. Determine a line which shall meet given lines AA^y BBf, CCf in points 
P, g, 12 such that AP = BQ = CR. 

On AA^, BBf take X, Y such that AX— BY, and construct a parabola 
a touching AA^, BBf, AB, XY. On CC/ take Z such that BY = CZ, and 
construct a parabola 3 touching BW, CCf, BC, YZ, Let PQR be either of 
the remaining two common tangents of the parabolas. Then PQR is one 
position of the required line. For {A Ci, XP) = {BCi, YQ) = {CCi^ ZR) 
(the Hs being different). Hence 

AX-i-AP = BY-i-BQ = CZ-^CR, i.e. AP =^ BQ = CR. 

Ex. LL The ends PQ of a segment move on fixed lines, and the orthogonal 
projection of PQ on a fixed line is of constant length ; show that the envelope of PQ 
is a parabola whose axis is in the direction of the projecting lines. 

Let pq be the projection of PQ. Then range (P) is similar to range (p), 
which is equal to range (g), which is similar to range (Q). Also when 
pq approaches infinity, PQ approaches being perpendicular to pq. 

Ex. 12. From points P on one line are dravm perpendiculars PQ, PR on two 
other lines, show that QR touches a parabola. 

Ex. 13. If through any point parallels be dravm to the tangents of a parabola, 
a pencil is constructed homographic with the range determined by the tangents on 
any tangent, 

Ex. 14. If through points of a range on a given line there be drawn lines 
paraUd to the corresponding rays of a pencil, which is homographic loith the given 
range, these lines unll touch a parabola, 

Ex. 16. IfaiUihe tangents of a parabola be turned through the same angle and 
in the same direction about the points where they meet a tangent, they toill siUl 
touch a parabola, 

Ex. 16. If the angle OPQ be constant, being a fixed point and P moving on 
a fixed line, show that PQ envelopes a parabola. 



CHAPTER Xin. 



POLES AND POLAES. EECIPEOCATION. 



1. A RANGE formed hy any number of points on a given line 
is homographic with the pencil formed by the polars of these 
points for a conic. 

Consider the circle of which the conic is the projection. 
Let A, B, ^.. on the line p be the points in the figure of the 

circle which project into 
the points on the given 
line in the figure of the 
conic. 

Now since Ay B, ... lie 
on p, the polars PA\ P5', 
... all pass through P, the 
pole of p. Also PA' is 
perpendicular to QA, 
being the centre of the 
circle. Hence the pencil 
F{A'B^,,.) is superposable 
to and therefore homographic with the pencil 0{AB,„), and 
is therefore homographic with the range {AB, . .). Hence the 
proposition is true for a circle ; and being a projective 
theorem, it is true for the conic by projection. 

Taking the base conic as the given conic, the theorem 
becomes — 
The reciprocal of a range of points is a pencil of lines which is 
miographic with the given range. 
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Ex. 1. Through a fixed point is draion a variable line cutting a fixed line 
in Of and a fixed conic in PP^, If (PP^, QQ') he harmonic, show thai the locus 
of Q is a conic passing through Oj through the pole of the fixed line, through the 
meets of this line ujith the conic, and through the feet of the tangents from 0. 

For (Q) = (g') = F (g), r being the pole of the locus of Q", 

£x. 2. Obtain the reciprocal theorem to that of example i. 

Ex. 3. If on fixed lines OL and 01/ points PP^ be taken which are conjugate 
for a fixed conic, show that PP' envelopes a conic which touches OL, OV and otoo 
the four tangents to the fixed cojiic at its meets vnth OL and OV, 

The join of P' to the pole of OL is the polar of P. 

Ex. 4u If OL, OV be conjugate lines, then the envelope degenerates into 
two points ; also if be on the conic, 

Ex. 6. Tvjo vertices of a triangle sdf'Wnjugaie for a given conic move on fixed 
lines ; show that the locus of the third vertex is a conic passing through the inter- 
sections of the given lines ujith the given conic and through the poles of the given 
lines for the given conic. 

Ex. 6. AA^ are a pair of opposite vertices of a quadrilateral whose sides touch 
a conic at i, M, N, R, Through A and M are drawn conjugate lines meeting in 
P, Show thai the locus of Pis the conic AA^LMNR, 

Ex. 7. AP, AQ, harmonic unth two fixed lines through A, meet a conic 
in P. Q; show that the envelope ofPQ is a conic touching the fixed lines at points 
on the polar of A, and touching the tangents to the conic at the points where the 
fixed lines meet it. 

For PQ meets the fixed lines in conjugate points. 

Ex. 8. Through a fixed point is drawn a variable line, and PY is the 
perpendicular on this line from its pole Pfor a fixed conic ; show that PY envelopes 
a parabola, which toiuihes the polar </ 0, and also touches the tangents cU the feet 
qfthe normalsfrom 0. 

Let PY cut the line at infinity in Q. Through any point V draw Vq 
parallel to PY ; then Vq passes through Q. Hence 

(Q1Q2. ..)=•• ^(«i ««...) - 0(r, F,...) 
[corresponding rays being perpendicular] = (PjPa...). Hence Pg, i.e. 
PY, envelopes a conic touching Pj Pg and Qi Q2, i.e. the polar of and 
the line at infinity. This parabola touches the tangent at R, a foot 
of a normal from ; for if OY be OR, then PY is the tangent at R. 

Sx. 9. If instead qf being perpendicular to the variable line, PY make a given 
angle vnth it ; show that PY envelopes a parabola, which touches the polar of 0, 
and also touches the tangents ai the points where the tangents make the above angle 
toith ttie radii from 0. 

XSx. 10. If the given angle be the angle between the pclar of and the conjugate 
diameter, the envelope reduces to a point; and the locus of Y is a circle. 

For when P is at infinity, g coincides with it. 

"Ex, 11. J7 through every point <m a line, there be draum the chord of a conic 
tohich is bisected at this point, the envelope qf these chords is a parabola which 
touches the line. 

Consider the pencil of diameters. 

£x. 12. Throntgh points PQ ... on the line I are drawn the lines PP', Q(/,... 
parallel to the polars qf P, Q,... for a conic; show that PP', QQf,„. touch. 
a parabola which touches I. 

L 
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19L r%tf naprtxaft 'if div fimr gnnti A^B^F^Q art ike four Ixnti 

Lit PQ cot • BBL £ ami 9 m. JP : al»- let .^B c«fc p in ^ and qia 0. 

Then w« 1iat» to pir«^« teh^ \P^iO^ — ABSV ; aod this is true, for the 
poLkR of P.(j« iL JP an OJT. OC^ OJL OB. if O be Afr meet of p and q. 

P.* . -^/ _ (g> o^ (c; •} 
(,F. ft) "^ A.J ~,^ft: ~ c;») 

Take Q saeceasTeir at B amd sb tibe centre C 

2L J%^ recijproatl of a comic for m comic » a conie. 

We may define the ongbttl eooic as the locos of a point 
P sach thkt P ABCD) = JTi^JlBCDX where ^, B, (7, A ^ 
are fixed points on the conkL Let the reciprocals of the 
points ^. ^ C D. m P be the lines a^ h^ Cy d, e^ p. Now 
the reciprocal of the pencil P^ABCD) is the range of points 
determined on the line j» bj the lines tkhyCyd, Hence this 
range is homographic with P{ABCD)* So the range of 
points determined on r by o« ft. c. d is homographic with 
E(ABCD). Le. with P{ABCI)\ Le. with the range of pointe 
determined on p by a. K c. d. Hence the reciprocal of the 
given conic, viz. the envelope oip, the reciprocal of P, is the 
envelope of a line which cuts four given lines a, &, c, (2 in a 
constant cross ratia Hence the reciprocal is a conic touch- 
ing a, b, Cj dy e. 

3. The reciprocal ofapok and polar for a conic is a polar and 
pole for the reciprocal conic. 

Let P be the pole and e its polar. Through P draw any 
line r cutting e in P' and the conic in Qy Qf. Then 
{PP\ QQf) is harmonic. Let the reciprocals of P, e, r, 

■P'> ft Of ^ Pi ^y -R> p\ Qy ^- Then on a fixed line p is 
taken a variable point R, and from B are drawn the tangents 
q, q^ to the reciprocal conic, and the line p' is taken such that 
(pp\ q^f) is harmonic. We are given that p' always passes 
through Ey and we have to prove that E is the pole of j*. 
this is obvious, for jp and p' are conjugate in all positions 

ftince {pp'j qc[) = — i. Hence p' always passes through 

>le oipy Le. ^ is the pole oip. 
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:. L The reciprocal of a triangle self --conjitgate for a conic is a triangle self- 
conjugate for the reciprocal conic. 

Hz. 2. A triangle self -conjugale for the ha^ conic reciprocates into itself, 

£x. 3. A conic, its reciprocal, and the hose cofiic have a common s^'Conjugate 
triangle. 

Viz. the common self-conjugate triangle of the given conic and the 
base conic. 

4. Given (my two conies, a hose eonic ean he found for which 
they are reciprocal. 

Of the two given conies a and /3, let P be a common 
point, q a common tangent, and UVW the common self-con- 
jugate triangle. Describe by XXV. 12 the conic T for which 
UVW is a self-conjugate triangle and P is the pole of q. 
Then T is the required base conic. 

For let a' be the reciprocal of a for F. Then since P is on 
a, its reciprocal q touches a\ Again, since q touches a, its 
reciprocal P is on (/. Also since UVW is self-conjugate for 
a and F, it is self-conjugate for a\ Hence a, a' and /3 pass 
through P, touch q, and have UVW as a self-conjugate 
triangle. 

Now by V. 9 to be given a point and a seK-conjugate 
triangle is equivalent to being given four points. Hence 
a, a' and /3 pass through the same four points and touch the 
same line. But by XXI. 3, Ex, 4, two, and only two, conies 
can satisfy these conditions. Hence a' coincides with a or 13. 

Now if the meets of the conies are distinct, a' cannot coin- 
cide with a. For let q touch a at R. Then, by XI. 7, Ex. 
6 and 7, a and F have double contact, and PB passes through 
the common pole A of the chord of contact BO* Now A is 
the pole of BC for a and F. Hence A must be U or V or W. 
Hence PB passes through U or F or W. Hence PB is a 
common chord of a and p, i.e, B ia a, common point ; which 
is impossible unless a and ^ touch. 

Hence a' does not coincide with a. Hence a' coincides 
with )3. Hence a and /3 are reciprocal for F. 

If two or more of the common points of a and /3 coincide, 
this may be taken as the limit of a case when no two coin- 
cide ; and the proposition still holds. 

L 2 
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Note that there are four base conica For we may take 
any one of the four common tangents as the reciprocal of P. 
Then as the conies are reciprocal, each of the conmion points 
will have, as polar, one of the common tangents. 

The above construction is imaginary unless the conies 
have a real common point and also a real common tangent. 

Ex. Th& cross ratio of the four common points of tvoo conies for one of the 
conies is equal to the cross ratio of the four common tangents for the other 
conic, 

5. "Reciprocate — a segment divided in a given ratio. 
Let ^C be divided in B. Let if be the line AB and i the 
line at infinity, and let 12 be the meet of I and i. The reci- 
procals of the points ABCQ- on the line I are the lines dbc(a 
through the point L. Also the reciprocal of i is the centre 
of the base conic. Hence AB -5- BC= ^(AC, BQ) of the 
given range of points = —{ac, 5a)) of the reciprocal pencil, 
where o) is the join of 2/ to 0. 

As a particular case the middle point of a segment AC recv' 
procates into the fourth harmonic for a a/nd c of the join ofacto 
the centre of the hose conic. 

Ex. Reciprocate the theorem — 

* The locus of the centres qf conies inscribed in a given quadrilateral is a Unt 
which bisects eax,h cffhe three diagonals' 



CHAPTER XIV. 



PROPEETIES OP TWO TRIANGLES. 



1. If the vertices of two triangles lie on a conic, the sides touch 
a conic ; cmd conversely. 

Let the vertices ABC, A'^0' of the two triangles lie on a 
conic. Let AB, AC meet B>C' in 
X, M ; let A'Bf, A'C meet BC in 
L\ M\ Then 

{C'LMB') = A {C'BCB^ 

= A'iC'BCB") = {M'BCLy 

Hence the six lines C^M% LB, 
MC, B^L', BTC, BC touch a conic ; 
Le. C'A', AB, AC, B!A\ B'C, BC 
touch a conic ; i.e. the sides of the 
triangles touch a conic. 

Let the sides touch a conic. Then 

A {C'BCBTj = (G'LMB^ = {M'BCL") = A\C'BCB^). 

Hence the six points C, B, C, B^, A, A^ lie on a conic ; i.e. 
the vertices lie on a conic. 




:. 1. If two triangles circumscnbe the same ccmic, then a conic drawn 
through fioe of the vertices will pass through the sixth ailso. 

Sx. 2. If two triangles he inscribed in the same conic, then a conic drawn to 
touch five of the sides wHl touch the sixth also. 

£x. 3. J^hoo conies he sitch that one triangle can he drawn which is circum- 
scribed to one conic and inscribed in the other j then an infinite number qf 
such triangles can be drawn. 

For suppose ABC to be circumscribed to /3 and inscribed in 7. Draw 
any tangent to /3 cutting 7 in B' and C. From B^ and draw the other 
tangents to /3 meeting in A^, Then, since ABC, A^JBfCf are circumscribed 
to /3, the vertices ABCA'BfCf lie on one conic ; hence M lies on 7. 
Hence A'B^Cf satisfies the required conditions. 
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Ex. 4. IfBC be the points of contact qf tangents from A, and B^Cf he the 
points of contact of tangents from A' to a conic ; show thai the triangles ABC, 
A'Bf(f are inscriptible in a coniCy and circumscripUUe to a conic. 

Let ABf AC cut B^(/ in L, 3f ; let A^B^, A'Cf cut BC in V, W. Then 
{LBfCfU) of poles = A'iBVWC) of polars. Hence {LBf(fM) = {BL'M^C), 
Hence the triangles are circumscriptible, and therefore inscriptible. 

Ex. 6. If he the centre of the conic circumacribing ABC, MBtCf {of Ex, 4), 
and ifBC and B^0 meet in D, show that DO bisects AA\ 

For 1) is the pole of AA' for the new conic as well as for the giyen 
conic. 

Ex. 6. A conic is drawn through a faced point A and through the points 
of contact Bj C of tangentsfrom A to a circle, so as to touch the circle ai a variable 
point P, Show thai the curvatures ofaUthe conies at the points P are equaL 

In Ex. 4 let A'B^0 coincide in P. Then the circle of curvature 
of the conic at P is the circum-circle of A^Bf(f, whose radius is one- 
half of that of the given circle. 

Ex. 7. Thrmgh a pointOona conic is drawn a li9ie cutting the conic in pond 
the sides of an inscribed triangle in a, &, c ; show that (o&cp) is constant. 

Draw another line a'l/cfp^ and consider the triangles ABC^ Opi/, 

2. If two triangles he self-conjugate for a conic^ ^ six 
vertices lie on a conic, a/nd the six sides touch a conic ; conversely, 
if the six vertices lie on a conic, or if the six sides touch a conic, 
the triangles are self-conjugate for a conic. 

In the figure of § i, let ABC, A'B'C be self-conjugate for 
a conic. Then the polar of C is A^B^, the polar of L where 
B'C and AB meet is A% the polar of M where B'C and 
AC meet is A'B, and the polar of B' is A'C\ Hence 

(G'LMB^ = A' {B'CBC) = {L'CBM') = {M'BCLy 

Hence the six sides CM', LB, MC, B'L', B^C, BC touch a 
conic ; and hence the six vertices lie on a conic. 

If the two triangles are inscriptible in a conic y, describe 
by XXV. 12a conic a such that ABC is self-conjugate for a, 
and that A' is the pole of B^C^ for a. Let the polar of S 
for a cut B'C in C". Then ABC and A'B^C are self-con- 
jugate for a ; hence ABCA'BfC lie on a conic. But this 
conic is y, for the points ABCA'Bf lie on both conies. 
Hence B'C cuts y in three points unless C and C coincide. 
Hence C and C" coincide. Hence ABC, A'B^C' are self- 
conjugate for a conic, viz. for the conic a. 

If the two triangles are circumscribed to a conic, they are 
=KJribed in a conic, and the above proof applies. 
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Sx. L IftwQ triangles he self 'Con^ate for a conic a, then a conic /3 dravm to 
touch five of the sides wiU touch ^ skcth also, and a conic y dravm to pass 
through five of the vertices toiU pass through the sixth also; and y and fi 
are reciprocal for a, 

£x. 2. Through the centre of a conic and the vertices of a triangle se^'Cor^jugate 
for the conic can he draum a hyperbola unfh its asymptotes parallel to any pair of 
conjugate diameters of the conic. 

For, adding the line at infinity, we have two self-conjugate 
triangles. 

Sx. 3. Xfiux> conies he such that one tria/ngle can he drcumscnbed to one conic 
which is self '(xmjugate for the other coniCf then an infinite numSh&r of such triangles 
can he draum. 

Let ABC be the given triangle touching conic /3 and self-conjugate for 
conic a. Take any tangent B^(f of jS, and take its pole A' for a ; draw 
from A^ one tangent A^W to /3, and take (/, the pole of A^Bf for a. Then, 
since ABC^ A^BfCf are self-conjugate for a, the sides touch a conic. 
But fiye sides touch fi ; hence the sixth side (fA' touches i9. Hence 
A'B^Cf satisfies the required conditions. 

"Ex., 4. Iftvoo c(mixis he sfujch that one triangle can he inscribed in one come 
which is se^-c&nfugcUefor the other conic, then on ir^finite number qf such triangles 
can be draum. 

Sx. 6. An infinite numiber of triangles can he described having the same cir- 
cumscribing, nine-poinif and polar circles as a given triangle. 

For the nine-point circle is given when the circum-circle and the 
polar circle are given, being half the circum-circle, taking the ortho* 
centre as centre of similitude. 

Ex. 6. Gaskin's theorem. The circum-circle qfany tnatigle self'conjugate 
for a conic is orthogonal to the director circle of the conic, (See also XXIII. 5, 
Ex.9.) 

Let the two circles meet in T. Let the polar PP^ of T for the conic meet 
the circum-circle in QQ'. Then, as in Ex. 4, since T is the pole of Q^, 
it- follows that TQQf is a self-conjugate triangle for the conic. Hence 
Q(Y are conjugate points for the conic ; hence if CT meet PP^ in F, we 
have VQ, Vqf ^VP^, for V bisects PP^, Also PTP^ is a right angle. 
Hence VQ . FQ' «= VT^ ; i.e. CT touches the circum-circle. Hence the 
circles are orthogonal. 

XSx. 7. Tux) conies $ and a are such that triangles can be circumscribed to fi 
which are self-conjugate for a ; find the locus of the point from which the pairs qf 
tangents to a and jS are harmonic. 

From P, any point on the locus, draw tangents PT and PT^ to fi. 
These tangents are conjugate for a, for they are harmonic for the 
tangents to a. Hence the pole of PT, viz. Q, lies on PT', and the pole of 
P2^, viz. Ry lies on PT, Hence the triangle PQR is self-conjugate for a. 
Let ABC be a triangle self-conjugate for a and circumscribed to fi. Then 
since the two triangles ABC, PQR are self-conjugate for the same conic, 
their sides touch a conic, i. e. QR always touches fi. Hence P, the pole 
of QR for a, always lies on the reciprocal of for a, 

Ex. 8. If tuH) conies y and a are such that triangles can he inscribed in — 
which are self'Conjugate for a, find the envelope of a line which cuts a or 
in pairs of harmonic points. 
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SjZ. 9. ^ Q cmd R he the points ofcontcuat of the tangents from P to any conic 
o, and any conic y be draum to pass through P arul to touch QR ai Q, ^un 
triangles can be inscribed in y which are se^-conjugaiefor a. 

For PQQ is such a triangle, QQ being QR, 

"Ex., 10. XT Q and R be the points of contact of the tangents from P to any 
conic a, and any conic be draum to touch PQ ctt P and to touch QR, then 
triangles can be circumscribed to /3 which are sdf-cffnyugcAe fofr a. 

For PQ(^ is such a triangle, QQ being QR. 

!Bx. 11. If triangles can be circumscribed to /3 which are self'oomsu/gaieforaj 
then triangles can be inscribed in a which are self'conjugate for /3 ; and con- 
versely. 

For we can reciprocate a into /3. 

!Bx. 12. The triangle ABC is inscribed in the conic a, and the triangle DBF is 
self-conjugaU for a. Show thai a conic fi can be f wind such that DBF is etrcwn- 
scribed to fi and ABC is self •conjugate for $. 

Viz. that conic inscribed in DEF for which A is the pole of EC, 

"Ex. 13. The centre of the circle circumscribing a triangle which is setf-conjugak 
for a parabola is on the directrix. 

Consider the triangle OCiCi' where OH, OCi' are the tangents to 
the parabola from the centre of the circle. 

!Bx. 14. The conic a is drawn touching the lines PQ^ PR at Q,R ; the conic $ 
is draum touching the liries QP, QR at P, R; show thai (i) triangles can 
be inscribed in a which are selfconjugate for j8, (ii) triangles can be insaribed in 
/8 which are self-conjugate for a, (iii) triangles can be circumscribed to a which 
are self-conjugate for /3, (iv) triangles can be circumscribed to $ which are sdf 
conjugate for a, (v) triangles can be inscribed m a and circumscrU>ed to fij 
(vi) triangles can be inscribed in /3 and circumscribed to cu 

On RP and RQ take L, X' consecutive to i? ; on PR, QR take 3f, If' 
consecutive to P, Q ; on QP, PQ take N, N^ consecutive to Q, P. Then 
consider the triangles (i) QRL, (11) PRL^y (111) QP3f, (iv) PQJJf , (v) RQN, 
(vi) RPN^. 

!Bx. 16. If a triangle can be draum inscribed in a and drcum&ribed to /3 and 
also a triangle self -conjugate for a and circumscribed to fij then the conies a andfi 
are r dated as in Ex. 14. 

At R, one of the meets of a and /3, draw RQ touching /3 and meeting a 
again in Q ; draw the tangent at Q, and on it take N consecutive to Q. 
Then by the first datum QN touches /3, at P say. Then by the second 
datum QR is the polar of P for a, 1. e. PR touches a at R, 

Similarly many other converses of Ex. 14 can be proved, 

Ex. 10. The centre of a circle touching the sides of a triangle self-conjugate for 
a rectangular hyperbola is on the r, h. 

For triangles can be inscribed in the r. h. which are self-conjugate 
for the circle. Now one triangle self-conjugate for the circle is OHfl', 
and two of its vertices Ci£i' lie (at infinity) on the r. h. ; hence 0, the 
centre of the circle, lies on the r. h. 

Ex. 17. Given a triangle self-conjvgale for a r.h,f we know four points 
on the r, h. 

Viz. the centres of the touching circles. 
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XiZ. 18. Qinm a self'Conjugaie triangle qfa conic and a point on the director, 
show thai four tangents are knoion, viz. U^e directrices (^ftliefour conies which can 
he draum to circumscribe the trian^ and to have the poirU as corresponding 
focus. 

Reciprocate for the point. 

Sx. 19. T?ie necessary and sufficient condition that triangles can he circum- 
serihed to a circle which are self -conjugate for a r, h. is thai the centre of the circle 
shaU he on the r. h, 

Sx. 20. An instance of Ex, 14 is a rectangular hyperbola which passes 
through the vertices of a tiiangle and also through the centre of a circle touching 
the sides. 

This follows from Ex. 15 and Ex. 19. 

£x. 21. IftuDO conies $ and y he so situated that one triangle can he circum- 
scribed to fi so as to he inscribed in 7, then an infinite number of such triangles 
can he drawn, and aU of these unU be sdf-conjugate for a third conic a ; also the 
two conies fi and 7 are reciprocal for a. 

The first part has been proved. To prove the third part, notice that 
ABC, A^B^Cf are self-conjugate for a conic a. Define 7 by ABGA'B' ; 
then since the polars of these points for a, viz. BC, CA, AB, B^(/, Cf A' 
touch iS, it follows that ^ is the reciprocal of 7 for a. 

Again, take any point M' on 7, and let B^' be one of the points in 
which the polar of A^' for a (which touches /3) cuts 7. Let the polar of 
Bf' for a (which touches & and passes through A^') cut the polar of A^' 
in 0". Then the triangle A''W(y' is self-conjugate for a. Hence, since 
two sides touch ^ and two vertices are on 7, it is circumscribed to & 
and inscribed in 7. 

Ex. 22. Brvoe by this article thai * The orthocentre of a triangle inscribed in a 
rectangular hyperbola lies on the r. h* 

The given triangle and the triangle formed by the orthocentre and 
the points at infinity on the r. h. are self-conjugate for the polar circle. 

3. The two triangles ABC, A^B'C are said to be reciprocal 
for a conic if A he the pole of B'C, B of C'A\ C of A'B", A' 
of BC, Bf of CA and C of AB for the conic. 

Two triangles which are reciprocal for a conic are homologous ; 
a/nd conversely J if two tria/ngles he homologous they are reciprocal 
for a conic 

Let the triangles ABC, A'B!C' be reciprocal for a conic ; 
then they are homologous. For let BC and B'C meet in TJ, 
and let AA' meet BC in li and B^C in L\ Then the polar 
of B is A'C, the polar of C is A'B', the polar of TJ where 
BC and BfC meet is A' A, the polar of L where BC and A' A 
meet is A'TJ. Hence {LBCU) of ^o\q^ = A' {UC'B'Ly 
Hence (LBCU) = (L'B'C'U) ; hence the ranges (LBCU) 
and (JjB^C'TJ) are in perspective. Hence LL\ BB^, CC 
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meet in a point, i. e. the triangles ABGy A'JffC^ are homo* 
logons. 

Let the triangles ABCy A'B^C be homologous, then they 
are reciprocal for a conic. For let BO and A'C meet in if. 




By XXV. 1 2 describe a conic such that the triangle A^BM is 
self-conjugate for it, and that A is the pole of BfC\ 

Then A^ is the pole of BC, B is the pole of A^C\ and A is 
the pole of B^C^. Hence C is the pole of AB, Now let the 
polar of C cut C'B^ in B"'. Then the triangles ABC and 
A'B^'O' are reciprocal and therefore homologous. Hence 
AA', BB:\ CC meet in a point. But AA\ BB', CC meet 
in a point. Hence B^ and B^^ coincide, L e. the triangles 
ABC, A'B^C are reciprocal for the above conic. 

Given a triangle ABC and a conic a, we can describe the 
reciprocal triangle A'B^C\ and then determine the centre 
and axis s of perspective of the triangles ABO, A'B'0\ It 
is convenient to call the pole and s the polar of the triangU 
ABC for the conic a, 

Ex. 1. 1/ two triangles he reciprocal for a conic, show that the centre of homology 
of the triangles is the pole of the axis qf homology for this conic. 

Ex. 2. BC, CAj AB meet any conic in XX' ^ YY'^ ZZ', and the conic meds 
AX again in i, AX' in V, BY in M, BY' in M', CZ in N, CZ' in N', Show 
that LL', MM', NN', meet BC, CA, AB m a line. 

Viz. on the axis of homology of ABC and its reciprocal for the conic. 
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Ex. 8. Amy triangle inscribed in a conic and the triangle formed by the 
tangents at the vertices are homologous. 

£x. 4. Hesse's theorem. J^ the opposite vertices AA' ai\d the opposite 
vertices BB^ qf a compiete quadrUaterdl be cov^yugate for the same conic, then the 
opposite vertices C(f are cUso conjitgatefor this conic. {See also XX. i, Ex. ii.) 

Let the triangle reciprocal to the triangle ABC for the conic be PQR, 
Then QR passes through A^j since A and A^ are conjugate. So RP 
passes through B^. Hence PQ passes through (/ ; for the triangles ABC 
and PQR are homologous. Hence C and CX are conjugate. 

!EiX. 6. If two pairs of opposite sides of a complete quadrari^le be conjugate for 
the same conic, then the third pair is also conjvi/gate for this conic. 

Ex. 0. The points PP^, QC/y RRf divide hamumicaUy the diagonals AA% BBf, 
CC^ofa quadrHatenU ; show that the six points P, P^f Q, (/f R, Rf lie on a conic. 



CHAPTER XV. 



pascal's theorem and bbiakchon's theobem. 



Pascal's Theorem. 

1. The meets ofopposite sides of ahex(ig(m{six^mfU)insc^^ 
m a conic are coUinear. 

Let tKe six points be A, B, C, 2), E, F. Let the opposite 
sides AB, BE meet in M, and the opposite sides BC, EF 




meet in N. Let AF meet MB in 6r, and let CB meet W 
in H, Then we have to show that MN, FGj HB are con- 
current. This is true if (EMGB) = (ENFH), for the ranges, 
having a common point, will be in perspective ; Le. if 

A {EBFB) = C{EBFB\ 

which is true. Hence the meet M of AB, BE, the meet N 
of BC, EF, and the meet L of CB, FA are collinear. 
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Conversely, if the meets of opposite sides of a hexagon {six- 
pomt) are collinear, the six vertices lie on a conic. 

For if LMN are collinear, we have {EMGD) = (ENFH). 
Hence A {EBFD) = C(EBFB). Hence -4, B, C, 2), E, i^lie 
on the saMe conic. 

The line LMN is called the Faecal line of the six-point 
ABCDEF. Observe that for every different order of the 
points ji, B, C, Dy E, F we get a different Pascal line. 

Notice that if two consecutive points, e.g. B and C, coincide, 
the side BC becomes the tangent at B or C. 

XiX. L J^ADf BE, CF meet in a point, the Pascal line is the polar of this 
point 

Sz. 2. The triangles ABC, A'W(f are homologous, BC meets A'B^ in Y 
and A'(f in 7f, CA meets B^Cf in Z and BfA' in X', and AB meets CA^ 
in X and C^Bf in T, Show that 

BY . BZ^, CZ , CX'.AX , AY' ^ CY. CZ^,AZ . AX\ BX , BY^, 

For XY'ZX^YZ' lie on a conic 

XiX. 3. In eoery heocagon inscribed in a conic, the two triangles formed by 
taking dUemctte sides are homologous, 

SjX. 4. Six points on a conic determine 60 hexagons inscribed in the conic, 

"FtX. 6. T?ie 60 Pascal lines belonging to six given points on a conic intersect 
three by three. 

Let the homologous triangles of any one- hexagon be XYZj X^Y'Z'. 
Then XX*, YY', ZZ' meet in a point. Also XX' is the Pascal line of 
CDEBAF, YY' of ABCFED, ZZf of BCDAFE. 

"Ex, 6. Two triangles are inscribed in a conic. The sides of the one meet the 
sides of the other in nine points. Show that any join qf two of these nine points 
is a Pascal Une of the six vertices of the triangles, unless it is one of the sides of 
the triangles, 

Sx. 7. ABC is a triangle inscribed in a circle, P is any point on this circle. 
A perpendicular al Pto PA meets BC in D, to PB meets CA in E, and to PC 
meets AB in F, Show thai DEF is a line passing through the centre qf the 
circle. 

Call the centre of the circle 0. Let PL, PE meet the circle in A', B*, 
Then AAfPBfBC proyes that ODE are concurrent. 

Ex. 8. Bedprocaie Ex. 7, (i)/or the circle itse{f, (ii) /or any circle, 

Ex. 9. If ADA*, BOB*, COCf, POP* be chords of a conic, show that the meets 
qfPA, BfC*, ofPB, CfA', of PC, A*B*, of P*A*, BC, qf P*Bf, CA and ofP^Cf, 
AB aU lie on the same line through 0. 

Use {BCCfP*AU), (BfC^CPAA*), {BAPP^CfBT), 

XjX. 10. Taking the conic as a circle and as its centre, dedw' 
eating for P the theorem — The orthocentre of a triangle about apat 
directrix. 
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Ex. 11. A^ B, C, D, E are any five points. EA, BCmeet in A' ; AB, CD meet 
in Bf ; BCy BE meet in Cf ; CD, EA meet in 2/ ; DE, AB meet in Ef ; qii\A 
AD, BC meet in F. Show that FBf touches the conic ^trough A^BfCfD^Ef. 

Ex. 12. AA', BBf^ C(f are the diagonals of a complete quadrOateraly A'BfC^ 
being coUinear points, AO meets BC in M, CO meets AB in L, LM meets B^Cf 
in N and AC in P. If PB and ON meet in R, show thai R is the remaining 
intersection of the conies OBBfAA' and OBB^CC^, and that OR is the tangent at 
Oiotlie conic OC0AA', 

Consider the hexagons ORBA'BfA, ORBC^B^C, and OOCA'C^A, 

Ex. 13. ABC, A'B^Cf are coaxal triangles ; AC and A'Bf meet in P, AB and 
A'C' meet in Q ; show that BCffC^PQ are on a conic 

Ex. 14. The chord QQf qfa conic is parallel to the tangent at P, and thechord 
PP^ is parallel to the tangent at Q ; show that PQ and P'i/ are parallel. 
Consider PPP^(/QQ. 

Ex. 16. The tangents at the vertices of a triangle inaaribed in a conic meet the 
opposite sides in three coUinear points, 

Ex. 16. PQ, PR are chords of a parabola, PR meets the diameter tftrou^ Q 
in V, and PQ meets the diameter through R in Us show that UV is paraUd to 
the tangent at P. 

Consider PPRSISIQ, where ft is the point at infinity on the parabola. 
Ex. 17. Dedtice by RedprocatUm a property of a cirde, 

2. Since Pascal's theorem is true for a hyperbola however 
near the hyperbola approaches two lines, it is true for two 
lines, the six points being situated in any manner on the 
two lines. 

But each case may be proved as in § i. 

Ex. 1. If any four-sided figure be divided into two others by a line, the three 
meets of the internal diagonals are coUinear. 

Let the four- sided figure ABCD be divided into two others ABFE, 
EFCD, Now apply Pascal's theorem to ACEBDF. 

Ex. 2. P, Q, R are fixed points on the sides MN, NL, LM of a triangle. A 
is taken on MN, AQ meets LM in B, BP meets NL in C, CR meets MN in A', 
A^Q meets LM in Bf , BfP meets NL in Cf ; show that CfA passes through R, 

Consider the hexagon BQCA^PB', 

Ex. 3. On the fixed lines LM, MN, NL are taken the fixed points C, A, B. 
On BC is taken the variable point P ; NP meets CA in Q, and MP meets BA in R. 
Show thai RLQ are coUinear. 

Consider ACMPNB. 

3. If OQ and OR he the tangents of a conic at Q and B, and 
ifP he any point on the conic, then PQ and PB cut any Une 
through in points which are conjugate for the conic. 

Let PQ and PB cut any line through in JP and G. Let 
FB and GQ meet in U. Consider the six-point PQQUBR 
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Then since the meets of opposite sides are coUinear, the 
six points lie on a conic. But five points lie on the given 
conic ; hence the sixth point JJ also lies on the given conic. 
Hence F and G are two harmonic points of the inscribed 
quadrangle PQUB, Hence F and G are conjugate points. 

Conversely, ifcmif two conjtigate points lying on a line through 
he joined to the poi/nts of contact of the tcmgents from 0, then 
the joining lines meet on the conic. 

Let F and G be conjugate points on a line through 0. 
Join FQ cutting the conic again in P, and join PB cutting FG 
in G'. Then F and G' are conjugate, and also F and G. 
Hence G' coincides with G; Le. FQ and GE meet on the 
conic. So FB and GQ meet on the conic. 

SjX. 1. IfPP' he conjugate points for a central conic, and Q(/ be the ends of 
the diameter which bisects chords pardUel to PP* ; show that PQ, P^(/ cut on the 
coniCf and so do PC/, P^Q, 

SjX. 2. J(/i2 and Bf be conjugate points lying on a diameter of a hyperbola, 
show that parallels to the asymptotes through R and Bf cut again on the curve, 

Sz. 3. The diameter bisecting the chord Q(/ qf a parabola cuts the curve in P, 
and RRf are points on this diameter equidistant from P; show that the other 
lines joining QQfRBf meet on the curve. 

XiX. 4. If F and be conjugate points on PQ cmd PR, then FG and QR are 
conjugate lines, 

Ex. 6. The lines BC, CA, AB touch a conic ai A', B', (/, Show that an 
infinite number of triangles can be drawn which are inscribed in A'^Cf and 
dnumscribed to ABC. Show cUso that each of these triangles is self-conjugate 
for the conic. 

Through B draw any line meeting A'B^ in y, and B^Cf in o. Let A y 
meet CfA^ in fi. Then y and a are conjugate, and a lies on B^Cf ; hence 
a is the pole of 0y, So ^ is the pole of 7a. Hence afiy is self- conjugate. 
Hence a, are conjugate. Hence a/3 passes through C. 

Brianchon's Theorem. 

4. The joins of opposite vertices of a hexagon (six-side) drcum- 
scribing a conic are concurrent. 

Let the six sides be AB, BC, CD, BE, EF, FA. Let the 
four tangents AB, CD, DE, EF.meet the tangents FA, BC 
in ASPF and BCQT. Then (ASPF) = {BCQT). Hence 
D (ASPF) = E (BCQT). But the rays DP, EQ coincide. 
Hence {DA ; EB) and {DS ; EC) and {DF ; ET) are collinear ; 
Le. {DA ; EB), and C and F are collinear ; i.e>. DA, EB, CF 
are concurrent. 
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Conversely, if^ joins of opposite vertices of a hexagon (six- 
side) are concurrent, the six sides touch a conic. 



For if DA, EB, CF are concurrent, we have 

D(ASPF) = E(BCQT), 

hence (ASPF) = (BCQT) ; hence the six lines AB, BG, CD, 
DE, EF, FA touch the same conic. 

The point is called the Brianchon point of the hexagon 
ABCDEFA. 

Notice that when two of the sides, e.g. CD and DE, coin- 
cide, the point D becomes the point of contact of either CD 
otDE. 

Sx. L In every hexagon circwmscribed to a conic, the two triangles formed by 
taking dliemate vertices are homologous, 

Sx. 2. Six tangents to a conic determine 60 hexagons circumscribed to the 
conic. 

IjX. 3. The 60 Brianchon points belonging to six given tangents to a conic an 
coUinear three by three. 

Reciprocate. 

Sz. 4. The heocagon formed by the six lines in order obtained by joining 
dUemate pairs of vertices of a Brianchon hexagon is a Pascal hexagon. 
For the triangles are coaxal. 
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Ex. 6. Reciprocate Ex. 4. 

Ex. 6. Three angles have coUinear vertices. Show that their six legs intersect 
in tioelve other points which can he divided in four ways into a Pascal hexagon 
and a Brianchon hexagon. 

Ex. 7. If two triangles he the reciprocals qf one another for a conic a, the 
meets of non-corresponding sides lie on a conic iS, and the joins of non-correspond- 
ing vertices touch a conic y ; and jS and 7 are reciprocals for a. ^ one triangle 
he inscrihed in the other, the three conies coincide. 

Ex. 8. Steiner's theorem. The orthocentre qf a triangle zircumscrihing a 
parabola is on the directrix. 

Let ABC be the triangle. Through Z, the meet of EC and the direc- 
trix, draw the other tangent ZCl where n is at infinity. Through Z', 
the meet of CA and the directrix, draw the other tangent Z'n' where 
n' is at infinity. From the circumscribing six-side ABZCiCl^Z^A we 
conclude that ZZ^, BCif and ACi meet in a point. Now ZZ' is the 
directrix ; BXi' is a parallel through B to Z'n , i.e. jBfl' is the perpen- 
dicular from B on CA\ so -4 Xl is the perpendicular from A on BC. 
Hence these two perpendiculars meet on the directrix ; i.e. the ortho- 
centre is on the directrix. 

Ex. 9. The orthocentres of the four triangles formed by taking three out qffour 
given lines are collinear. 

Ex. 10. ABODE A is a pentagon circumscribing a parabola; show that the 
parallel through A to CD, and the parallel through B to BE meet on CE. 

Ex. 11. ABCBA is a quadrilateral circumscribing a parabola j show that 
the parallel through A to CB and the parallel through C to BA meet on the 
diameter through B. 

Ex. 12. The lines AB, BC, CD, DA touch a cmic in L, M, N, R ; show that 
AC, BD, LNj MR are concurrent. 

Consider ALBCNDA and ABMCDRA. 

Ex 13. The lines BC, CA, AB touch a conic at L, M, N ; show that AL, 
BM, CN are concurrent 

Ex. 14. The line C^B^A touches a conic in P, ACB touches in P', BfCA' touches 
m Q and &BA^ in (/. Show that A'P*, A(^ meet on CC, and so do A'P, AQf. 

Ex. 16. If two triangles he inscrihed in a conic, their sides touch a conic. 

Consider the Pascal hexagon ABOA'BfC, and the Brianchon hexagon 
BC, CA, A'Cr, aBf, BfA', AB. 

Ex. 16. If two triangles he circumscribed to a conic, their vertices lie on a 
conic. 

Ex. 17. If AB and AC touch a conic at B and C, and A'Bf and A'if touch 
the same conic at Bf and Cf, then ABCA'BfCf lie on a conic and the six sides 
touch a conic. 

The proof is like that of Ex. 15. 

5. If OQ and OB he the tomgents of a conk at Q and R, and 
if any tangent meet OQ, OB in K, L ; then the joins ofK and 
L to any point E on QB are conjugate lines. 

Let LE cut OQ in M, and let KE cut OB in K Consj 
the six-side KL, LB, BN, NM, MQ, QK. Since ML, 
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KN meet in a point, the six sides touch a conic. But five 
sides touch the given conic ; hence the sixth side MN also 
touches the given conic. Hence ML, KN, being two har- 
monic lines of the circumscribed quadrilateral KLNM, are 
conjugate linea 

Conversely, if through a/ny point E on QB any two conjugate 
lines he draton cutting OQ in M, K and OB in L, N, then MN 
and KL touch the conic. 

For if KL does not touch, let KL^ touch. Then EL and 
EL' are both conjugate to EK, Hence L and i' coincide. 
Hence KL touches ; so MN touches. 

Sx. L ParaUd to a diameter of a conic are drawn a pair qf conjugate lines; 
show that the diagonals of the parallelogram formed by these lines and the 
tangents at the ends of the diameter touch the conic, 

Sx. 2. Two parallel lines which are connate for a hyperbola meet fte 
asymptotes in points such that the other lines joinitig Vievn touch the curve. 

Sz. 3. If the tangents of a parabda at P and Q cut in T, and on the diainuitir 
through P there be taken any point B ; show that RT is coiyugate to the paraM 
thrwigh R to the tangent at Q. 

Ex. 4. Through a point on the chord of contact PQofthe tangents from Ttoa 
parabola are draum parallels to TP and TQ meeting TQ and TP in R and V; 
show that RU touches the parabola. 



CHAPTER XVI. 

t 

HOMOGBAPHIC EANGES ON A CONIC. 

1. Two systems of points ABC... and A'B^C... on a 
conic are said to be homographic ranges on the conic when the 
pencils P(ABC...) and Q{A^B^C\..) are homographic, P 
and Q being points on the conic. Hence two ranges on 
a conic which are homographic subtend, at any points on the 
conic, pencils which are homographic. 

To construct homographic ranges on a conic, take two 
homographic pencHs at points P and Q on the conic ; the 
rays of these pencils will determine on the conic two homo- 
graphic ranges. Given one of these pencils, three rays of 
the other pencil may be taken arbitrarily. Hence given 
a range of points on a conic, in constructing a homographic 
range on the conic, three points may be taken arbitrarily. 

2. If (ABC. . . ) cmd {A'B 'C . . . ) 5e two homographic ranges on 
a conic, then the meet of AB' and A'B, of BC and B'C, a/nd 
generally ofFQ' and P^Q, where PP', QQ' are any two pairs of 
corresponding points, all lie on a 

line (called the homographic axis\ 
First consider all the meets 
which belong to A and A\ 
These all lie on a line. For 
A{A'B'C'...)=^A\ABC.). 
Hence all the meets {AB^ ; A'B), 
(AC; A'C), (AD';A'B), ... lie 
on an axis. So all the meets 
which belong to B and J5 ' lie on an axis. So for CC , D lY , — 

3f 2 
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We have now to prove that all these axes are the same. 
The inscribed six-point AB'OA'BC shows that the meets 
{AB'\ A'B\ {B'C; BC% {CA'; C'A) are collinear. Now 
{AB'; A'B) and (CA'; C'A) determine the axis otAA'; so 
{AB'; A'B) and (J5'(7; BC) determine the axis of BB\ 
Hence the axes of A A' and BB' coincide ; Le. every two 
axes, and therefore all the axes, coincide. Hence all the 
aross meets {FQ' ; P'Q) li® ^^ ^^® same lina 

3. Given three pairs of corresponding points ABC, A'B'C'of 
two homograpkic ranges on a conic, to construct the point D' 
corresponding to D, 

The meets {AB'-, A'B) and {AC; A'C) give the homo- 
graphic axis ; and we know that {AD'; A'D) is on the homo- 
graphic axis. Hence the construction — Let A'D cut the 
homographic axis in d, join Ah^ cutting the conic again in 
the required point D\ 

4. Two homographic ranges on a conic have ttoo common 
points, viz. the points where the homographic axis cuts the 
conic. 

Let the homographic axis cut the conic in X and Y. To 
get the point X' corresponding to X, we join A^to X cutting 
XY in X and then join AX cutting the conic again in X\ 
Hence X' is X So Y' is Y. 

And there can be no common point other than X and Y. 
For if D and D' coincide, then each coincides with fi. Hence 
D, D' and B must be at X or Y. 

5. Eeciprocally, two homographic sets of tangents to a c-onic 
can he formed by dividing two tangents homographically in 
ABC... and A'B'C'...; then the second tangents from ABC.- 
mil form a set of tangents homographic toith the second tangents 
fromA'B'C... 

For any tangent will cut the two sets in homographic 
ranges. 

Again, aU the cross joins will pass through a point called the 
homographic pole ; and the tangents from the homographic pdk 



XVI.] Homographic Ranges on a Conic. 165 

mU he the self-cort'esponding lines in the ttoo sets of homographic 
tangents. 

This follows by Beciprocation from the previous articles. 

"Ex, L The points of contact of two homographic sets of tangents are homo* 
graphic ranges; and conversely, the tangents at points of two homographic ranges 
on a conic form homographic sets of tangents. 

Sx. 2. If DC/ be fixed points on a conic and AA' variable points on the 
conic, swih thai {00^, AA') is constants show that A and A' generate homo- 
graphic ranges on the conic of which and (f are the common points, 

£iX. 3. Ift?ie lines joining a fixed point P on a cotiic to the corresponding 
points AA' of two homographic ranges on 1M conic cut the homographic axis 
in aa', show that oaf generate homographic ranges, and that the ranges obtained 
by varying P are identical. 

For (JTF, aa') is constant and independent of the position of P on 
the conic. 

!EjX. 4. A conic is drawn through the common points of two homographic 
ranges AB..., A'^ ... on the same line. P is any point on the conic, and 
PA, PA' ciU the conic again in a, a'. Show that aa' generate homographic 
ranges on the conic, and that the ranges obtained by varying P are identical. 

Sx. 6. Beciprocate Examples 3 and 4. 

Ex. 6. The pencils A {PQR. . .) and A' (PQR...) are homographic. A line 
meets AP in p, A'P in pf , and so on, Shvw that there are two positions of the 
line such that ppf = gg' = ry »» ... . 

Viz. the asymptotes of the conic through AA'P(^B.... . 

Ex. 7. The joins of corr^ponding points of two homographic ranges on a conic 
tow^ a conic having double contact with the given conic at the common points of 
the given ranges. 

Let AA' cut XY in L, the tangent at X in a, and the tangent at Y 
in a' ; let BBf cut XY in M, the tangent at X in b, and the tangent at 
Y in 6'. Let AB^, A'B cut XY in K. Then 

{ALA' a) = X{ALA'a) = {AYA'X) = {BYB^X) 

[since X, Y are the common points] 

« Y{BYBfX) = {Bb^BfM) = {BfMBb^). 

Now AB', LM and A'B meet in K, Hence al/ passes through K. So 
a'b passes through K. Hence XY, al/, a'b are concurrent. Hence, by 
Brianchon, a conic touching the conic at X and at Y and touching AA' 
will also touch BBf, and similarly CC, etc. (See also XXIX. 10. ) 

6. Given a conic a/nd a ruler, construct the common points of 
two homographic ranges on the same line. 

Let the ranges be ABC... and A'JB^C^.,., Take any point 
p on the conic, and let pA, pA\ pB, pB^, ... cut the conic 
again in a, a', &, &',.... The ranges a&c... and a'Vc' ... on the 
conic are homographic ; for 

(ode.) =i? (a5c...) = (ABG...) = {A!B!G\..) 

= i?(^'J5'C'...)=(a'&V...). 
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Now determine the homographic axis of the ranges (a!)C...) 
and (a'&V...) by connecting the cross meets (a6'; a'5), etc. ; 
and let this axis cut the conic in x and y. Then M'gx and ]^ 
cut AB in X and F, X and Z are the common points of the 
ranges ABC . .and A'B^G\., . 

For 

i^XYABO..) =i) (Xr4J5(7...) = (a?ya6c...) = {xya'V(f...) 

=:p{xyaVc\,.) = (XYA'B'C...) ; 
ie. XT correspond to themselves in the ranges ABC, and 
A'B'C... 

Given a conic and a ruler, construct the common rays of two 
homographic pencils having the same vertex. 

Join the vertex to the common points of the ranges deter- 
mined by the pencils on any line. 



CHAPTER XVII. 



EANGES IN INVOLUTION. 



1, If we take pairs of corresponding points, viz. AA', BIT, 
CC\ DD\ Eiy, ... on a line, such that a cross ratio of any 
four of these points (say Al/y C'E) is equal to the corre- 
sponding cross ratio of the corresponding points (viz. A'D, 
CE'), then the pairs of points AA\ BBf, CO', ... are said to 
be in involution or to form an involution range. 

Or more briefly — If the ranges {AA'BB'CC'...) and 
{A'AB^BC'C.) are homographic, then the pairs of points 
AA\ BB\ CC, ... are in involution. 

To avoid the use of the vague word * conjugate ' let us call 
each of a pair of corresponding points, AA' say, the mate of 
the other, so that A is the mate of A' and A' is the mate of 
A. Let us call AA' together a pair of the involution. 

There is no good notation for involution. The notation 
we have used above implies that A and B are related to one 
another in a way in which A and B' are not related ; and 
this is not trua If we use the notation AB, CD, JEF, ... for 
pairs of points in involution, this objection disappears ; but 
there is now nothing to tell us that A and B are corre- 
sponding points. 

2. The following is the fundamental proposition in the 
subject and enables us to recognise a range in involution. 

If two homographic ra/nges, viz, 

{AA'BCB...) and {A' AB'C !/...), 
be such thai to one point A corresponds the same point, viz. A', 
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whichever range A is supposed to hdong fo, the same is true of 
every other point, and the pairs of corresponding points AA', BBf^ 
CC'y Bjy, ... are in invotuiion. 
We have to prove that 

(AA'BB'CC'niy...) = (A'AB'BCCI/D.,.), 

given that {AA'BCD . . .) = (A'AB'C'B'. . .). 

Now if P be considered to belong to the first range, its 
mate P' in the second range is determined by the equation 

(AA'BP) = (A'AB'P'). 

Let P be JB', then the mate P' of ^ is given by the 
equation (AA^BB^ = (A'AB'P'). Now we have identically 
(AA'BB") = (A'AB'B). Hence P' ia B. Hence B has the 
same mate, viz. B', whichever range it is considered to 
belong to. Again, we may consider the homography to be 
determined by the equation (AA'CP) = (A^ACP^) ; hence, 
as before, (7 has the same mate in both ranges. Similarly 
every point has the same mate in both ranges, i.e. 

{AA'BB'CC',..) = (A'ARBC'C,.,). 

The commonest case of this proposition is — 

If {AA'BC) = {A'AB'C) ; 

then AA\ BB\ CC are in involution. 

Two pairs of points determine an involution. 

For the pairs of points PP' which satisfy the relation 
(AA'BP) = {A'AB'P^ are in involution. 

Ex. 1. If (CBj AA') and {Cf£f, AA') be harmonic^ then {AA', BB", CCf) 
are in involution, 

Ex. 2. If {CAj A*Bf) = {AB, A'CT) = - 1, then {AA% BB^j CCf) is an 
involiiMon. 

Ex. 8. // (AA^, BC) = {BB", CA) = (CC, AB) = -i, 

show thoit {A'Ay BTCf) = {BfB, CA') = {CfC, A'Bf) = -i, 

and that {AA'y BCf, B'C), {BB', ACf, A'C) and {CCf, AB', A'B) are tncoitt- 
tions. 

Project the range so that A goes to infinity. 

Ex. 4. If {AB, XX*) = (CD, XX'), where A, B, C, D are fixed points <m 
the same line, then X and X* generate homographic ranges. 

For (AB, XX') = (DC, X'X), hence {AD, BC, XX') is an involution. 
Hence (ADBX) = {BACX'). 

Ex. 6. ABC and A'BfCf are homdhgoiis triangles, BC and BfCf meet in X, 
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CA and (fA' meet in F, ani AB and A'B^ meet in Z. OAA^, OBB^, 0C(/ 
meet the line XYZ in Z* y y, Z'. Show that (-T-T', yy, ZZ') is an involiUim. 

For {JTJ^Y'Z") = 0{jrABC) = A {XOBC) = (XZ'ZF) = (-TXTZ). 

3. To construct with the ruler only the mate of a given point 
in a given involution. 

Let the involution be determined by the two pairs AA', 
BB". Take any vertex F, 
and let VA, VA', VB, 
FjB', &c. cut any line in 
a, a', &, &', &c. Then the 
ranges AA'BB^.,, and 
a'aVh... are homographic ; 
for(a'a6'6. . .)={-4'-4J5'J5. . .) 
by projection through 
F=(-4^'J5Jr...) by invo- 
lution. Construct the homographic axis X/ut of these ranges. 
We observe that F is on A/ut, being the cross meet (Aa ; 
ulV). Take any point X on AA\ Let Za' cut Ajut in f. 
Let ^f cut oa' in of. Let F^ cut AA' in Z'. Then Z' is 
the mate of Z in the given involution. For 
{XAA'BB\.,) = {ccfa'aVl).,.) by the homographic axis 

= {TA'AB'B...) by projection through F. 

Hence (XAA'BB^,..) = (XfA'ABB..,). Hence Z' is the 
mate of Z in the involution. 

4. If AA'^ BB'y CC he three pairs of points in involution, 
the following relations are true, viz, 

AB". BC\ CA' =-A'B. B'C. C'A, 
AB'. BC. C'A'= - A'B . B'C\ CA, 
AB . BC\ GA'^ - A'B. BC. C'A, 
AB.B'G. C'A'^- A'B\ BC\ CA, 

Take any one of the relations, viz. 

AB.B'G'. GA'= - A'B'. BG. G'A. 
This is true if AB/BG^AG'/i = -A'ByB'G'-^A'G/i, 
Le. if AB, BG-^AG'/G'G = A'B'/B'G'^A'G/GG', 

Le. if {AG, BG') = {A'G', B'G). 

And this is true ; hence the relation in question is true. 
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Similarly the other relations can be proved. 

Conversely, if any one of these relations he truej then AA\ 
BB\ CC are in involution. 

For suppose AB . BC. CA'= - A'B". BG. C'A ; then as 
above (AC, BC')= {A'C, BV) ; hence AA', BB", CC are in 
involution. 

Eemark that, given one of these relations, the others 
follow at once. For in the definition of involution, there is 
no distinction made between two corresponding points. 
Hence in any relation connecting the points, we may inter- 
change A and A', or B and B', or C and C, or we may make 
any of these interchanges simultaneously. 

To obtain the second relation from the first, we inter- 
change C and C, to obtain the third we interchange B and 
B', to obtain the fourth we interchange B and B^ and C and 
C' simultaneously. 

Ex. 1. If {AA\ BB^, CCf) he in involution^ then 

{A' A, EC) . {B'B, CA) . (C/a AB) - - 1. 

Ex. 2. Circles of a coaxal system whose centres are A, B, C touch the sides 
of a triangle LMN in P, Q, 12, and circles of the same system whose centres are 
A'y B^y & pass through the vertices of the triangle; if PQR be a linCf then 
{AA^, BB^y CCf) is an invduMon, 

For LR'' :LQ^ II A'C : A'B, 

5. If AA\ BB\ CC'y ...he in involution, and if any fixed 
pair of corresponding points UU^ be taken as origins', and ifPF^ 
he any variable pair of corresponding points, then 

UP. UP'-^U'P. U'F' 

is constant. 

It will be sufl&cient to prove that 

UF. ZZP'-4- U'F. U'P'= UA . UA'-^ U'A . U'A', 
where AA' is a fixed pair of corresponding points. This is 
ivMQiUPU/UA'^FU'/U'A = P'U'/U'A'^F'U/UA', La if 
{FA, UU') = {F'A', V'U). And this is true ; hence the 
relation in question is true. 

Particular cases of this theorem are — 

AB . AB'-^ A'B . A'B'^ AC. AC-^ A'C. A'C, 
CA . CA'-^ CA . C'A'=: CD . (72/h- CD. CI/. 
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Conversely, if TJTJ' he fixed points, cmd if PP' he variahle 
points such that UP. UP'^ TJ'P. U'P' is constant; then PP' 
generate a/n involution in which UXI' are corresponding points. 

For take any point A and let A' be the position of P' when 
P is at ^. Then 

UP. UP'-^ U'P. U'P'=z UA . UA'-i- U'A . WA'] 

hence (PA, UU') = {P'A\ U'U), i.e. P and P' are corre- 
sponding points in the involution determined by the two 
pairs ^A', UU\ 

6. In an involution range, if any two of the segments AA', 
BB', ... hotmded hy corresponding points overlap, then every two 
overlap ; and ifa/ny two do not overlap, then no two overlap. 

For suppose AA' and BB^ overlap, then any two others 
CC and DL^ overlap. 

A B A' & 

AB.AB AG. AC 
For 



A'B.A'B' A'C.A'C 

But since AA' and BB^ overlap, the sign of 

AB . AB'-i- A'B . A'B' 

is -. Hence the sign of AG. AG'-^A'C. A'C is -. 
Hence AA' and GC' overlap ; for if AA^ and CC do not 
overlap, the sign of this expression is + , as we see from the 
figures — 

A A' C C A C C' A' 

We have shown that if AA^ and BB' overlap, then AA^ and 
CG' overlap. Hence, since GC' and AA' overlap, it follows 
that CC and 2)2)' overlap, i.e. that every two such segments 
overlap. 

Conversely, suppose AA^ and BB' do not overlap, then GG' 
and Djy do not overlap ; for if they do overlap, by the first 
part of the proof it follows that AA' and BB' overlap. 

7. The centre of an involution range is the point correspond- 
ing to the point at infinity. 
If he the centre of the involution of which P and P' are a 
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pair of corresponding points, then OP . OP^ is constant ; andj 
conversely, if a pair of points P and P' he taken on a line, such 
that OP . OP' is constant, then P and P' generate an invoMion 
range of which is the centre. 

Let be the centre of the inyolution range (AA', BF^ 
PP\ ...). Then 12' being the point at infinity upon the 
line, we have by definition 

(OQfAA'BB'PP') = (QfOA'AB^BP'P) ; 
.-. (0£t', ^P) = (£t'0, ^'P') ; 
.-. OA/AQf-^ OP/PQf= QIA'IA'Or^QIP'IP'O, 

and^l2'=P£t' and 12'J.'= X2'P' ; 
.-. OP. OP'- OA . 0A\ which is constant. 
Conversely, if OP . OP' be constant, let A' be the position 
of P' when P is at ^. Then we have OP . OP'— OA . 0A\ 
Hence by writing the above steps backward we get 

(0^'AP) = (12'0A'P'), 

where Df is the point at infinity on the line. Hence P and 
P' are a pair of corresponding points in the involution 
determined by (012', AA'), i.e. P and P' generate an involu- 
tion of which is the centre. 

Ex. 1. If Ohe the centre of the invduiion (-4-4, BBf, CCf, ...), sh(yu} thai 

AB . AB"-^ A^B . A'B" = ^0 ■^ A'O. 

To prove this, make the relation projective by introducing infinite 
segments in such a manner that the same letters occur on each side 
of the relation. We get 

AB . AB' 4- A^B . A'B" = AG . A H'^ A'O . ^'H', 

and this is a particular case of the theorem 

AB . AB'^A'B . A'B" = ACACf-^ A'CA'Cf, 

Ex. 2. Show that OA :0B:: AB' : BA' ; and deduce three other reUiHwi 
by interchanging corresponding points, 

Ex. 3. If a bisect AA' and jS bisect BB', shxm that 

(a) 2 . ^0 . a3 = AB. ABf ; 

(6) 4.a0.o3 = AB.AB'-^A'B.A'B' s 

{c) 2 . AA' .afi = AB. AB' -A^B . A'B^, 
For if be origin, then oki' = bb^. 

Ex. ^.IfR bisect CCf and R' be the mate of R, then RC = RR'. RO, 

Ex. 5. Any two homographic ranges, w?iether on the same line or not,o» 
be placed in two ways so as to be in involviMon. 

Viz. by placing I on J' and placing A and A' on the same or opposite 
sides of J. 



I 
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SiZ. 6. Of the two involutions one is overlapping and the other not, 

SiX. 7. Any line through the radical centre of three circles cuts them in a 
range in invoiwtion. 

8. A point on the line of an involution range which 
coincides with its mate is called a double point (or focus) of 
the involution. 

An involution rcmge has two, and only two, double points ; and 
the segment joining the double points is bisected by the centre and 
divides the segment joining any pair of corresponding points 
harmonically. 

If AA\ PP' be two pairs of corresponding points of an 
involution whose centre is 0, we have seen that 

OP.OP'=OA.OA\ 

Suppose P and P" coincid e in E. Then 0E^= OA . 0A\ 
hence OE = + VOJ. . 0A\ Hence there are two double 
points, ^and l^say, which are equidistant from 0. Also, since 
0JE7«= 0^2= OA . OA' and bisects BF, it follows that 
{AA', EF) is harmonic, i.e. EF divides the segment joining 
any two corresponding points harmonically. 

Notice that the centre is always real, being the mate of the 
point at infinity. But the double points will be imaginary 
when OA . OA' is negative, Le. when lies between A and 
A\ The double poi/nts cannot coincide, for then each coincides 
with 0, in which case OA . 0A'= 0E^= o ; i. e. A or A' 
coincides with 0, and J.' or J. is anywhere, i. e. half the 
points are at and half are indeterminate, L e. the involu- 
tion is nugatory. 

9. The double povrds ofa/n overlapping involution are imaginary 
and those of a non-overlapping involution are real. 

Take the centre of the involution. Then 

OA . 0A'= OB . 0B'= . . = OE'=OF\ 

Now in an overlapping involution 012' and AA' over- 
lap, i. e. Hes between A and A\ Hence OA . OA' is nega- 
tive, ie. OE^ and OF^ are negative, Lq. E and F are 
imaginary. 
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Similarly in a non-overlapping involution, 01? and Of^ 
are positive. i.e. ^ and i^are real. 

An overlapping involution is sometimes called a mgij^ 
involtUion and a non-overlapping involution is called &posUwe 
involution. 

£x. 1. If E and F divide harmonically the segments AA\ BS^, (Xf^ ... , 
show that {A A' J BBf^ CCfj,,.) is an invcitiiion. 

Bisect the segment EF at 0. Then 

OA . 0A^= OB . 0B'« . . . « 0E\ 

Ex. 2. If E and F he the double points of {AA', BBT, C(r,...), shmo 1M 

AB . AB"-^ A'B . A'B^ = AF?-^A'E^. 

__ o ^, ^B,AB^ AE,AF 

Ex. 3. Also SB - . 

A'B.A'BT A'E.A'F 

Ex. 4. Also ABf. BE . EA' - -A'B . B'£ . Jg?^. 

Ex. 5. Also EF^, aP^ = AB. ABf, A'B . A'B^. 
For EF = a.OE = aeifaa''^^, 



Ex. e. ^Zso 4 . a/8 . «lE? = [^AB . -^B' + V^'J5 . A'B']\ 

Ex. 7. I/" the segments AA\ BBf,... joining corresponding points have the 
same middle pointy show that AA', BB',.,. form an involuiioni and find tht 
centre and double points. 

n' the point at infinity and E the middle point are harmonic with 
every segment AA\ Hence H', E are the double points and ft' is the 
centre. 

Ex. 8. If AA', BBf he pairs of points in an invduMon^ one of whose douiiU 
points is at infinity ^ then AB = —A'Bf. 

For E the other double point must bisect AA' and BB^ , 

Ex. 9. If any two segments AA'j BB^ joining corresponding points in an 
involution have the same middle pointf then aU such segments have the same 
middle poin^. 

For the other double point must be ft'. 

Ex. 10. // AP . AP' = A^P . A'P', show that the points P and P' form an 
involution in which A and A' are corresponding points ; and find the cenin 
and double points, 

Ex. 11. If any transversal through V {the internal vertex qf the hamumic 
triangle of a quadrilateral circumscrihing a conic) cut the sides in AA', BSf 
and the conic in PP* ; show that (AA', BB'y PP^) is an invdluMwi, the douNe 
points heing V and the meet of UW unth t?te transversal. 

Ex. 12. Through a given point draw a line meeting two conies (or imo 
pairs of lines) in points AA% BBf such that {OAA'BBf) = {OA'ABfB), 

Join to the meet of the polars of 0. 

Ex. 13. If ABC... y A'Bf(f... he ttco homographic ranges on the same limiy 
and if the mates ofP{= Q^) be P' and Q, we know that the ranges A and A' 
and the ranges P' and Q have the same common points {E, F say) ; show that 
P has the same fourth harmonic for P'Q and for EF. (See X. 7. Ex. 4.) 
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We have only to prove that P (« Q') is one of the double points of 
the inTolution determined by P'Q, BF. 
Now {PQEF) = {FfqfEF) from the first homography 

= \p'PEJF) = {PPTE). 

Hence P'Q, El^, PP are in involution, i.e. P is a double point of the 
involution. 

"Ex.. 14. With the same data, P and the fourth harmonic qf P for P'Q 
generaie an involution. 

10. A system of coaxal circles is cut hy any transversal in 
pairs of points in involution. 

For if the transversal cut the circles in AA\ BB\ CC% ... 
and the radical axis in 0, then 

OA . 0A'= OB. OBf= OC. 0C'=... . 

Hence A A', BB^, CC\ ... form an involution of which is 
the centre. 

XjX. 1. Give a geometrical construction for the dovble points qf the involution 
determined on a line by a system ofcoaocai circles. 

Six. 2. A line touches tioo circles in A and A' and cuts a coaxal circle in 
B and B' ; show that {AA', BBf) is harmonic. 

Six. 3. Of the involution determined by a system qf coaxal circles on the line 
qf centres f the limiting points are the double points. 

"Ex.. ^Ifa line meet three cirdes in three pairs of points in involution, ffien 
either the circles are coaxal or the line passes through their radical centre. 

XiX. 6. If each of the sides qf a triangle meet three circles in pairs qf points 
in involution, the cirdes are coaxal. 

!EiX. 6. The three cirdes draum through a given point F, one coaocal ujith the 
circles a and fit one coaxal ujtth the cirdes and y, and one coaxal with the 
cirdes y and a, are coaxal. 

Let two of the circles cut again in V^, and consider the involution 
on W. 

XjX. 7. Two cirdes a and fi are drawn having the radical axis p with the^ 
circle y, and 5 and € are draum having the radical axis q unth y ; show that the 
meets q/'aS and offi« are concydic. 

Consider the involution on the radical axis of a and 8. 

IL If EF he the double points of am, involution of which A A' 
wnd BB^ are am/y two pairs of corresponding points, then {AB\ 
A^By EF) are in involution, and so are {AB, A'B^^ EF). 

For (AB!, A'B, EF) are in involution if 

(ABEF) = (RA'FE), i.e. = (A'B'EF) ; 

uid this is true^ for E corresponds to itself and so does F. 
Similarly {AB, A'B", EF).sj:e in involution. 
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Sx. 1. Prove the following construction for the double points qf the invcbj^ion 
AA\ BB', C(/,... viz.—Take any point P and let the circles through PAEf and 
PA'B cut in Q; so let the circles through PAB and PA'Pf cut in R; then ihe 
circle through PQR cuts AA' in the required double points. 

For if the circle through PQR cut AA' in EF, then from the radical 
axis PQ we see that {AB^, A'B^ EF) are in involution ; hence 

{ABEF) = {BfA'FE) = {A'BfEF). 

So from the radical axis PR, we get {AB'EF) = {AfBEF). 

Hence {ABEFB') = {A'B^EFB). 

Hence EF are the double points of the involution determined by AJ! 
and BB^. 

XjX. ^, If E and F he the limiting poirUs qf the cirdes on the coUinear 
segments AA', BB^ as diameters, show thai the cirdes on AB, A'Bf, wnA EF 
as diameters are coaxal. 

XiX. 3. If Ef F be the common points of the two homographic ranges {ABC.) 
and (A'B^Cf ...)t then ABf, A'B, EF are in involution, 

Ex. 4. Prove the foUounng construction for the common points of the two 
homographic ranges {ABC.) and {A'Bf(f...) — Take any point P and let the 
cirdes PAB' and PA'B cut in Q, and let the cirdes PACf and PA'C cut in B; 
then the cirde PQR unU cut AA' in the required poirUs. 

Ex. 6. Given two pairs of points AA', BBf of two homographic ranges and 
one common poirU, construct the other. 

12. IfAA\ BB\ CO' he pairs of points in involution, cmdif 
P, Q, E he the middle points of A A', BB', CC\ show that 

A'A\ QB+B'B". RP+ C'C\ PQ+4PQ' QB.RP = o-, 

and if U he any point on the same line, then 

{ATP + A'm) QR+iBZP+B'lP) BP+{CIP + C'U')PQ 

= -4BQ.QB.BP. 

Take the centre of the involution as origin and use 
abridged notation ; then if OA^=ai, and so on, 

A'A^= (a—ajf= a^ + a^ — 2aa^=. {a + a^'^ — ^aay. 

But a-\-a{= 2p and QR = r—q, 

and aUi= 661= cc^= A, say ; 

.-. A'A\QR = {4p'-4^){r-q); 

.-. 2{A'A\ QR) = 4 2jpVr-^)-4^2(r-2) 

= '-4(q-p){r-q)(P'-r) 

= -4PQ' QR.RP. 
Again, if a; be the distance of U from the origin 

AZP= (x-ay. 
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Hence 2 {(^Z7« + J.'Cr«)Qi2} 

= S{[2«»-2a;(a+aJ + a«+a,«](r-g)} 

= -4i^ . Ci2 . -RP by the former part. 

:. L TTi/A (^ same noto^ton, tHww thai 

AB . A&/AC. ACT « Pg/PiJ. 

:. 2. ^280 if E he a double point, then 

A'A^/PE-B&/QE « 4Pg. 

8. ^280, X being any point on the same line, 

XA . XA*. QR-k-XB.XBf . RP+XC, XCf, PQ « a 

:,4u AI90 XA,XA' ,EF'¥X£!^.FP + XI^.PE = 0. 

Ex. 5. Also XA . XA' -^XB . XBf + aPQ . XO - o. 

^^e. Also RCPQ^:- RA.RA'.QR + RB.RB'.RP. 

"Ex, 7. Given two coUinear segments AA\ BB', determine a point C such 

Oiat CA. CA' iCB.CB" ::k:i. 

Determine the point R from the relation JSP : i2Q : : X : z. 

Through any point V draw the two circles VAA', VBBf cutting again 
in F'. Draw the circle through W, having its centre on the perpen- 
dicular to AA' through R, Iliis circle will cut AA' in the required 
points (see Ex. i). 

13. Take any point V on the line of the involution. 
Then OA = VA-VO = x-r, say ; so 0^'= (xf-r. 

. *. OA . 0A''=- constant gives (a;— r) {x—r) = constant. 

Hence the distances of pairs of points m an involution from 
cm^ point on the line sa^tisfy the relation kxaf + 1 {X'{-xf)+n = o, 
where k, I and n are constants. 

Conversely, if this relation he saMsfied, the pairs of points 
form OM involution. 

For te/+2(rc+a?')+w = o can be thrown into the form 
{x—r) (a?'— r) = constant ; which is the same as 

OA . OA'— constant. 

Or thus. If (AA\ BB', CC", ...) be in involution, then 
{AA'BB'CC^ .„) is homographic with {A'AB'BC'Cy ...). 
Hence corresponding points in the two ranges are connected 
by a relation of the form xx' +Ix+ nuf + w = o. Also, as there 
is no distinction in an involution between A and J.', we must 

N 
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have l^m. Conversely, if a»/+ Z (a;+a;^ +n = o, J. and A* 
generate homographic ranges in which A and A' are inte^ 
changeable. Hence A and A' generate an involution. 

Six. L Bhono that P, V determine an invoiuMon if 

AP.B'P^ + \.AP+fi,B^F' + v^o, 
provided k—fi ■« AB^. 

Ex. 2. Show that P, P^ determine an involution if 

a.AP.BP* ^AB.PP"; 
and that A and B are the double points, 

Ex. 3. Show that P, P' determine an involtUion \fAP-¥BfP' =v; andihat 
(me double point is at infinity. Find also the second double point, 

14. If {AA^, BB", CG') he pairs ofpamts of cm invoMm, 

riA Q-D rjjDf 

We have to prove that 

CA . BB^. C'B". C'B-hCB. B'A . C'A\ C'B 

+ CB". AB . C'A\ GB'= 0. 

This relation is of the first order in A and in A\ Consider 
the points X, X' connected by the relation 

CX . BB\ C'B'. aB+CB. B'X . C'X'. CB 

+ CF. XB . C'X\ CB^ 0. 

Eeducing to any origin, this relation assumes the form 

xoif'\-lx+moif'\-n = o. 

Hence X and X' generate homographic ranges. 

Now the relation is satisfied by X = C and X'= C\ and 
by Z = 5 and Z'= B% and hy X = B' and X'— B. Hence 
the homography is that determined by {CBB') = {G'PB\ 
i.e. is the given involution. Hence the above relation be- 
tween X and X' is satisfied by any corresponding pair of 
points of the involution. Hence the relation is satisfied if 
we replace X, X' by Ay A'. 

^ , , AB.A^C AB^.A'Cf 

Ex. 1. Show that AM = — -- — + — -^-^ — • 

.„ « ,, AB,A'C AA\B!(f 

^^•^•^^ -agT^b^^bTTa^-^^ 

Ex.8, ultoo ^^.BCr+^.CA^AB. 



I 
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-r^ ^ AC.A<y BC.BC 

Ex. 6. Alao, P being any point on the same line, 

QA /Tfg CB' 

^jj.BJff,PA'-^-^^.B^A.PW'k"^.AB,PB^o, 
Ex.7. Also ^^.BCr.PA'+'^.CfA.PB'^AB.PC. 



If 2 



CHAPTEE XVin. 



PENCILS IN INVOLUTION. 



1. The pencil of lines VA, YA', VB, Yff, VC, FC, ... is 
said to form a pencil in involution if 

Y{AA'BJB^CC\..) = ViA'AB'BC'C...). 

Any trcmsversal cuts cm involution pencil in an irnxMrn 
range ; and, conversely, the pencil joining a/ny invoUUion range 
to any point is in involution. 

Let a transversal cut an involution pencil in the pairs of 
points ^^', BB', CC, .... Then, since 

V{AA'BB'CG\..)= ViA'AB'BC'C.,.), 

we have V{AA'BC) = ViA'AB'C) ; hence 

(AA'BG) = {A'AB'C). 

Hence C, C are a pair in the involution determined by the 
pairs AA\ BB\ Similarly for any other pair of points in 
which the transversal is cut by a pair of lines of the inYO* 
lution pencil. 

Conversely, ]1{AA'BB'GG'...)^{A'AB'BG'C...), we have 
[AA'BG) = (A'AB'G') ; hence V{AA'BG) = Y{A'ASC'\ 
Hence YG, YG' are a pair of rays in the involution pencil 
determined by Y{AA\ BB% So for any other pair of 
corresponding rays. 

Ex. 1. If V he any point on the homographic axis </ the two homografkit 
ranges {ABC.) - {J/B^Cf ...) on different lines; show that 

V{AA',BBf,CCf,...) 
is an involution pendL 

Let JC^Y be the mates of the point J[{=T) where AB and/^ 
meet. Then F is on X'Y. Hence 

V {XX' ABC,,,) = V{XYABC„.) 
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- ViX^Y^A'BfCf...) by homography - V{X*XA'Bf(f ,..), 
Hence K(X^, AA'^ BB^, ,..) is an involution. 

£x. 2. Reciprocate Ex, i. 

Sx. 3. 7tro homographic pencils have Iheir vertices at infinity, Skow that 
any line through their homographic pole determines an involution qf which the pole 
is the centre, 

£jX. 4. Any two homographic pencils can he placed in two ways so as to he in 
involution. 

Let the pencils be V {ABC „.) = V^ {A'B^Cf,,.), First, superpose the 
pencils so that V is on F' and VA on V'A', This can be done in two 
ways. Let VX ( = F'X') be the other common line of the two pencils 
V{ABC...) = V{ABfa...). Then in the original figure AVX= A'V^X', 
Second, place F on F' and VA on V^X' and VX on V'A', The two 
pencils are now in involution ; for VA ( = V'X^) has the same mate, 
viz. V^A^ ( = VX) whichever pencil it is supposed to belong to. 

If the vertices are at infinity, place the pencils so that all the rays 
are parallel. Let any line now cut them in the homographic ranges 
{abc,..^ = (a'Z/c'...). Now slide (a V</...) along (ofec...) until the two 
ranges are in involution (either by Ex. 5. of XVII. 7, or by a construc- 
tion similar to the above). 

2. A pencil ofrmjs in involution has two double rays {ie. rays 
each of which coincides with its corresponding ray), and the 
double rays divide harmonically the angle between every pair of 
rays. 

Let any transversal cut the pencil in the involution 
{AA\ BB^y CC, ...), and let E, F be the double points of 
this involution. Then the ray corresponding to VE in the 
pencil is clearly VE itself. Hence VE is a double ray. So 
VF is a double ray. Also {AEA'F) is a harmonic range ; 
hence V {AEA'F) is a harmonic pencil. Similarly VE, VF 
divide each of the angles BVB', CVG\ ... harmonically. 

There is nothing in an involution pencil which is analo- 
gous to the centre of an involution range. In fact the point 
at infinity in the range AA\ BB", CC\ ... will project into 
a finite point on another transversal^ and will project into 
the mate of this finite point. 

K, however, F is at infinity, i.e. if the rays of the pencil 
are parallel, then all sections of the pencil are similar, and 
there is a central ray which is the locus of the centres of all 
the involution ranges determined on transversals. 

Ex. 1. Ifthe angles AVA', BVB^y CVC/,... he divided harmmicaUy hy the 
same pair 0/ lines, the pencil V{AA\ BBf , C(/,...) is in invotutiofn^ 
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Sz. 7l, If ihA angles he bisected by the same line, then the pencil is m 
involution, 

Six. 3. Jf the double rays qf a pencil in invoiuiion be perpendicular^ (key 
bisect aU the angles bounded by corresponding rays. 

XjX. 4:, If two angles AVA', BVB^ bounded by corresponding rays qf a pencil 
in involution have the same bisectors^ then aU such angles have the sam 
bisectors, 

Six. 6. Find the locus of a point at which every segment (AB) qf an in- 
voiuiion subtends the same angle as the corresponding segment {A'Bf), 

The circle on EF as diameter. 

Ex. 6. Through any point are drawn chords AA', BB^, CCf, ,.. qf a 
conic ; show that AAf, BB^, CCf subtend an involution pencU ai any point oftkt 
polar of 0. 

Ex. 7. Reciprocate Ex, 6. 

"Ex.. 8. If ABA^Bf be four points on a conic, and if through any point on 
the external side UW qf the harmonic triangle qf ABA'B^ there be drawn tm 
tangents OT and OT to the conic ; shtno that {AA', BB\ IT) is a pencil in 
involution, the double lines being OU and OF. 

Sx. 9. Through a fixed point is drawn a variable line to ctttthe sides qfa 
given triangle in A'Bf(f ; find the locus of the point P such that 

(PB',A'Cf)^-i. 

Now B (AC, BfP) = — I, .'. BBf and BP generate an involution 

.-. B{P) = B^BT) = 0{Bf)^ 0{P), 

. *. the locus is a conic through B and 0. 

3. If AVA^BVE", CYC\ ... he all right angles, then the 
pencil V(AA\ BB', CC, ...) is in involution. 
We have to show that 

Y{AA'BB'GC'...) = ViA'AB'BC'C.,.). 

Produce AV to a, BV to h, and so on. 
Then if we place YA on VA\ YA' will fall on Ya, and 
so on. Hence the two pencils 

Y{AA'BB^.„) and Y^A'aBfh,,,) 

are superposable and therefore homographic. But 

Y{A!aB'h.„) 

is homographic with Y{A'AB^B.,)\ hence Y^AA'B^.^ 
and Y[A!AB'B..,) are homographic. 

Otherwise : — From the vertex Y drop the perpendicular 70 
on any transversal AA*BBf ,,. . Then, since A YA' is a right 
angle, we have YO^ = AO . 0A\ 

Hence OA . 0^'= OB . 0^= 00. 0C'= -. • 
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Hence {AA\ BB'j CC\ ...) is an involution range. 
Hence Y{AA'y BB\ CC\ ...) is an involution pencil. 



Ifihrcmgh the centre of an overlapping involnMon {AA\ BB^, ...), there 
be drawn VO perpendicular to AM and such that V(^= AO . 0A\ then any four 
points of the involuMon subtend ai V a pencil superposable to that subtended 
by their mates, 

4. In every involution pencil, there is one pair 0/ correspond- 
ing rays which is orthogonal ; and if more than one pair he 
orthogonal, then every pair is orthogonal. (See also XX. 6.) 

Take any transversal cutting the pencil in the involution 
(AA\ BB^, CC% ...). Through the vertex Fdraw the circles 
VAA', YBB' cutting again in 7'. Let W cut AA' in 0. 
Then OA . 0A'= OY. OY'^ OB . OB". Hence is the 
centre of the involution. Hence 

00. 0C'= OA . 0A'= OY. 0Y\ 
Hence the four points Y, Y\ C, C are concyclic. 

In this way, we prove that all the circles YAA\ YBB', 
YCC% ... pass through F'. Also every circle through FF' 
cuts AA^ in a pair of points PP^ of the involution ; for 

OP. 0P'= OY. 0Y'= OA . 0A\ 
Let the line bisecting YY' at right angles cut AA^ in Q. 
Describe a circle with Q as centre and with QF as radius, 
cutting AA' in PP\ Then P, P' are a pair in the involution, 
and PYP' is a right angle. 

This construction fails in only one case, viz. when YY' is 
perpendicular to AA\ In this case, the orthogonal pair are 
YY' and the perpendicular to YY' through F. 

Also if two pairs are orthogonal, every pair is orthogonal. 
For suppose AYA\ BYBf are right angles. Then the 
centres of the circles AY A' and BYB' are on AA\ Hence 
AA' bisects YY' orthogonally. Hence the centres of all the 
circles AYA\ BYB", CYC, ... are on AA\ Hence all the 
angles AYA\ BYB^, CYC, ... are right angles. 

"Ex.. 1. Show that a given line VX through the vertex always bisects one qf the 
angles AVA' , BVB\... of an involution ; and if it bisect tioo of the angles, it 
bisects all. Discuss the case when VX is perpendicular to one qf the double rays. 

Take AA^ perpendicular to VX, and take the centre of the circle 
on VX. 
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Six. 2. Show that the pencUa 

V {AA', BB", C(/y ...) and F' {AU, ffB, CtC, ...) (/ § 4 
art superposahle. 

For Z-4r^ is equal to Z -4' F^^ or its supplement. 

Six. 3. Given two homographic pencils, we can always find in the first pencil 
rays VA, FB, and in the second pencil corresponding rays V'A\ V*&, swih thai 
both AVB and A'VBf are right angles. Can more than one siich pair exists 

Ex. 4. (AiA^,BB^, (X/,...) is an involution. Show thai the drdea 

PAA',PBJ^,P(Xy,..., 

where P is any pointy are coaxal. 

:. 6. Deduce a corisiruction for the mate qfa given point in the involulwn. 



Ex. 6. Also given AM and BB^, and the middle point qf (X/, construct 
C and Cf. 

Ex. 7. Given two segments AA% BB^ qfan involuHon, construct geometricdUy 
the centre 0. 

Ex. 8. Given a segment AA^ of an involution and the centre 0, construct tht 
mate ofC. 

Ex. 9. Given tujo involutions (AA'y BBf, ...) and {aa\ W, ...) on tfte sam 
line : find two points which correspond to one another in hckh involutions. 

Ex. 10. If any two circles he draum through AA' and BB^, their radical 
axis passes through 0. 

Ex. 11. If Aj A^ generate an involution range, and QA be perpendicular to 
PA and QA^ to PA% show that if P be a fixed point, then Q generates 
a line. 

For the locus of the centres of the coaxal circles PAA^ is a line. 

5. Every overlapping pencil in involution can be projected 
into an orthogonal involution. 

Let any transversal cut the pencil in the overlapping 
involution of points {AA', BB", CC\ ...). On AA\ BB" as 
diameters describe circles. Since AA^, BB^ overlap, the 
circles will cut in two real points U and U\ Now, since in 
the pencil in involution U{AA\ BB^, CC\ ...) two pairs of 
rays, viz. UA, UA' and UB, UB^, are orthogonal, hence 
every pair is orthogonal. 

Rotate U about AA' out of the plane of the paper. With 
any vertex W on the line joining JJ to the vertex V of the 
given pencil, project the given pencil on to any plane 
parallel to the plane UAA\ Then YA projects into a line 
parallel to UA, and VA^ projects into a line parallel to TJA'\ 
hence AVA' projects into a right angle; similarly BVS^ 
CVC\ ... project into right angles. 
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Ex. 1. {AA^jBB^j CCfj ...) is an invclyMon. Show that the circles on 
AA\ BSf, C'C/, ,,.08 diameters are coaaxU, 

Ex. 2. Show also that AA'^ BB^y CCf, ... subtend right angles at two points 
in the plane. When are these points real ? 

6. IfPjQfBhe the fourth harmonics of the point Xfor the 
segments AA^, BJB^^ CC of am, involution range, then 

PA^ QR_,Q^ BP RC^ PQ^ PQ.QR.RP _ 
XA^ ' XP"^ XB"' XQ'^ X(P ' XB "*" XP.XQ.XB " °* 

Join the points to any vertex V ; and cut the pencil so 
formed by a transversal aa% hb\ cd, p, q, r, x. Then since 
the given relation is homogeneous in each point, as in 
proving Carnot's Theorem, we see that the relation is also 
true of the projections aa', &c. of the given points. Now 
take aa' parallel to YX, Then a; is at infinity. Hence 

xo?.xp__ xc?,xp_ xa^,xp _ 

xV^.xq^ ' xc^.xr" ' xp.xq.xr" 

Hence the given relation is true if 

pa^.qr+qb^. tp + rc^.pq+pq.qr.rp = o. 

But now p, q, r bisect aa% hh\ c(/; hence this relation is 
true by XVII. 1 2. 

If in addition to the above notation Pi, Q^, Bj^ bisect AA\ 
BB^, CG\ show that in Examples 1-6 

- AB.AB^ ^ AC.ACf _ PQ ^ JTQ 
' ' XB.XB' ■*" XG.Xa " PR ' XR' 

Ex. 2. AB.AB^-^AC.ACT'-'PQ.XQi-^ PR.XR^. 
For XQ,XQi = XB,XB^, &c. 

-w-t A ^-^ • YA^ ^^ ,_^ YB . YB' ^^ „^ 

YC, Ycy ^ ^„ 

XC, X(f ' 

ychere Y is any point on the same line, 

Ex. 4. YA . YA\ ^ + YB. YB". -^ + YC. Y(/,-~-= o. 

XPi XQi XRi 

QR.XP RP,XQ P Q.XR _ 

' XA.XA^ "*" XB,XB' "*" XC^XC' ~ °' 

Take Y at infinity. 
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'BolT IS (CP, AA') « (eg, BW) - {^FV*, BJBT) . (QQ', AA") 

« (CC, p'go == - r, 
then {AA\ BB^, CCf) are in inwluJlum, 

Project C to infinity, and use the relation 

a {pp^ + W) s= {p +i/) (b + y), taking (/ as origin. 

Ex. 8. If{AA\BW) = (-TC,^^') « {Xa.BBT) « -i, 
M«n ('d^', BB', C&) are in inodution. 

Project X to infinity, and take the centre of the involution (AA', BBf^ 
as origin. 

XiX. 9. If A A', BBf, C(fy Dlf he four segments in invdvJtUm, and if 
(LP, AA') = (iQ, BB^) = {LR, CCf) = (LS, BI/) ; 
show that {PQRS) is independent of the position qfL. 
For {PQy RS) ^ (AB, CD) x {A'B", CD). 

Sz. 10. DeduM by Reciprocation a property qf four pairs qf rays in 
inooluiion. 

Ex. 11. If(AA% BB^) and {AA', Qtf) he harmonic, then 

Take A' at infinity. 

Ex. 12. Deduce the relation , 

BBf,qq^ Bfqf q[B ^ 

QA.QA' ■*■ QB ■*" g^' "'°* 
Take P at infinity. 

7. Bt^ (xmsidenng sediom of the involution pencil 

V{AA\ BB', CC\ ...) 
shmo that in EocanvpUs 1-4 

- sin^F^.sin^FB^ _ sin^FC. sin ^F^T sin'^FJ 

* Bin A'VB . sin A'Vff " sin ^'FC. sin ^'FCT "" sSlI^FE* 

Ex. 2. sin ^ FB . sin BTVC, sin CTVA'^^ sin A* VBf . sin BV(f, sin CVA, 

Ex. 8. ^ Fi2 he either of the orthogonal rays^ then 

tan RVA . tan RVA' is constant. 
Draw the transversal perpendicular to VR. 

Ex. 4. If VX he any line, then any pair VP, VP' saM^fies a relation 
of the form 

tanXFP. tan JTFP' + Z. tan XFP+Z. tan XFP' + n = o, 

where I arui n are constants, 

Ex. 6. IfVA', VB^y vet he three hisedors of the angles BVC, CVA, AVE 
(either three external, or one external and two internal), then 

r(AA',BBf,CC^,,.,) 
is an iwDoluiion, 

Ex. e. If VX and VY he fxed lines, and VP^ VP* he variable linen 
sati^ying the condition 

sin XVP ~ sin TVP = - sin XVP' -=- sin YVP^, 

then VPy VP' generate an involution. 



CHAPTEE XIX, 

INVOLUTION OF CONJUGATE POINTS AND LINES. 

1. The pairs ofpomts on a line which are conjugate for a conic 
form a/n involution. 

Let I be the line and L its pole. Let -4.-4.', BB', CG\ ... 
be the pairs of conjugate points on I. Then the polar of A 
which lies on I passes through L. Also the polar of A by 
hypothesis passes through A\ Hence LA^ is the polar of -4. 
So LA is the polar of A\ and so on. Hence {AA'BB'CC'.,.) 
of poles = LiA'AB'BCa.,) of polars = {A'AB'BC'G...). 
Hence (-4-4', BB^j CG% ...) form an involution. 

The double points of the involution of conjugate points on a 
line are the meets of the line and the conic 

For these meets are harmonic with every pair of conjugate 
points on the line. 

This affords another proof that conjugate points on a line 
generate an involution. 

2. The pairs of lines through a point which are conjugate for 
a conic form a/n involution. 

Let L be the point and I its polar. Let LA, LA'] LB, LB^\ 
LC, LG'\ ... be the pairs of conjugate lines, the points AA% 
BB^, CC\ ... being on I. Then the pole oi LA which passes 
through L is on I, But the pole of LA by hypothesis lies 
on LA\ Hence the pole of LA is -4'; so the pole of LA' is 
A, and so on. Hence L{AA^BB'GG'...) of polars = 
{A'AB'BC'G,..) of poles = L{A'AB'BC'G...). Hence 
L{AA\ BB^, GC'j ...) form an involution. 
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Thj& double lines of the involution of conjugate lines through a 
point are the tangents from the point. 

For these tangents are harmonic with every pair of con- 
jugate lines through the point. 

This affords another proof that conjugate lines through a 
point generate an involution. 

Sx. 1. Through every point can he draum a pair qf lines which are coiyugaU 
for a given conic and also perpendicular. 

Sx. 2. ^f two pairs of conjugate lines at a point are perpendicular, aU pair$ 
are perpendicular. 

Ex. 3. Given that I is the pdar qf L, and given that ABC is a sdf-conjugate 
triangle, consirud the tangents from L, 

3. An important case of conjugate lines is conjugate 
diameters, i. e. conjugate lines at the centre. The double 
lines of the involution of conjugate diameters are the tan- 
gents from the centre, i.e. the asymptotes. 

Ex. 1. Conjugate diameters of a hyperbola do not overlap, and conjugatt 
diameters of an ellipse do overlap. 

Ex. 2. Through the ends P and D of conjugate semi-diameters CP, CD 
of a conic are draum parallels y meeting the conic again in Q and E ; show thai 
CQ, CE are also conjugate diameters. 

For if CX bisect PQ and BE, and CY be the diameter conjugate 
to CX, then CX, CY are the double lines of the involution C(Pg, DE\ 
Hence C {XY, PD, QE) is an involution. 

Ex. 3. TTie joins of the ends of two pairs of conjugate diameters PP^, Dl/ 
and QQ^j EE^ are parallel four by four, 

Ex. 4. Two of the chords joining the ends of diameters parallel to a pair 
of tangents are parallel to the chord of contact, 

Ex. 5. The conjugate diameters CQ, CE cut the tangent at P in R, Bf; show 
thatBP.PE^= Cl)\ 

For P is the centre of the involution determined by the variable 
conjugate diametei's CQ, CE on the tangent at P. Also in the hyperbola 
the double points are on the asymptotes. Hence 

RP.PBf'^-PT^ = CD\ 

In the ellipse the diagonals of the quadrilateral of tangents at 
P, P', B, 2/ give a case of CQ, CE. Hence RP.PBf^ Clf*, 

Ex. 6. Parallel tangents of a conic cut the tangent at Pin R, Bf; show thai 
BP.PR^= CD\ 

Ex. 7. The conjugate diameters CQ, CE cut the tangents ai the end of 
the diameter PP^ in B, Bf; show that PB . P'Bf = CD'. 
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4. Defining the principal axes of a central conic as a pair 
of conjugate diameters which are at right angles, we can 
prove that — 

Hie principal axes of a conic are always real 

For by XVIII. 4, one real pair of rays of an involution 
pencil is always orthogonal. 

A central conic {unless it he a circle) has only one pair of 
principal axes. 

For by XVIII. 4, if two pairs of rays of the involution 
pencil are orthogonal, then every pair is orthogonal, i.e. the 
conic is a circle. 



Oiven the centre of a conic and a self-conjugate triangle^ construct the 
cures and asymptotes. 

Let be the centre and ABC the triangle. Through draw 
0A% OB^f OCf parallel to BC, CA, AB, The asymptotes are the double 
lines, and the axes the orthogonal pair of the involution 

{AA% BBfj CCf). 

5. The feet of the normals which can he dratm from any 
point to a central conic are the meets of the given conic, and a 
certain rectangular hyperbola which has its asymptotes parallel 
to the axes of the given conic, and which passes thrcmgh the centre 
of the given conic, and through the given point. 

Let be the given point. Take any diameter CP, and let 
the perpendicular OT on CP cut the conjugate diameter CD 
in Q. Then, taking several positions of P, &c., 

C^(«i«2-) = C{I),D,...)=C{P,P,...) 

= c(r,r,...) = o(r,r,...) = o(ftft...). 

Hence the locus of Q is a conic through C and 0. 

This conic is a rectangular hyperbola with its asymptotes 
parallel to the axes, as we see by making CP coincide with 
CA and CB in succession. Now let B be the foot of a 
normal from to the given conic, then i2 is on the above 
rectangular hyperbola ; for, drawing CP perpendicular to OB, 
OY meets CD, i.e. CB, in JR. 

Ex. 1. The same conic is the locus of points Q such that the perpendicular 
from Q on the polar of Q passes through 0. 

For QO, being perpendicular to the polar, is perpendicular to the 
diameter conjugate to CQ, 
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Bx: 2. Thn nannaiJlA at the /our points where a conie is cut by a rectangular 
hyperbola which passes through the centre and Juis its asymptotes parallel to the 
aoces^ are concurrent at a point on the rectangular hyperbola. 

For let the normal at one of the meets B cut the hyperbola 
again in 0. 

£iZ. 3. Eight lines can be drawn from a given point to meet a given central 
conic at a given angle. 

JSmK. 4. Dedu/^ the corresponding theorems in the case qf a parabola. 
Here the centre A is on the curve ; hence one of the meets is the 
point n. Rejecting this, we see that three normals and six obliques 
■ can be drawn from any point to a parabola. 

Sx. 6. If OLy OMj ON, OR be concurrent normals to a conic, the tangents at 
Lf if, N, R touch a parabola which also touches the axes qf the conic and the polar 
of Of or the conic 

Beciprocate for the given conic. 

IiX. 6. is on the directrix of the parabola. 
Reciprocate for 0. 

6. A common chord of two conies is the line joining two 
common points of the conies. 

On a common chord of two conies the i/nvolution of conjfugoAe 
points is the same for each conk, the dmble jpoints heing the 
common points. 

Conversely, if two conies have on a Ivne the same involution of 
conjugate points, this Ime is a common chord, the double points of 
the involution heing the common points of the two conies. 

Two common chords of two conies which do not cut on 
the conies may be called a pair of common chords. We know 
that a pair of common chords meet in a vertex of a common 
self-conjugate triangle of the two conies. Conversely, every 
point which has the same polar for two conies is the meet of a 
pair of common chords. 

Let E be the point. Join E to any common point A of 
the two conies. Let EA cut the polar of JE7 in P and the 
conies again in B and JB'. Then (EP, AS) is harmonic, and 
also {EP, AB^). Hence B and JB' coincide, ie. EA passes 
through a second common point. So EC passes through 2). 

Hence two conies have only one common self-conjugate tri' 
a/ngle; for if CTF'TF'' be a self-conjugate triangle, and UVW 
the harmonic triangle belonging to the meets of the conies, 
then Zr coincides with U, V, or W, and so on. (See also 
XXV. 12.) 
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If^ however, the iwo conies touch at two points the above 
proof breaks down, and there is cm infinite number ofconvmon 
sdf-conjfugate triangles. 

Let the conies toiich the lines OP and OQ at P and Q. 
On PQ take any two points VW such that (PQ, VW) = — i; 
Then OFW is clearly a common self-conjugate triangle. 

Notice that if two conies have three-point or four-point con^ 
tact, the common self^conjugate triangle coincides with the point 
of contact. , 

Sx. L The common chords which pass through one of the vertices of t?i§ 
common seHf-conjugate triangle of tioo conies are a pair in the invdvHon deter- 
mined by the pairs of tangents from this point 

XJV, UW being the double lines. 
2. Reciproeaie Ex, i. 

:. 3. The conic y touches the conic a at the two points L and M, and touches 
the conic fi aithe two points N and R. Show thai ttoo common chords of a and 
/3 meet at the intersection qfLM and NR. 

7. A common apex of two conies is the meet of two com- 
mon tangents of the conies. 

At a common apex of two conies the involution of conjugate 
lines is the same for each conic, the double lines being the com^ 
mon tangents. 

Conversely, if two conies have at a point the same involution 
of conjugate lines, the point is a common apex, the double Unes 
of the involution being the common tangents of the two conies. 

The join of a pair of common apexes of two conies has the 
same pole for both conies. 

Conversely, if a line have the same pole for two conies, this 
line is the join of a pair of common apeoces of the conies. 

The^e results follow by Eeciprocation. 

8. Since two conies have only one common self-conjugate 
triangle, it follows that the harmonic triangle of the quadrangle 
of common points coincides with the harmonic tria/ngU of the 
quadrilateral of common tangents. 

Let UVW be the harmonic triangle of the quadrangle 
formed by the common points a, b, c, d, and let AA\ BB", CC 
be the opposite vertices of the quadrilateral formed by the 
common tangents of the two conies. Then AA' being a side 
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of the common self-conjugate triangle, must coincide witk 
VY, VW, or WU, say with VW, as in the figure. So Bff 
coincides with WU, and CC with UV. 

The polars of cmy common apex of two conies for the two 
conks pass through the meet of two common chords of the conks. 

Take the common apex B, Now J? is on WU, the polar 
of F. Hence the polar of B for either conic passes through 
V, the meet of the common chords ad, he. 




The common chords ad, he are said to helong to the com- 
mon apex B, So to every common apex belong two common 
chords. 

Similarly, the poles ofa/ny common chord of two conies for iht 
two conies lie on the join of two common apeoces of the conks ; 
and these apexes are said to helong to the chord. 

Homothetio figures. 

9. Given any figure of points P, Q, 22, ... , and any point 
(called the centre of similitude), and any ratio A. (called ikt 
ratio of similitude), we can generate another figure of poiaii 
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P', ^, I?', ... thus — In OP take the point P', which is such 
that 0P'= A . 0^^ and similarly construct Q', JR', .... The 
figures V(iR,.- and P^Q^i^... are called similar and similarly 
situated figures, or homothetic figures. 

The following properties of homothetic figures follow from 
the definition by elementary geometry — 

Corresponding sides of the two fibres {e.g. PQ and P'Qf) are 
parallel and in the raMo A (i.c P'Q'=A . PQ), 

CorresponcUng angles of the two figures are equal 

{e.g. LPQB=lP'qB^.) 

Ex. The triangles ABC, A'B'^Cf are coaxal. P, Q, R are three points on the 
axis. Show that i/AP, BQ, CR concur, so do A^P, BfQ, (fR. 

Project the axis to infinity. 

10. If two conies are homothetic^ the diameters conjugate to 
parallel diameters are themselves parallel. 

Consider the point corresponding to the centre of the 
first conic ; it will be a point in the second conic, all chords 
through which are bisected at the point, i.e. it will be the 
centre of the second conic. Take any pair of conjugate 
diameters PGP' and DGD' of the first conic ; and let pep' be 
the diameter of the second conic parallel to PGP\ Then, 
corresponding to DGI/ in the first conic, we shall have dc^ 
in the second conic which bisects chords parallel to pcp\ Le. 
dcd' is the diameter conjugate to pep\ Hence, to a pair of 
conjugate diameters of the first conic correspond a parallel 
pair of conjugate diameters of the second conic. 

11. Two conies unit be homothetic, if turn pairs of conjugate 
diameters of the one are 'parallel to two pairs of conjugate dia- 
meters of the other. 

For then every pair is parallel to some pair. Take any 
diameter PGP' of the first conic, and through P and P' 
draw lines parallel to a pair of conjugate diameters ; these 
lines meet in a point Q on the conic. Let pep' be the 
diameter in the second conic parallel to PGP', and through 
jp and p' draw lines parallel to PQ and P'Q. These will meet 
in a point q on the second conic ; for they are parallel to a 

o 
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pair of conjugate diameters of the first conic, and therefore 
parallel to a pair of conjugate diameters of the second conic. 
And clearly the points Q and g generate homothetic figures^ 
the centre of similitude being the intersection of i^ and Cc, 

Homothetic conies are conies which meet the line (xt infinity in 
the same points. 

If the conies are homothetic, their conjugate diameters are 
parallel. Hence the asymptotes, being the double lines of 
the involutions of conjugate diameters, are parallel, i.e. meet 
the line at infinity in the same points. And both conies 
pass through these points. 

Conversely, if two conies pass through the same two 
points at infinity, they are homothetic. For since the conies 
pass through the same two points at infinity, the asymptotes 
of the two conies are parallel. Hence the conjugate 
diameters, being harmonic with the asymptotes, are parallel 
Hence the conies are homothetic. 

Sx. 1. Through three given pointSj draw a conic homothetic to a given conic. 

To draw through ABC a conic homothetic to a. Through the middle 
point of AB draw a line parallel to the diameter bisecting chords of a 
parallel to AB, This line passes through the centre of the required 
conic. Similarly BC gives us another line through 0. Hence the 
centre of the required conic and three points upon it are known. 

£iX. 2. Touching three given lines, draw a conic homothetic to a given come. 

Draw tangents of the conic parallel to the sides of the given triangle. 
It will be found that we thus have four triangles homothetic to the 
given triangle. Taking any one of these triangles, and dividing the 
sides of the given triangle similarly, we get the points of contact of a 
homothetic conic. 



CHAPTEE XX. 

INVOLUTION BANGE ON A CONIC. 

1. The pairs of points AA\ JBJB', CC, ... on a conic are 
said to form an involution romge on a coniCj or briefly, to be in 
involution when the pencil V{AA% BB\ CC\ ...) subtended 
by them at a point V on the conic is in involution. 

If pairs of points AA\ BB^, GC\ ... 5e taken on a conic, such 
that {AA'BC,..) = (A'JLjB'C...), then {AA', BB^, GC\ ...) are 
m involution. 

For V being any point on the conic, we have 

y(^AA'BC,,,)^{AA'BC...)={A'AB'G\..)=Y(A'AB'G\..). 

Hence V{AA% BB^, GG\ ...) is an involution penciL Hence 
(AA\ BB^y GG\ ...) is an involution on the conic. 

An involution range on a conic has two double points, which 
form with a/ny pair of points of the involtUiony two pairs of 
harmonic povnts on the conic. 

The double points X, Y are the points in which the 
double lines of the involution pencil Y{AA', BB', GG^,...) 
cut the conic. 

2. If the pairs of points AA', BB^, G(f, ... on a conic he in 
involution, then the chords AA\ BB!, GG\ ,.. are concurrent; 
and conversely, if the chords AA\ BB^, GG\ ... of a coni<i he 
concufrent, then the pairs of points AA', BB!, GG'j ,,. on the 
conic are in involution. 

If (AA^, BBf, GG\ ...) form an involution on the conic, 
we have {AA'BB'GC . .) = {A'AB'BG'G, . .). Hence 
{ABiA'BTj, {AC;A'G% and (BG', B'G\ 

O 2 
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being cross meets, lie on the homographic axis of these two 
ranges on the conic. Hence the triangles ABC, A'SC 
are coaxal and therefore copolar. Hence AA\ BB^, CO' 
meet in a point, i.e. GC passes through the point 0, where 
AA' and BB^ meet. So all the lines CG\ I)B% ... pass 
through 0. 

Conversely, if AA\ BB\ CC\ ... be concurrent in 0, then 
{AA', BB\ CO' J ...) is an involution. For if not, let C" be 
the mate of C in the involution determined by {AA\ BB^). 
Then by the first part (AA% BB', CC) meet in a point, Le. 
CC passes through 0. But CC passes through ', and OG 
cannot cut the conic in three pointa Hence C'^ coincides 
with G\ i.e. C is the mate of C in the involution {AA% BB). 
So D' is the mate of D, and so on* 

Or thus, assuming the properties of poles and polars. 

If {AA% BB^, CC% ...) be an involution on the conic, then 
(AA'BB^GC..:) and (A'AB'BG'G...) are homographic ranges 
on the conic ; hence the meets {A'B ; AB\ {A^B^; AB), &c 
lie on a fixed line, viz. the axis of homography. Hence 
AA^ and BB" pass through the pole of this line ; so for 
CC', &c. 

Again, if the chords AA\ BB", CC\ ... of the conic meet 
in 0, then the meets (A'B ; AB% {A'B'; AB\ &c. lie on 
the polar of 0. Hence (AA'BB'CC. . .) and (A'AB'BC'G...) 
are homographic ranges on the conic. Hence 

{AA\ BB", CC, ...) 
are in involution. 

The point where AA\ BB\ CG\ ... meet is called the 
pole of the involution {AA% BB^, CC\ ...), and the line on 
which {AB ; A'B'), &c. lie, i.e. the homographic axis of the 
two ranges (AA'BB^...) and (A'AB^B,,,\ is called the am 
of the involution. Note that the axis of the involution is the 
polar for the conic of the pole of the involution. For {AB ; A^B^ 
and {AB^; A'B), being cross meets, lie on the homographic 
axis of the ranges {AA'BB^,,,) and (A'AB^B,..). Hence 
*s the pole of the axis of involution. The double points ofiM 

volution are the points X, Y where the axis of involution cuts 
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line come For these are the common points of the homo- 
graphic ranges (AA'BV,,^ and {A'Al^B,,^. Henqe, {he 
double points of cm involution on a conic are real if the pole of the 
involution is outside the conic, 

3. If two segments hou/nded hy corresponding points {such as 
AA\ BB^ of an involution on a conic overlap, every two of such 
segments overlap, and the double points are inmginary, i,e. the 
pole of the involution is inside the conic. So in a nonroverlapping 
involution on a conic, the double points are real and the pole is 
outside. 

For consider the pencil subtended at any point on the 
conic by the points in involution. 

If is on the conic, the involution is nugatory. 

4. Eeciprocally, a set of pairs of tangents to a conic are said 
to be in involution when they cut a/ny tangent to the conic in pairs 
of points in involution. 

Again, the meets of corresponding tangents lie on a line; and 
conversely, pairs of tangents from points on a line form an in- 
volution of tangents. 

The double lines of the involution of tangents are the tangents 
nt the meets of the above line with the conic. 

Notice that if a set of pairs of tangents be in involution, the 
set of pairs of points of contact is in involution, and conversely. 

These propositions follow at once by Eeciprocation. 

XjZ. 1. A bundle of pardUd lines cuts a conic in pairs qf poifvis in tntH>- 
luHon, 

XjZ. 2. A system qf coaxal circles cuts a given circle in pairs of points in 
invoiuMon. 

XjX. 3. Tu)o chords AA', BB^ qf a conic cut in TJ, and OT is the tangent 
at 0; show that 0{AA\ BBf , TV) is an involution, 

XjX. 4. Reciprocate Ex, 3. 

!EjX. 5. Three concurrent chords AA', BBf, CCf qf a circle a/re drawn, show 
thai 

sin \AB . sin ^BfC . sin \ C'A'^ -sin \A'Bf. sin \B0'. sin \ CA, 
where AB denotes the angle subtended by AB cU the centre, 

!EjZ. 6. A, B, C are points on a conic. A% B^, C^ are points taken on the 
conic such that (AA% BC) = {BB^, CA) -= (jCC^, AB) = -i. Show thai 

{AA', BB^y CC^\ {AA', BCf, BfC), {BB", AC', A'C), and (CC, ASB^ , A'B) 

are invollutuyns on the conic. 
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Let the tangents at A^ Bj C meet in P, Q, R. Then AA' passes 
through P, BBf through Q, and CC^ through R, But PA, QBy RC meet 
in a point ; hence AA^, BB^y CC meet in a point ; i.e. (-4-4', JBS', CC) 
form an involution. Hence (AfA, B^C) « {AA\ BC) = — i. Hence 
(A' A, BfC) = {AA^y CB), Hence (AA', CB^, BC) is an involution. 
And so on. 

!EiX. 7. Through a given point draw the chord XX' of a conic, such that 
(AA% XX') = (jBB', XX') where A, A', B, Bt are any four points on the 
conic. 

Join to the meet of AB' and A'B 

Sx. 8. DE is a fixed diameter of a conic PQ is a vairiable chord of the 
conic. The tangent at E meets DP in A and DQ in B. J(fA,B generate an 
involution, PQ passes through a fixed point. If EA . EB he constant, the fixed 
point lies on DE. If i/EA + i/EB he constant, the fixed point lies on EA. 

One position of PQ is in the first case DE^ and in the second case, 
the tangent at E. 

IiX. 9. From a fixed point perpendiculars are drawn to the pairs qf lines 
of a pencil in involution, meeting them in AA', BB', ... ; show that the Unes 
A A', BB', .,, are concurrent. 

Consider the circle on OF as diameter. 

Sx. 10. An invQluiion qf points on a conic subtends an involution pencil at 
every point on the axis qf the involution. 

Ex. 11. AA', BB', CC, ... are concurrent chords qf a conic; show thai 
{ABC. . . ) = (A'B'C . . . ). Also reciprocate the proposition. 

Ex. 12. Through fixed points Uj V are draum the variable chords RP and 
RQ of a conic ; show that P and Q generate homographic ranges on the amic, and 
that the common points lie on the line UV. 

Ex. 13. Through a fixed point is drawn the variable chord PP^ of a conic. 
A and B are fixed points on the conic. PB, P'A meet in Q, and PA, P'B meet in 
R. Show that Q and R move on the same fixed conic. 

For A {QR) = A (P'P) = B {PP') = B {QR). 

Ex. 14. Given two points P, Q on the line of an involution, determine a 
segment of the involution which shall divide PQ harmonically. 

Project the involution on to any conic through PQ, and join the pole 
of the involution to the pole of PQ. 

Ex. 15. Through a centre of similitude of two circles are drawn four lines 
meeting one circle in ABCD, A'BfCfl/, and the oih&r circle in ahcd, a'b'cfdf. 
Show that (ABCD) = {A'WC'I/) = {ahcd) = (a'h'c'd'), 

For {ABCD) = {abed) by similarity. 

Ex. 16. A range on a circle and its inverse are homographic 

Ex. 17. A range in involution, whether on a circle or a line, inverts inU) a 
range in involution, whether on a circle or a line, 

Ex. 18. A variable circle passes through a fixed point, and cuts a given drde 
at a given angle ; show that it determines on the drde two homographic ranges. 
Invert for the fixed point. 

Ex. 19. A varidble drde cuts two given drdes orthogonally ; show that it 
determines on each drde a range in invdution. 

Invert for a meet of the given circles. 
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Sx. 20. A variahU circle (Mis a given circle and a given line ortkogonaUy ; 
show thai it determines both on the cirde and on the line a range in invo' 
luiion, 

SiX. 21. The pole qf the involution (AA^BB^...) on a conic is the same as 
the homographic pole of the pencils subtended by AA'BBf ,,. and A'ABfB,,, 
at any two points on the conic 

For AA^ is one of the cross joins. 

Ex. 22. Given tun pencils V(ABC) and V {A'BfC'\ draw through V and 
V* a circle meeting the pencils in the points ahc, a'h'c!^ s/wch that (aa'j bb', cc') is 
an involuiion on the circle. 

By Ex. ai aa^ passes through a given point, and it is easy to see that 
its direction is given. 

!EjX. 23. Tujo homographic ranges on the same cirde or on equal circles can^ 
in two ways, be placed so as to be in involution on the same cirde, 

Ex. 24. The pairs of tangents drawn to a parabola from points on a line are 
parallels to the rays of an involution pencil. 

Ex. 26. On a fixed tangent qf a conic are taken tux) fixed points A, By and 
also two variable points Q, iJ, su^ih that (AB^ QE) = — i ; find the locus qf the 
meet of the other tangents from Q and R. 

Ex. 26. A variable tangent to a conic cuts two fixed lines in Ay A', Show 
that the points of contact a, a' qf the other tangevUs from A, A' generate homo* 
graphic ranges on the conic. 

Let AA' touch in a. Then the ranges a and a are in involution, and 
the ranges a and a'. Hence (a. . .) = (a. . .) « (a'. . .). 

Ex. 27. The fixed tangent OA of a conic meets a variable tangent in JTj and 
the fixed tangent OB meets the parallel tangent in Y. Show that OX . OY is 
constant. 

Let the parallel tangent meet OA in X^. Then (X, X^) generate an 
involution. Hence (Jr) = (X') = (Z). And is the vanishing point 
of both ranges. 

Ex. 28. AA' is a fixed diameter of a conic ; ona fixed line through A' is 
taken a variable point P, and the tangents from P meet the tangent at A in Q, (/. 
Show that AQ + AQ^ is constant. 

Q, Qf generate an involution, of which one double point (correspond- 
ing to P being at A') is at infinity. Hence the other double point 
bisects QQf. Hence AQ + AQf = a AO. 

Ex. 29. If P lie on a chord through A instead of A', then ifAQ+i/AQ^ 
is constant, 

5. Criven ttw involution rcmges on a conic or on a line, or 
two involution pencils at a point; find the pair of points or lines 
belonging to both involutions. 

The line joining the two poles 0^ 0^ of the involutions on 
the conic evidently, cuts the conic in the required pair of 
points. 

If the ranges are on a line, project the ranges on to a 
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conic by joining to a point on the conic, and project back on 
to the line the common points on the conic. 

In the case of two involution pencils at a point, consider 
the involutions determined on any conic through the com- 
mon vertex. 

If either of the pairs of double points (or lines) of the given 
involutions he imaginary, the common pair of points are real; 
and they are also real when hoth pairs of double points are red 
and do not overlap. 

For if the involution on the conic, of which 0^ is the pole, 
has imaginary double points, 0, is inside the conic ; hence 
0] 0, cuts the conic whether 0^ is inside or outside the conic. 

Also, if the double points are real and do not overlap, the 
points sought, being harmonic with both pairs, are the double 
points of a non-overlapping involution on the conic, and are 
therefore reaL 

The cases of involution on the same line or at the same 
point may be discussed as above. 

6. In a pencil in involution, one pair of rays is always ortho- 
gonal; and if two pairs of rays are orthogonal, then every pair is 
orthogonal. 

Let the rays of the involution pencil y(AA^BJB^CC'...) 
cut a circle through Y in the points AA', BB^, CC% .... 
Then AA', BB^, CC\ ..., being chords joining pairs of points 
in involution on the circle, meet in a point 0. Take K, the 
centre of the circle, and let OK cut the circle again in ZZ'. 

Then YZ, YZ' is an orthogonal pair in the involution 
pencil. For, since ZZ' passes through K, ZYZ' is a right 
angle. And since ZZ' passes through 0, ZZ' belong to the 
involution {AA', BBf, ...), i.e. YZ, YZ' belong to the given 
involution pencil Y{AA', BB^, ...). 

Again, if two pairs of orthogonal rays exist, viz. VJL, YK! 

and YY, YY\ since XT and IT' both pass through K, we 

see that coincides with K. Hence AA', BB', ... all pass 

K. Hence all the angles A YA', BYB^, . . . are right 
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7. Chords of a conic which subtend a right angle at a fixed 
point on the conic meet in a point on the normal at the fixed 
point. 

Let the chords QQ^, BBf, ... of a conic subtend right angles 
at the point P on the conic. Then P(^C, BI^, ...) is an 
orthogonal involution pencil. Hence (QQ', i?i?', ...) is an 
involution on the conic. Hence QQf, BItj ... all pass through 
a point F. Now suppose FQ to coincide with the tangent at 
P ; then P(^ coincides with the normal, Q coincides with P, 
and hence Q^ coincides with the normaL Hence the 
normal is one such chord, and therefore F lies on the 
normal at P. 

The point F is called the Fregier point of the point P. 

"Ex. 1. Show that the theorem cUso follows by reciprocating for the point P. 

Six. 2. P and XT are fixed points on a conic. Through U are drawn two lines 
meeting Ihe conic in X, If, and the polar of the Fregier point qf P in X, T, Show 
Vutt LM and XY subtend equcU angles at P, 

Note — the polar of the Fr6gier point of P is called the Fregier line 
of P. 

"Ex. 3. In a paraMa^ PF is bisected by the axis. 
Take PQ parallel to the axis. 

Sx. ^ In a parabola f the locits of F as P varies is an equal parabola. 
XjZ. 6. In a central conic, the angle PCF is bisected by the axes. 
Take PQ parallel to the minor axis, then F is on CQ. 

"Ex, 6. In a central conic, the locus of F is a homoihetic and concentric conic. 

For CQ:CF::CP:CF:zPG: OF, 

Now PG = W/a, and Pg = al//b. Hence, since (PF, Og) is harmonic, 
PF can be found. Hence, (X) iCF :: a^ + b^ : a^—b\ 

Ex. 1. Jfa triangle QPQ^t right-angled at P, be inscribed in a rectangular 
hyperbola, the tangent at Pis the perpendiciUar from P on QC/. 

For, taking PQ, Ptf parallel to the asymptotes, we see that the 
Fregier point of P is at infinity. 

XSx. 8. If the chords PQ, PQ^ qf a conic be drawn equally inclined to the 
tangent at the fixed point P, then QQf passes through afiocedpoint on the tangent 
at P. 

8. To construct the double points of a/n involution ra/nge on a 
line or the double lines of am, involution pencil. 

In the case of an involution range on a line, project the 
range on to any conic through a vertex on the conic ; deter- 
mine the double points of the involution on the conic ; ther 
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the projections of these double points on the line are the 
double points of the involution on the line. 

In the case of an involution pencil, draw any conic through 
the vertex, and join the vertex to the double points of the 
involution which the pencil determines on the conic. These 
joins are the double lines. 






CHAPTEE XXI. 



INVOLUTION OP A QUADRANGLE. 



L The three pairs of points in which any transversal cuts the 
opposite sides of a quadra/ngU are in involution. 

Let the transversal meet the sides of the quadrangle 
ABCB in aa\ IV, ccf. Then 

A{I)WBV)=C(BWBV). 

Hence (aWV) = {cba%y 

Hence (aWV) = {a'VcV). 

Hence {aa% W, c'6) is an in- 
volution, Le. (fla\ Wj ccf) is an 
involution. 

To determine the mate cfofcin 
the involution determined hy 

Take any point V, On Va 
take any point A, Let hA cut 

7a' in a Let Cc cut 7J. in i). Let 2)6' cut FC in J?. Then 
AB cuts aa' in the required point (f, 

"Ex., L Show that each dictgonai of a quadrUatercU is divided harmonicdlly. 

Consider CC as the transversal of the qtiadrangle ABA'Bf, Then 
CC' are the double points. 

SjX. 2. JfUhrofugh any point parallels he drawn to the three pairs of opposite 
sides qf a quadrangle, a pencil in invdtUion is obtained. 

SjX. 3. The same is true if the lines be drawn perpendicular to the sides. 
Hence show that if four circles be cut orthogonally by the same circle, the six 
radical axes form an involuMon, 

Ex. 4. U, V, W are the harmonic points qf the quadrangle ABCB, If 
U{PQ, BC) = -I = V{PQ, CA), show that W{PQ,AB) = -i. 
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Sz. b. If a meet of opposite sides of a guadrangle he joined io the middle 
point qf the segment cut off from a given transversal by these opposite sides^ the 
three lines so formed are (xmcurrent. 

Sx. 6. A transversal cuts the sides qf a triangle in P, Q, R, and the lines 
joining the vertices to any point in P', Q', Bf; show ftuU PP', Q(/, RBf are in 
involution. 

TjK. 7. The three meets qfany line toith the sides of a triangle and the three 
projections of the vertices on this line form an invduiion. 

IjX. 8. If from any point three lines he drawn to the vertices qf a triangUf 
and three other lines paraJld to the sides; these six lines form an involution. 

IjX. 9. A transversal cuts the sides of a triangle ABC in P, Q, Ry and PP', 
QQ^, RBf form an involvtion on the transversal; show thai AP\ BQf, CBf are 
concwrent. 

XiZ. 10. Six points, A,B,C, A*^ Bf ^ C are taken, and through any point 
are drawn Oa, Oa\ Oh, 01/, Oc, Ocf paraUd to AA% BC, B&, CAy CC'yAB. If 
the angles aOa\ hO\/, cO(f have the same bisectors, then AA'y BB^, CC' are con- 
current 

£z. IL Hesse's theorem. If two opposite pairs of vertices of a quadrUakral 
are conjugate fw a conic, then the third pair are conjugate for the same conic. 

Let AA'y BBf^ CC be the opposite pairs of vertices. Take P the pole 
of the side ABC. Let ABC cut PA^ in X, P& in Y, PC' in Z, Then 
{AXy BY, CZ) are in involution (from quadrangle PA'B^C). Also the 
polar of A is A^P, itAAf are conjugate ; hence AX are conjugate points. 
So BY are conjugate, if BBf are conjugate. Hence CZ are conjugate. 
Hence PZ, i.e. PC', is the polar of C ; i.e. OC" are conjugate. 

Involution of four-point conies. 

2. Desargues's theorem. — Any transversal cuts a conic aid 
the opposite sides of any qitadra/ngle inscribed in the conic in four 
pairs of points in involution. 

Let ABCD be the inscribed quadrangle. Let the trans- 
versal cut the conic in pp\ 
AC in 6, 52) in &', CZ> in c, 
and AB in c'. Then 

{pp'lc) = C{pp'AB) 
= B{pp'AB)=:{ppW)^ 

Hence {pp^hc) = {p'pV(f\ 
Hence {pp\ W, cc') is an 
involution. Hence ccf be- 
long to the involution {pp'y W). Similarly, aa' belong to 
this involution. Hence {pp\ hV, ccf, aa') is an involution. 

3. The system of conies which can he drawn through four giiom 
points are cut hy any transversal in pairs ofpomts in involuHon, 
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For pp' belong to the involution (oo', 66', of) deter- 
mined by the opposite sides of the given quadrangle. And 
similarly for any other conic of the system. 

Note that we have above given an independent proof that 
(aa\ 66', cc^ is an involution. For through ABCB and any 
point p on the transversal we can draw a conic. 

Note also that we should expect <wfj 66', cc' to belong to 
the involution {pp\ q^y . . .) determined by the conies through 
the four points. For each pair of opposite sides of the 
quadrangle is a conic through the four points. 

"Ex.. L Any transversal cuts a conic in PQ and the successive sides of a faur^ 
sided inscribed figure in i, a, 3, 4 ; show that 

P1.P3 _ Pa.P4 ^ 

Q1.Q3 " Qa.Q4' 
and eoctend the theorem to any inscribed polygon of an even number of sides. 

£jX. 2. On every linSf there is a pair of points whu^ are amjugaie for every 
one of a system of conies through four given points. 

Viz. the double points of the inyolution. 

"Ex.. 3. Through the centres (^ a system (^four-point conies can be draumpairs 
of parallel corrugate diameters. 

Take the line in Ex. a at infinity. 

£jX. 4. Two conies can be drawn to pass through four given points and to 
touch a given line. 

Draw a conic a through the four given points Ay B, C, D, and through 
e, one of the double points of the involution of the quadrangle ABCD 
on the given line L Let I cut a again in e^. Then e, e^ are a pair in 
the involution of which e is a double point. Hence ef coincides with e. 
Hence I touches a. 

Sx. 6. A fixed conic passes through one pair A A' of an involution range, 
and UU^ are fixed points on the conic. PP' is another pair of the involution. 
The conic meets UP again in p^ and JJ*P* again in pf. Show that pp^ passes 
through the mate qf the meet of W and AA*, 

Sx. 6. Ths segment between the points (^contact qf a common tangent of two 
conies is divided harmonically by any opposite pair of common chords. Also the 
polars of a common apex of two conies form a harmonic pencil vjith a pair of 
common chords. 

For each point of contact, being a coincident pair of points in the 
involution, is a double point. 

XiX. 7. A conic passes through three out of four vertices of a quadrangle, and 
a line meets the six sides and the conic in an involution. Show that the conic also 
passes through the fourth, 

XSx. S, On the side BCqfthe triangle ABC inscribed in a circle {centre 0) is 
taken a point P. The line through P perpendicular to OP meets AB in Q, and 
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on QP prodvbced is taken a point R, such that RP — PQ, Show that CR, AP 
meet on the circle, 

P is one of the double points on RQ, 

IjZ. 9. A is the middle point of a chord qf a conic; B, C are points on the 
chord equidistant from A ; BDE and CFG are chords (/ the conic ; show that EF 
atut OD cut BC in points equidistant from A. 

Six. 10. A transversal parotid to a side qfa quadrangle inscribed in a conic ^ 
cuts the opposite side in 0, and the conic and a pair qf opposite sides in AAf^ BBf; 
show that OA . OA' = OB . OBf. 

"Ex., 11. Three sides of a four-sided figure inscribed in a conic pass through three 
fixed points on a line ; show that the fourth side passes through a fourth fixed 
point on the same line. 

"Ex., 12. Extend the theorem to any a n-sided figure. 

£jX. 13. By taking the two vertices coincident which lie on the snth side^ 
deduce a simple solution of the problem — ^Inscribe in a given comic a polygon of 
an— I sideSf each side to pass through one qf a set of an— i fixed coUinear 
points,* 

Draw tangents from the an^^ fixed point. 

XiZ. 14. Show Uuxt the problem — ^ To inscribe in a given conic a polygon qfan 
sides, each side to pass through one qfa set of an fixed coUinear points * — is either 
indeterminate or impossible, 

Hz. 16. To deduce Camofs theorem from I>e8argues*s theorem. 
Let BC cut Bi C^ in L^ and B^C^ in L^, Then 

ACi . JBLj . CB^ = ABi . CL^ . BC^ from J5i Q Lj , 
and AC2 . BL2 . CB2 = AB2 . CLj . BC2 from B^C^Li. 
Also CLi . CLi . BAi , BA^ = BL^ . BL^ . CA^ . CA2 , 
since L^L^, -^i-^g, CB are in involution. Now multiply up. 

Ex. 16. A conic jS is described through the poinis A, By C, 0, where is Vie 
pole of the triangle ABC for the conic a. Show that a and are so situated thai 
triangles can be inscribed in /3 which are self •conjugate for a. 

For let the polar of A for a cut jS in PP^, AC in 6, AB in c, OB in 5^, 
OC in C; then (PP% bBf, cC^) is an involution. Also 6B' are conjugate 
for a, and so are cC; hence so are PP', Hence APP' is sudi a 
triangle. 

Ex. 17. If two conies a and /3 are so sitfMxted thai triangles can be tnscnM 
in jS which are self -oom^ate for a, </wn the pole for a qfany triangle inscribed in, 
/3 lies on /9. 

Ex. 18. Redprocaie Ex, 16 and Ex, 17. 

4, If J. and B become coincident, AD becomes the tan- 
gent at -4, 6 and c coincide, and V and c' coincide. Hence, 
if ABC he a triangle inscribed in a coniCy and if any tra/nsversd 
cut BC, CAy AB in a\ ft, Vy the tangent at A in a, and the conic 
^npp^, then pp'is a pair of points in the involution determined hji 
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"Ex., \, A<f B are the ends of a diameter qf a conic^ and C, D are fixed points 
on the conic ; find a point P on the conic, siich that PC, PD intercept on AB a 
segment bisected by the centre of the conies. 

The tangent at P and CD must meet AB in points equidistant from 
the centre. 

Sz. 2. Thi'ough the fixed point B ona hyperbola are draicn the lines BP, BQ 
paraUd to the asymptotes. Through the fixed point on^ hyperbola is drawn 
the variaJble chord OQPR cutting the curve again in R, Show that the ratio 
PR : QR is constant. 

This is a particular case of the theorem — ' ABCO are fixed points on 
a conic. A line through meets BC in P, BA in Q, the conic in R, and 
CA in U. Show that {QPRU) is constant.' 

Now (QPRU) « {PQOT) = B {CAOT), T heing on the tangent at B. 

5. If J. and B coincide, and also C and D, then aa'W 
all lie on AC, at the point E, say ; Le. ^ is a double point of 
the involution. Hence, if amy trcmsversal cut a conic in pp\ 
the tangents at A and C in cc', and AC in E, then E is a double 
point of the involution determined hy cd^ pp\ 

Ex. 1. Prone the foflowin/g construction for the double points of the involution 
determined by AA\ BBf — Throwgih BBf describe any conic. Let the tangents from 
A touch at L,M and the tangents from A' aitN,R ; then LN, RM cut in one 
double pointy and LR, MN cut in the other. 

Consider first the qtiadrangle LLNN ; then we see that LN passes 
through a double point. 

Ex. 2. The tangents of a conic at P and Q meet in T. A transversal meets 
the conic inAA', the tangents in BB^, and PQin C; show thai 

CA . CBf. BA' « CA\ BC . BfA. 

Ex. 3. The tangents at the poinis PQR on a conic meet in P'(/R% and the 
corresponding opposite sides of the triangles PQR, P'(/R' meet in P"Q"i2"; 

sJuM that {PP'% q[Rf\ (QQ", WP% {RRf^P'tf) 

are harmonic ranges. 

Ex. 4. The tangents qfa conic at P and Q meet in T. A transversal parallel 
to PQ cuts the conic in A A' and the tangents in BB'; show that AB = A'B^. 

For one double point is at infinity. 

Ex. 6. Any transversal cuts a hyperbola and its asymptotes in AA'^ BBt; 
show that AB^ A'Bf. 

Ex. 6. The tangents of a conic at P and Q meet in T. A line parallel to QT 
cuts PT in L, PQ in N, arui the conic in M and R. Show that LN^ = LM . LR. 

Ex. 7. Tux) parabolas vnth parallel a/oces touch at P. A transcersal is drawn 
cutting the tangent at P in 0, the diameter through P in E, and the curves in QQ^, 
RRf. Show that OE^ ^ OQ. OQf = OR. ORf. 

6. If A, B and C coincide, then a', c' and & coincide, « 
Oy V and c coincide. Hence, if a system of conies he dr 
hauing three-pmt contact at A, and passing through D, then 
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transversal cuts the conies in pairs of points in involution, one 
pair hdng the points on AD a/nd on the tcmgent at A. 

£x. The common tangent of a ixmic and its circle of curvature at Pis divided 
harmonicaUy by the tangent at P and the amtmon chord. 

7. If A, Bf C and D coincide, then a, a', &, 5', c, c' all 
coincide in the point E, where the tangent at A cuts the 
transversal. Hence, a system of conies having four-point 
contact at a point is cut by any transversal in pairs of points in 
involution^ of which one double point is on the tangent at the 
point. 

"Ex. 1. The tangent at the point R to the circle qf curvature at the vertex qf a 
amic cuts the conic in P, Q, and the tangent at the vertex in T, Show that 

(ri2,pg)--i. 

For R is the other double point. 

IjX. 2. ^two conies have four-point contact atapointj the pofars qf any point 
on the tangent at this point coincide. 

Sz. 3. If two conies tou4:h, and if the pdtars of every point on the tangent at 
the point of contact coincide, the two conies have four-point contact at this point. 

For the opposite common chord coincides with the tangent. 

Sx. 4. Two equal parabolas which have the same axis have four-point conlad 
at infinity. 

8. If a transversal cut two pairs of opposite sides of the 
quadranyle ABCB in aa\ W, and any two corresponding points 
p, p' be taken in the involution (aa\ bV) ; then the six points 
Aj B, C, 2), p, p' lie on a conic. 

For draw a conic through ABCDp ; then the conic passes 
also through p' by * reductio ad absurdum.' 

Sx. 1. ABCDj abed are two quadrangles inscribed in a conic; ab, cd meet 
AD, BC in JE, F, Q, H; ad, be meet AB, CD in E\ F', G', JET'; show that 
Ej Fj G, Hj E^, F', G^f H^ are eight points on a conic. 

Let F'daE^ meet AD, BC in K, L, Then {ad, E'F\ KL) are in invo- 
lution. Hence EFGHE^F' lie on a conic. And so on. 

Sx. 2. A line cuts two conies in AB, A'Bf , and E, F are the double points of 
the involuiion AA% BBf {or ABf , A'B) ; show that a conic through the meets of 
the given conies can be drawn through E, F, 

Ex. 3. AB, BC, CD, DA touch a conic. Through U (the meet of AC, BD^ tf 
dratmi any chord PQofthe conic; show that the six points Ay B, C, D, P, Q to 
on a conic, 

" Ex. 4. Fofur points A, B, C, D are taken on a circle ; AB cuts another orcfe 
in A'Bf, and CD cuts this circle in C^D^; BD cuts A'D^, BfC in E, F; and AG 
cuts A^J/j BfQ' in Hy G; show thai EFGH lie on a coaxal cirde. 
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9. Every rectangular hyperbola which circumscribes a triangle 
passes through its orthocmtre ; and, conversely, every conic which 
circumscribes a triangle ami passes through its orthocmtre is a 
rectangular hyperbola. 

Let D be the orthocentre of the triangle ABC. Let be 
the centre of a r. h. through ABC. Let the line at infinity 
cut the r. h. in pp\ and the sides of the quadrangle ABCD 
in aa\ bV, ccf. Join these points to 0. Then Op and Op\ 
being the asymptotes of the r. h., are orthogonal. Also Oa 
and Oa', being parallel to AD and BC, are orthogonal ; so 
Ob and OV are orthogonal, and Oc and Ocf are orthogonal. 
Hence {pp\ aa', bV, cd) is an involution. Hence 

^pp\ aa', bV, cc') is an involution. 

Hence the conic ABCpp' passes through 2). Hence any 
r. h. through ABC passes through the orthocentre of ABC. 

Conversely, let be the centre of a conic through ABCD. 
Let the line at infinity cut this conic in pp\ and the sides of 
the quadrangle ABCD in aa', bV, cc'. Then (,pp', aa', bV, c(f) 
is an involution. But aOa\ bOV, cO<f are right angles. 
Hence j?Op' is a right angle. But Op, Op' are the asymptotes 
of the conic. Hence the conic is a r. h. 

Sx. 1. Evei-y conic through the meets qf two r, h.8 is a r, h. 

For let the meets be ABCD. Then if B is not the orthocentre of ABC, 
let 2/ be. Then the two r. h.s pass through ABCDB^, which is impos- 
sible. Hence 2) is the orthocentre. 

XiX. 2. Every r. h, whi(^ passes through the middle points qf (he sides of a 
tria/n/^e passes through the circum'Centre. 
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POLE-LOCUS AND CENTBE-LOCUS. 

1. The polars of a given point for a system of four-point conies 
are concurrent 

Let X be the given point. Let the polars of X for two 
conies a, /3 of the system meet in X'. Consider the involu- 
tion {pp\ qq'y r/, ...) determined by the conies a, )3, y, ... of 
the system on the line XX\ Since 

(XX', pp') and (ZZ', qif) 

are harmonic, XX' are the double points of the involution. 
Hence (ZX', r/), &c., are harmonic. Hence XX' are con- 
jugate points for every conic of the system. Hence the 
polars of X for the system are concurrent in X'. 

Clearly the polars of X' for the system pass through X 
Hence X, X' are called conjugate points for the system of four- 
point conies. 

Ex. 1. Of a system of four-point conies, the diameters bisecting chords in a 
fixed direction are concurrent, 

Ex. 2. The polars of a given point for the three pairs qf opposite sides qf a 
quadrangle are concurrent. 

For each pair is a conic of the system. 

Ex. 3. The polars of a given point for a system of conies touching two given 
lines at given points meet in a point on the chord of comiad. 

For the chord of contact, considered as two coincident lines, is one of 
the four-point conies. 

2. Given a system of four-point conies and a line I, the lorn 
of the poles of I for conies of the system, is a conic, which coin- 
cides with the locus of points which are conjugate to points on I 
for conies of the system. 
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Let the poles of I for conies a, /3, y, ... of the system be 
X, Jf, jV, ... ; and let X', Y', ... be the conjugate points of 
the points X, F, ... on Z for the system. Then the polars 
of X, y, ... for a are XX', XY', ... . Hence 

(xr...) = x(x'r'...). 

So (Xr. . .) = Jf (XT'. . .). Hence X (XT'. . .) = M (XT'. . .). 
Hence XJIfXT'... lie on a conic. Hence all the points 
X' y... lie on a conic which passes through X and M. Simi- 
larly the locus passes through JY". . . . Hence all the points 
LMN,., and all the points X'F'... lie on a single conic, 
called the pole-locus of the line I for the system of four-point 
conies. 

The pole-locus is also called the eleven-point conic because 
it passes through eleven points which can be constructed 
at once from the given line and the given quadrangle. 

Three of these points are the harmonic points of the 
quadrangle. For U is conjugate to the point in which VW 
cuts I ; and so on. 

Six more of these points are the fourth harmonics of 
a for ADy h for AO, c for JDG, a' for BG, V for J?D, c' for 
BAy taking the transversal of the figure of XXI. i as Z. For 
the polar of a for every conic of the system passes through 
the fourth harmonic of a for AD^ since A and 2) are on the 
conic. 

The last two points are the double points of the involution 
determined by the conies on I. For these are clearly con- 
jugate for each conic of the system. 

Sx. \, IJl vary, aU the eleven-point conies pass through three fixed points. 

"Ex.. 2. Xfthe quadrangle be a square, the poU'locus is a rectangular hyper ' 
hola. 

XSx. 3. ^f I pass through one of the harmonic points qf the given quadrangle, 
the pde-locus breaks up into a pair qf lines. 

Let I pass through W. Then UV contains four of the eleven points, 
viz. UV and the fourth harmonics of W for AC and BB. Hence the 
locus cannot be a curved conic ; hence it is two lines. It is easy to 
show that UV contains five points, and that the other six (W counting 
twice) lie on the fourth harmonic of I for WA, WB. 

XjX. 4. Jflpass thr&u/gh A, then the pde-locus toiKfies I at A. 
For the conjugate points on I coincide at A, 

P 2 
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Sx. 6. If I pass through A and C, the pde-locus is I and another line. 

Ex. 6. The potars qf any two points for conies qf a four-point system form 
two homographic pencils. 

For J^{LMN...) « T^(LMN...). 

Ex. 7. The pencil of tangents at one of the four common points of a syetm 
of four-point conies is homographic vnth that at any other qf the four points. 



3. Taking I at infinity we deduce the following theorem— 
The hcus of the centres of a system of conies circumscribing a 
given quadrangle is a conic which passes through the harmonic 
points of the quadrangle, through the middle points of the six 
sides of the quadrangUj and through the common conjugate 
points for the system on the line at infinity. 

The following is a direct proof of this proposition. 

Let ABCD be the given quadrangle, and the centre of 
one of the circumscribing conies. Join to the middle 
points m, w, r, s of the sides AB, BC, CD, DA ; and draw 
Om\ On\ 0/, Os' parallel to AB, BG, CD, DA. 

Then since Om bisects a chord parallel to Om% Om and 
Om' are conjugate diameters. So On, On', and Or, 0/, and 
Os, Os' are conjugate diameters. Hence [mm\ nn', r/, d) 
is an involution. Hence (mnrs) = {m'nYs'). But the 
rays of {m^nVs') are in fixed directions. Hence (nmrs) 
is constant. Hence the locus of is a conic through the 
four points m, n, r, s. 

Now define this locus by five of the centres, then the 
locus passes through the middle point of the side AB. 
Similarly the locus passes through the middle point of 
every side. 

The locus also passes through the harmonic points of the 
quadrangles ; for these are the centres of the three pairs of 
lines which can be drawn through the four points. 

The locus also passes through the common conjugate 
points on the line at infinity ; for these, being the double 
points of the involution in which the line at infinity cuts 
the conies, are the points of contact of the conies which can 
be drawn through the four points to touch the line at iP- 
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finity, L e. are the centres of the two parabolas which can 
be drawn through the four points. 

Notice that the centre-locus by the former proof also 
passes through the conjugate point for the system of every 
point at infinity. 

If the quadrangle is re-entrant, it is easy to see that the 
sides of the quadrangle cut the line at infinity in an over- 
lapping involution. Hence the common conjugate points 
at infinity are imaginary, and the centre-locus is an eUipse. 
So if the quadrangle is not re-entrant, the centre-locus is a 
hyperbola. 

£jX. L Given four points on a conic^ and a given point on the centre-locus as 
centre^ construct the asymptotes. 

Ex. 2. Fwe points ABODE are taken. Show that the five conies which 
bisect the sides of the five quadrangles BCDE, ACBE, ABBE, ABCE and ABCB 
meet in a point, 

Six. 3. If a pair of opposite sides qf the qmdrangle be paraUel, the centre- 
locus is a pair of lines. 

Ex. A, If a pair of sides, not opposite, be parallel^ the centre'locus is a 
parabola. 

Ex. 5. Xf ^^^ pairs of sides, not o^osite, be parallel, the centre locus is a 
line {and the line at infinity). 

Ex. 6. A variable line cuts off from two given conies lengths which are 
bisected at the same point P, Show that the locits of P is the centre'locus belonging 
to the meets of Ike conies, 

Ex. 7. Thepolars of any point on the centre-locus for conies of the system are 
paraUei, 

Ex. 8. The asymptotes of any conic of the system are parallel to a pair of 
conjugate diameters of the centre4ocus. 

Let be the centre of that conic of the system which meets the line 
at infinity in pp'. Now the centre-locus meets the line at infinity in 
the double points e, f of the involution {pp^, . . .). Hence {pp^, ef) = — i. 
Hence Z {pp^y ef) — —i whore Z is the centre of the centre-locus. 
But Ze, Zf are the asymptotes of the centre-locus. Hence Zp, Zpf are 
conjugate diameters of the centre-locus. And Zp, Zpf are parallel to 
OPi Opf, which are the asymptotes of the conic whose centre is 0. 

Ex. 9. If one of the four-point conies be a circle, the centre-locus is a rect- 
angular hyperbola. 

For the common conjugate points at infinity, being conjugate for 
a circle, subtend a right angle at any finite point, i.e. the asymptotes 
of the centre-locus are perpendicular. 

Ex. 10. The axes of ecery conic circumscribed to a cyclic quadrangle are in 
the same directions. 
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Sz. 11. The locus of the centres of redanguUxr ki/perhdUis circumscribing a 
given triangle is the nine-point circle. 

IjZ. 12. If two ofthefour-point conies he rectangular hjfperbolcLS, the centre' 
locus is a cirde. 

"Ex.. 13. The nine-point circles qf the four triangles formed by four points 
meet in a point. 

£jZ. 14. Given three points A, B, C ona cirde, and the ends P, Q of a dia- 
meter s show that the centres of the rectangular hyperbolas BCPQ, CAPQ, JJBPQ 
lie on the nine-point circle of ABC. 

The centre of the r. h. BCPQ is the middle point of BC, for the tan- 
gents at B and C are perpendicular to PQ. 

£jZ. 16. The locus of the centres ofaU conies through the vertices of a triangle 
and its centroid is the maximum inscribed eUipse, 

4. To find the centre of the centre-loctis. 

Since ms and nr are parallel to BD, and since mn and sr 
are parallel to AG, hence mnrs is a parallelogram. Also 
the centre of any conic circumscribing a parallelogram is 
the meet of the diagonals. Hence the required centre is 
the meet Z of mr and sn. Similarly Z is on the join of the 
middle points of AC and BD. 

Note that Z is the centre of mass of equal masses at 
A, B, C, D. 

Ex. 1. Several conies have three-point contact at A and pass trough B. 
Show that the centres of the conies lie on a conic whose centre is su(^ thai 
3.A0= OB. 

Ex. 2. The six fourth harmonics of the ends of the six sides of a quadrangle 
for the meets with any transversal lie on a conic ; and the lines joining opposite 
pairs of these points meet in a point. 

Project the transTersal to infinity. 



CHAPTEE XXin. 

INVOLUTION OF A QUADMLATEBAL. 

L The three pairs of lines which join any point to the opposite 
vertices of a quadrilateral are in involution. 

Let be the point, and 
AA', BB', CC the opposite 
vertices of the quadrilateral. 
Let OA cut J.'-B' in G and 
A'B in H. Then (AA'BC) 

= (HA'BC) = A {HA'BG) 
= {GA'G'B')^ OiAA'G'B'). 
Hence 

{AA'BG) = {A'AB'Gy 
Hence {AA\ BB", C(7) is an 
involution. 

Bz. L Prow the theorem ly considering the section qf the quadrangle OABC 
byA^Bf, 

£x. 2. Deduce a construction for the mate OCf of DC in the involution 
determined by (AA^, BSf), 

"Ex., 3. Deduce the property of the harmonic points qf a quadrangle, 

Ex. 4. If any point he joined to the vertices of a triangle and to the meets qf 
any line with the sides of the triangle, the pencil sofimned is in invdution. 

Ex. 5. J^ any point he joined to the vertices ABC of a triangle, and if OA' 
OBf, OCf he drawn paraM to BC, CA, AB, then (AA% BBf, CCf) is an invo- 
lution, 

Ex. 6. Jf any point he joined to the vertices ABC of a triangle, and A'BfCf 
he points on the sides of the triangle, such tfutt (AAf, BBf, C&) is an invdtu- 
tion ; then A'BfCf are coUinear. 

Ex. 7. The perpendiculars through to OA, OB, OC meet BC, CA, AB in 
coUinear poirUs, 

Ex. 8. The six radical axes qf four circles through the same point f&rm an 
involution. 
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Bx. 9. The orthogonal projections of the vertices qfa quadrHateral on anyUne 
are in involution, 

Ex. 10. l/AA', BBf, CCf hethe vertices themsdves, 

thenAB.ABf-T-AC.AC^^'A^B. A'Bf 4- A'C . A'C 
For the ratios Aff -^ AC^ &c., are not altered by orthogonal projec- 
tion. 
Ex. 11. Also ifP, g, R bisect AA', BBf, CCT, 

thmAB.ABT-^AC.ACf^PQ-^PR, 
For PQR are coUinear. 

Ex. 12. An infinite number of pairs qf lines can be found which divide Oie 
diagonals qf a quadrilateral harmonically. 

The pair of lines through any point are the double lines of the 
Involution 0(^1-4', BB^j CCf), 

Involution of four-tangent Conies. 

2. The pair of tangents from a/ny point to a conic and 1M 
pairs of lines joining this point to the opposite vertices of any 
quadrilateral circumscribing the conic are four pairs of lines in 
involution. 



c 




Let AA\ BB', CC be the vertices of the quadrilateral. Let 
OPj OP* be the tangents from the point 0. Let the meets 
^OP ; 'AB), {OP' ; AB), {OP ; A'B% {OP' ; A'B") be called 

A M, Ny E. 

Then {PP'AB) = {LMAB) = {NEB" A') = {PP'B'A% 
Hence {PP'AB) = {P'PA'B'). Hence [PP\ AA% BB') is 
an involution. Hence OJ?, OB' belong to the involution deter- 
mined by {PP\ AA% Similarly 00, OC belong to this 
tion. Hence {PP', AA\ BB\ CC) is an involution. 
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3. The system of conies which com he drawn to touch four 
given lines is such that the pairs of tangents from any point to 
conies of the system form an involution. 

For the tangents OP, OP^ to any conic of the system 
belong to the involution {AA, BB', CC% determined by 
the opposite vertices of the given quadrilateral of tangents. 

Note that we have above given an independent proof that 
{AA\ BB% CC) is an involution. For touching the four 
given lines and any other line OP we can draw a conic. 

Note also that we should expect OA, OA' ; OB, OB' ; OC, OC 
to belong to the involution (PP', QQ^y . . .) of tangents. For 
each pair of opposite vertices may be considered to be a conic 
which touches the four lines ; and OA, OA' are the tangents 
from to the conic {Ay A'). 

4. If two sides BA and AB' coincide, we get the 
theorem — If a triangle BA'B' he circumscrihed to a conic, and 
if A he the point of contact of BB'; then the tangents from 
are a pair in the involution {AA\ BB^). 

If the sides CB and C'B coincide and also the sides CB' 
and C'JB', we get the theorem — If a conic touch the lines CB, 
CB' at B and B\ then the tangents from are a pair in the 
involution (flC, BB^ of which OC is a douhle line. 

If the sides BA, AB' and B'A^ coincide, we get the 
theorem — If a system of conies have three-point contact with the 
line BB' at B' and tou>ch a line through B, then the tangents 
from form an involution of which OB, OB' are a pair. 

For three-point contact and three-tangent contact are 
equivalent. 

If all four sides coincide, we get the theorem — The tangents 
from Oto a system of conies having four-point contact at a point 
B' form an involution of which OB' is a douhle line. 

Ex. 1. The pencil formed by the pairs of tangents from any point to two 
cirdes and the joins of the point to the cenJbres qf similitude is in involution. 

Ex. 2. Xfthe line joining the centres of similitude SS^ of two circles cut the 
cirdes in AAf, BB^ ; then AA\ BBf, SS^ are in involution. 

Ex. 3. ^f VP, VQ be the tangents from any point V to a conic, and (/" i, a, 
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^, ^he the SfKxessive vertices of a four-point figure circumscribed to the come, 
showVuU sinPFi.8inPF3 sin PF a. sin PF 4 

sin QF I .sin QF3 sin QFa.sin QF4 
Sx. 4. Extend the theorem to any an-point circumscribed polygon, 

Ex. 6. Through every point can be draum a pcUr of lines which are co^jugcde 
for every conic of a fouT'tangent system. 

Viz. the double lines of the inyolution of tangents. 

Sx. 6. Through every point can be draum a pair of lines to divide (he 
diagonals of a given quadrilateral IiarmonicaUy ; and these meet any inscribed 
conic in harmonic points. 

For they are the common conjugate lines through the point. 

Ex. 7. Through every point can be drawn tux) conies of a fouT'tangeni 
system ; and the tangents to these conies ai the point are iJie common conjuqaiA 
lines at the point. 

Draw a conic a of the system to touch OE^ one of the double lines 
of the inyolution of tangents at 0. Then, since OE is a double line, OJ? 
is the other tangent from to a. Hence a passes through 0. 

Ex. 8. The tangents at one of the intersectums qf two conies inscribed in the 
same quadrilateral are harmonic with the lines joining the point to any tioo 
opposite vertices qfthe quadrilateral. 

Ex. 9. ABC is a triangle and a given point. Throu{ih 0, and paraUd to 
the sides BC, CA, AB, are drauyn the lines OX^ OT, OZ ; show that the dav^ 
lines of the involution {XA^ YBy ZC) are the tangents at to the two paraMas 
which can be inscribed in ABC so as to pass through 0. 

Ex. 10. P, Q, R are the points of contact of the lines BC, CA, AB with a 
conic, and OT, OT^ are the tangents from any point ; show that (BC, PA, TH') 
and {RQ, AA, Tt) are involutions. 

Ex. 11. If OP, OQ be a pair in the involution obtained by joining Oto^ 
three pairs of opposite vertices qf a quadrilateral, the lines OP, OQ and the sides of 
the quadrilateral touch a conic. 

Ex. 12. Three vertices of a four -point figure circumscribed to a conic lie on 
three fixed lines through a point; show that the fourth vertex lies on a fourth Jaud 
line through the same point. 

Ex. 13. Extend the theorem to any sn-point figure. 

Ex. 14. By taking the two sides coincident which pass through the anih rcrfeac, 
deduce a simple solution of the problem — * Circumscribe to a given conic a polygon 
of 2n-i vertices, each vertex to lie on one of a set of an-i fixed concurrent lines' 

Ex. 15. Show that the problem — * To circumscribe to a given conic apdygon 
ofzn vertices, each vetiex to lie on one of a set qf an fixed concurrent lines'— is 
either indeterminate or impossible. 

5. The three circles on the diagonals of amy qitadrilaierdl as 
diameters are coaxal. 

'^he three middle points of the diagonals of a guadriUxteral^ 
line (called the diameter of the quadrilateral). 
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TAc directors of a system of conies touching the sides of a 
quadrilateral are coaocal, cmd three circles of the coaxal system arcs 
the three circles on the diagonals as diameters. 

The centres of a system of conies touching the sides of a quad- 
rilateral lie on a line which also contains the middle points of the 
diagonals of the quadrilateral. 

Let AA^^ BB'y CC be the opposite vertices of the quadri- 
lateral. Let the circles on AA' and BBf as diameters meet 
in and (y. Then in the involution pencil {AA\ BB", CG% 
since AOA' and BOB' are right angles, COff is a right angle. 
Hence the circle on CG^ as diameter passes through ; and 
similarly through (f. Hence the circles on AA', BB'y CC 
as diameters are coaxal. Hence their centres, viz. the middle 
points of AA% BB', CG\ are collinear. 

Again, the tangents OP, OJP' from to any conic touching 
the sides of the quadrilateral belong to the involution 
{AA\ BB", GG% Hence FOF" is a right angle. Hence 
the director of this conic passes through 0; and similarly 
through 0\ Hence this director, and similarly all the 
directors, belong to the above coaxal system. But the centre 
of a conic is the same as the centre of its director. Hence 
the centres of the conies lie on a line, viz. the line of centres 
of the coaxal system of circles. 

The locus of centres is the diameter of the quadrilateral ; 
for three circles of the system are the circles on AA'y BB', GG' 
as diameters. 

The radical aods of the coaxal system of directors is the 
directrix of the parabola of the system of conies. 

For the directrix is the limit of a director, and the radical 
axis is the limit of a coaxal, when each becomes a line. 

The limiting points of the coaxal system of directors are the 
centres of the rectangular hyperbolas of the system of conies. 

For when the coaxal becomes a point, the director becomes 
a point, and the conic becomes a rectangular hyperbola, the 
director being the centre of the r. h. 

Note that the director of a conic which consists of two 
points is the circle on the segment joining the points && 
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diameter, and the centre of the conic is the point half-way 
between the points. 

Sx. 1. The directors qf all conies touching two given lines OP, OQ at P, Q are 
coaxcUy the axis being the radical axis qf the point and the circle on PQas 
diameter. 

Sx. 2. The polar cirde of a triangle circumscribing a conic is orthogonal to 
the director cirde. 

Let ABC be the triangle. Take any fourth tangent A'WC. Then 
the circle on AA' as diameter passes through the foot B of the perpen* 
dicular from A on BC. Now A and B are inverse for the polar circle. 
Hence the polar circle is orthogonal to the circle on AA' ^ and similarly 
to the circles on BBf , CC'\ and hence to the director, for this belongs 
to the same coaxal system. 

Ex. 3. The 20C14S of the centre of a rectangular hyperbola which touches a given 
triangle is the polar cirde qf the trian^e. 

For the polar circle cuts orthogonally the director circle which is the 
centre in a r. h. 

!Bx. 4. If the nine-point cirde qf a triangle circumscribing a r. h. pass 
through the centte of the r. h, ; show that the centre also lies on the circum^rde, 
and that the centre qfihe circum'Cirde lies onther. h. 

The centre lies on the nine-point circle and on the polar circle and 
therefore on the circum-circle, as the three circles are coaxal. Let the 
asymptotes meet the circum-circle in P, Q. Then ABC, OPQ are inscribed 
in the same conic, hence PQ touches the r. h. Hence the point of 
contact is the centre of the circle. 

Ex. 5. The diameters qf the Jive quadrilaterals which can be formed by fi^ 
given lines are concurrent. Prove this, and deduce a construction for the centre of 
a conic, given five tangents. 

Ex. 6. The axis qf the parabola inscribed in a quadrilateral isparoMd to the 
diameter of the quadrilateral. 

Ex. 7. The diameter of a quadrilaleral circumscribing a conic tovxhes the 
centre-locus of the quadrangle formed by the points of contact 

Otherwise the conic would have two centres. 

Ex. 8. Steiner's theorem. The arthocentre qf a triangle circumscribing a 
parabola is on the directrix. 

For the involution subtended at the orthocentre by the quadrilateral 
formed by the sides of the triangle and the line at infinity is or* 
thogonal. 

Ex. 9. The directrices of aU paralalias touching a given triangle are con* 
current. 

Ex. 10. Gaskin's theorem. T?ie cirde circumscribing a triangle which is 
self-conjugatefor a conic is orthogonal to the director cirde of the conic. 

Take any tangent to the conic. Then from this tangent and the 
given self-conjugate triangle WW, we can construct three other 
tangents such that WW is the harmonic triangle of the quadrilateral 
so formed. Let AA^, BBf^ CC^ be the opposite vertices of this quadri* 
lateral. 

Then the circle about WW is clearly orthogonal to the circles on 
AA^, BB^, CC^ as diameters, for it cuts these diameters in inverse points. 
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Hence the circle about XJVW being orthogonal to three circles of a 
coaxal system is orthogonal to the director which belongs to the coaxal 
system, 

Ex. IL The centre of a circle circumscribing a triangle se^f-conjugate for a 
parabola is on the directrix, 

Ex. 12. The circle circumscribing a triangle seiif'COfijvgate for a rectangular 
hyperbola passes through the centre, 

Ex. 13. Given fifoe points on a conic , five sdf-conjujgate triangles can be found, 
viz. the harmonic triangles of the inscribed quadrangles obtained by omitting one 
point; show that the ten radical axes of the circles circumscribing these triangles 
pass through the centre of the conic. 

SjX. 14. S?MW that twoj and only tux>, rectangular hyperbolas can be draum to 
touch four given lines. 

Let the lines be a, b, c, d. Let the circle about the harmonic triangle 
of the quadrilateral meet the diameter of the quadrilateral in L 
and L\ Then L and L^ are the limiting points of the directors. 

First take L, and let a^ be the reflexion of a in i^. Construct the 
conic touching a, 6, c, dy a'. Then the centre of the conic, being the 
meet of the diameter of the quadrilateral and the line half-way between 
a and a% is L. Hence L is the centre of the director. But the coaxal 
with centre at L has zero radius. Hence the conic is a r. h. 

So L^ gives another r. h. And there are only two ; for the centre 
must be at L or at L\ 

Ex. 15. Any transversal cuts the diagonals AA\ BB^, C(/ of a quadrilateral 
circumscribed to a conic in the points P, Q, By and points P', Q', Bf are taken 
such that {AA\ PP^)y {BB^, QQf), (CCT, BBf) are harmonic; show that P'qfW 
and the pole of the transversal for ^ conic are coUinear, 

Project PQR to infinity. 

6. The loctis of the poles of a given line for a system of four- 
tangent conies is a line. 

Let P and Q be the poles of the given line LM for two of 
the conies; and let LM, 
PQ cut in U. Then UL and 
UP are conjugate lines for 

two conies of the system, L e. / p q 

UL and UP are harmonic 

with two of the pairs of 

tangents from U Hence 

UL and UP are the double 

lines of the involution of tangents from U to the system of 

conies. Hence UL and UP are harmonic with every pair of 

tangents from U, i. e. are conjugate for every conic of the 

system. Hence the pole of LM for every conic of the 

system lies on PQ, L e. PQ is the locus of the poles of LM. 
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Taking liM. at infinity, we again see that — 
The locus of the centres of a system of four-tcmgent conies is a 
line, 

"Ex., The three poles of a line for the three opposite pairs of vertices qfa qmdri- 
lateral are coUinear. 

7. By reciprocating the properties of the pole-locus (or 
directly) we can investigate the properties of the polar- 
envelope of a point for a system offour-temgent conies. 

"Ex, From the fixed point Of tangents OP and OQ are draum to one of a system 
of conies inscribed in the same quadrilateral. Jf AAf be a pair of (Opposite vertices 
qfthe quadrilateraly and if PP^, Qtf be such that P{OP^, AA^), g(Og^, AA^) 
are harmonic, then the envelope of the chords PQ, PP^, QC/ is a single conic. 
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CONSTRUCTIONS OF THE FIEST DEGREE. 

1. Examples of constructions in which the ruler only is to 
he used, 

Sx. 1. Given the segmerU AC bisected in B; prone the fcXUrtJoing cwistrucU&n 
for a parallel to AC through P — Through B draw any Ztwe, cutting PA in E and 
PC in D; then ifCEj DA meet in Q, PQ is the required line. 

For B bisects AC, hence PQ cuts AC at infinity, since P^AC, BQ) is 
harmonic. 

£x. 2. Qiveri tvoo parallel segments AB and CD, prove thefoUounng constmc' 
Hon for bisecting each — Let CB, AD meet in TT, and AC, BD in V, then VW 
bisects both segments. 

For U" is at infinity. 

Sx. 3. Given a pair ofparaHel lines, draw through a given point a paraiOel 
to both. 

Use Ex. 2 and then Ex. z, 

Sx. 4. Given a paralldogram, bisect a given segment. 

Let AB be the segment. Through A and B draw parallels to the 
sides of the parallelogram meeting again in C and D, Then CD 
bisects AB, 

£x. 5. Given two lines AB and CD which meet in an inaccessible point U, 
construct any number of points on the line joining U to a given point 0, 

Through draw LOW and MOV meeting AB in LM and CD in L^M\ 
Let Ll/f MM' meet in TT. Then U{AC, OW) is harmonic ; hence the 
required line is the polar of W for AB and CD. To construct any 
other point on the line, draw any two lines WNN' and WRBf meeting 
AB in N, R, and CD in N'j Bf, Then a point on the required line is 
the meet of NB^ and WR, 

XiX. 6. Construct lines which shall pass through the meet of a given line tcith 
the line joining two given points^ when this last line cannot be drawn, 

XiX. 7. Givem, a segment AC bisected at B, join any point Pj to ABC, on Pj-B' 
take any point Q,join CQ cutting APi in Li, join AQ cutting CPi in L^, join 
L1L2 cutting BPi in L2, then LiL^ = L^L^, and L^L^ is parallel to AC, Again, 
let ALq, BL^ cut in P2, and let CP2 cut L^Li in L^ , then L^L^ = LiL^. Again, 
let AL^f BL^ cut in P3, and let CP^ cut LyL^ in L^, then L^L^ = L^L^. And 
80 on. 

The first part comes from the quadrilateral P^L^QL^Pi, The rest 
follows by Elementary Geometry. 
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This enables us ix) divide a bisected segment into any number of 
equal parts. To divide AC into n equal parts, construct the pointe 
LiLii...Lf^^i, Let ALi and C(Ln+i meet in F. With Fas vertex project 
L{'L2...Ln+i on to AC. 

2. To construct a five-point conk. 

Let J., By C, 2), E be the five given points on the conic 
We shall construct the conic by finding the point in which 
any line AG through A meets the conic again. (See figure 
of XV. I.) Let AG and CD meet in X, and AB and BE in 
M. Let LM cut BG in N. Then, by Pascal's theorem, KE 
cuts AG in. the required point F on AG. And since AG is 
any line through A, we shall thus construct every point on 
the conic. 

K any two of the points are coincident, the necessary 
modification of this construction is obvious, remembering 
that to be given two coincident points is to be given a point 
and the tangent at the point, and that the two coincident 
points Ue on the tangent. 

The case of three points being coincident is discussed in 
XXV. 17. 

Ex. Construct the polar of a given point for a five-point cxmic. 

3. As an example of coincident points, let us construct a 
conic to touch two given lines at given points^ a/nd to pass through 
a given point 

Suppose the conic is to touch OB and OQ at P and Q, and 
to pass through A. Here B and G coincide with P, and 
the line BG coincides with OB. So 2> and JE coincide with 
Qy and BE coincides with OQ. Hence the construction is— 
To find where any line AG through A cuts the conic again, 
let AG and BQ meet in Z, and AB and OQ ux M-j let LM 
cut OB in N ; then NQ cuts AG in the required point F, 

£x. L Given four points and the tangent at one of them, constnict the conic 

Ex. 2. Find a point P at which the five points A, B, C, D, E, no three (^ 
which are cdlinear^ subtend a pencil homographic uMh a given pencU. 

Take DI/ and DI/ so that B {ABCIfE') shall be homographic with 
the given pencil. Draw a conic through ABC to touch DL^ at D. Con- 
struct the point F in which DFf cuts this conic, and construct the 
point P in which FE cuts this conic. P is the required point. 



^. 
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4. As an example of cases in which some of the given 
points are at infinity, let us construct a cohiCj given one 
asymptote, the direction of the other asymptote, and two other 
points. 

Let I be the given asymptote, and m any line in the 
direction of the other asymptote, and A and B the two 
given points. We may take C and Z) to be the points at 
infinity on I, and E to be the point at infinity on m. Then 
M is the point at infinity on AB. 

Hence the construction is — To find where any line AG 
through A cuts the conic again, let AG and I meet in X, 
and let a parallel through L to AB cut a parallel through 
JB to Z in ^. Then a parallel through N to m cuts AG in 
the required point F. 

XjX. L Qiven four points and the direction qf an asymptote, construct the 
cLnic. 

!fiiX. 2. Given three points on a conic and a tangent at one of them, and the 
direction qfone asymptote; construct the conic, 

"Ex., 3. Given three points and the directions of both asymptotes, construct the 
conic. 

"Ex. 4. Given one point and both asymptotes, construct the conic. 

XSz. 6. Given four points on a conic and the direction of one asymptote ; 
. constnurt the meet of the conic ujith a given line draum parallel to the asymptote. 

XSz. 6. Given three points on a conic and the directions of both asymptotes ; 
find the meet of the conic with a given line parallel to one of the asymptotes. 

Xhc 7. Given four points on a conic and the direction of one asymptote; find 
the direction of the other. 

5. As an example of drawing a parabola to satisfy given 
conditions, let us construct a parabola, given three points and 
the direction of the axis. 

Let ABC be the given points, and I any line in the direc- 
tion of the axis. We may consider D and E to coincide 
at the point at infinity upon I, so that the line DE is the 
line at infinity. Then M is the point at infinity on AB. 

Hence the construction is — To find where any line AG 
through A cuts the conic again, let AG cut a parallel 
through Giolhi L] let a parallel through L to AB cut BO 
in j^; then a parallel ^through N io I cuts AG in the re- 
quired point F. 
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:. Constnid a parabola, given hoo points and the tangent at one of them, 
and tfte direction of the axis. 

6. Given five points on a conic, to construct the tangent at 
one of them. 

Let Ay B, C, B, Ehe the five given points, and suppose F 
to coincide with A ; then AF is the tangent at A. Hence 
the construction— Let AB and DE meet in J5f, and BC and 
AE in N, and let MN cut CD in L ; then LA is the tangent 
at A. 

£x. L Given fo%tr points on a come, and the tangent at one of them; construct 
the tangent at another of them, 

£x. 2. Given three points on a conic, and the tangents ai two of them; con- 
struct the tangent at the third. 

£x. 3. Given both asymptotes qf a ht/perbdla, and one point ; eonstrwi th$ 
tangent at this point. 

Sx. 4. Given three points on a parabota, and the direction of the axis ; con- 
struct the tangent at one qf the given points. 

Sx. 5. Given two points on a parabola, the direction of t/te cuds, and the 
tangent at one of the points ; construct the tangent at the offier point. 

Sx. 6. CHven four points on a coniCf and the direction of one asymptote; cm- 
^ruct that asymptote. 

£x. 7. Given three points on a conic, and the directions of both asymptotes; 
construct the asymptotes. 

£x. 8. Given two points on a conic, and one asymptote, and the direction o/ 
the other ; construct the other asymptote. 

7. G-iven five tangents of a conk, to construct the points of 
contact. 

Let AB, BC, CE, EF, FA be the five given tangente. 
Then in the figure of XV. 4, if Z) is the point of contact of 
CE, we may consider CD, DE to be consecutive tangents 
of the conic. Hence the construction — Let BE and CF 
meet in ; then AG cuts CE in its point of contact. So 
the other points of contact can be constructed. 

Hence given five tangents, we can at once construct five 
points ; so that every construction which requires five points 
to be given, is available if we are given five tangents. 

Sx. 1. Given four tangents and the point of comtact^ of one of them, cons^md 
•yoints of contact of the others. 

:. 2. Given three tangents of a conic, and the points of contact qf tuo of 
construct the point of contact of the third. 
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Sz. 3. Gwefn. both asymptotes of a hyperbola^ and one tangent, construct the 
point of cwUobct of the tangetit, 

XiZ. 4. Given four tangents of a parabola, constrad the points of contacty and 
the direction of the axis. 

SjX. 6. Given two tangents of a parabolaj and their points of contact, construct 
the directum of the axis. 

8. Given five tangents of a conic, to construct the conic hy 
tangents. 

Let as, BC, CD, BE, EH be the given tangents. Now 
every tangent cuts GB. Hence if we construct every other 
tangent from points on GB, we shall have constructed every 
tangent of the conic. On GB take any point A, Let AD 
and BE meet in 0. Let CO meet EH in F. Then, by 
Brianchon's theorem, FA touches the conic, i.e. AF is the 
other tangent from any point A on GB. 

"Ex. L Given four tangents of a conic, and the point of contact of one of them ; 
construct the conic by tangents, 

XiX. 2. Given four tangents of a parabola, construct the conic. 

Sz. 3. Given three tangents of a conic, and the points of contact of two of 
them ; construct the conic. 

"EsL. 4. Given the asymptotes of a conic, and one tangent ; amstruct the conic, 

Sz. 5. Given two tangents of a parabola, the point of contact of one of them, 
and the direction of the aocis ; construct the parabola. 

XSz. 6. Given Jive tangents of a conic, construct the tangent parallel to one 
them. 

ISjX. 7. Given four tangents of a parabola, constnict the tangent in a given 
direction. 

Ex. 8. Construct the pole of a given line for a fivctangent conic. 
j!»x. 9. Ditto for a five-poirU conic. 

9. CHven three points on a conic and a pole and polar, to 
canstntct the conic. 

Let A, B, C be the three given points, and the pole. 
Let OA cut the polar in a, and take A' such that (Oa, AA^) is 
harmonic. Similarly construct /3 and B\ Through ABCA^B' 
construct a conic. This will be the required conic ; for 
since (Oa, AA') and (0^3, BB') are harmonic, we see that 
a/3 is the polar of 0. 

A reciprocal construction enables us to solve the problem. — 

g2 
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Given three tangents of a conic, and a pole and polar, to con- 
stnLct the conic. 

A simple case of each problem is — CHven three points (or 
three tangents) and the centre, to constrtict the conic 

We obtain two more points (or tangents) by reflexion in 
the centre. 






J 



CHAPTEE XXV. 

CONSTBUCTIONS OF THE SECOND DEGBEE. 

1. Construct the points in which a given line cuts a conic 
given hy five points. 

Let Aj By C, D, E be the five given points. Let the given 
line cut DA^ BB, DC in a, b, c, and cut EA, EB, EC in 
a', V, cf, and cut the conic in ar, y. Then 

(xyabc) = D {xyABC) = E(xyABC) = {xya'W). 

Hence x, y ai*e the common points of the two homographic 
ranges determined by {abc) and {afh'c'). Hence the two 
required points x, y can be constructed by XVL 6. 

2. Given five tangents to a conic, to construct the tangents from 
any point to the conic. 

Let three of the given tangents cut the other two in ABC 
and A'B^C K a tangent from the given point P cut these 
tangents in Z and Z', then (ABCT) = {A'BfC'X') ; hence 
B{ABCX)^B^A'B'a:K!). But PZ and PZ' coincide; 
hence one of the tangents from P is one of the common 
lines of the pencils P{ABC) and P{A'B^C'). Hence the re- 
quired tangents are the common lines of the homographic 
pencils determined by P(^J5C) and P{A'B^a). 

3. Given five ta/ngents to a conic, to construct the points in 
which any line cuts the conic. 

Construct first by XXIV. 7 the points of contact, and then 
proceed by § i. 

Given five points on a conic, to construct the tangents frvm any 
point 
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Construct first by XXIY. 6 the tangents at the points, 
and then proceed by § 2. 

4. If instead of five points, we are given four points and 
the tangent at one, or three points and the tangents at two 
of them ; or if, instead of five tangents, we are given four 
tangents and the point of contact of one, or three tangents 
and the points of contact of two of them, the necessary 
modifications of the above constructions are obvious. 

Ex. 1. OmsiryuA a line to ctd four given lines in a givai cross ratio and to 
pass through a given point. 

Let three of the lines cut the fourth in BCD. Take A such that 
{ABCD), is equal to the given cross ratio. Draw a conic to touch the 
three given lines and also to touch the fourth at A, Through the 
given point draw a tangent to this conic This is the required line/ 
There are therefore two solutions. 

Sx. 2. Give the redprocai construction, 

"Ex.. 3. Through a given point draw a line to ciU three given lines in A, B, C, 
80 that AB : BC is a given raiio, 

5. Given five points on a conic, to construct the centre, the 
axes, and the asymptotes. 

Let A,B,C,B,E be the five given points. Through A draw 
AG parallel to BC, and construct the point A' in which AG 
cuts the conic again. Let AC and BA^ cut in H, and AB 
and A'C cut in K, Then HK bisects both BC and AA\ 
Hence UK is a diameter. Similarly construct another 
diameter. Then these diameters meet in the centre. 

To construct the axes and asymptotes, we must first con- 
struct the involution of conjugate diameters. To do this— 
Through the centre draw Oa parallel to BC, and let Oa' be 
the diameter bisecting AA^ and BC. Then Oa, Oa' are a pair 
of conjugate diameters. In the same way determine another 
pair Oh, Ob'. Then the rectangular pair of the involution 
determined by {aa', W) are the axes ; and the double lines 
of the same involution are the asymptotes. 

If the diameters are parallel, the conic is a parabola ; and 
the direction of the diameters is the direction of the axis of 
'He parabola. 
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£x. 1. Qimn five points on a conic, consirwi a pair qf conjtigate diameters 
which shall make a given angle with one anatheir. 

Let CP and CD be a pair of conjugate diameters. Take CI/ such that 
LPCjy is equal to the given angle. Then the required lines are the 
common rays of the homographic pencils generated by CD and CD^, 

XiX. 2. Through a given point draw a line meeting four given lines a, a^, 6, 
1/ in points Ay A', B, Bf, such thai OA . OA' = OB . OBf, 

Through draw a parallel to either asymptote of the conic through 
the fiv^ points afe, at/, a% a'Z/, and 0. 

£x. 3. Through a given point C draw a line meeting five given lines a, a', 6, ?/, c' 
in five points Ay A' y By B^, Cf such that {AA% BBfy CC^) may be an involution. 

6. If we are given five points on a conic, the conic can be 
constructed by Pascal's theorem (see XXIV. 2). If we are 
given five tangents of the conic, the conic can be constructed 
by points (see XXIV. 7) or by tangents (see XXIV. 8). 

Given four points and one tangent, to construct the conic. 
Let ABCB be the given points and t the given tangent 
Let t cut the opposite sides of the quadrangle ABCD in a4i\ 
J)V, cd. Take e, /, the double points of the involution 
(aa\ hV, cc'y Then the two conies satisfying the required 
conditions are the conies through ABGBe and through 
ABCBf, For let the conic through ABGBe cut t again in 
e\ Then ee belong to the involution (aa\ W, ccf), and e is 
a double point of this involution ; hence e' coincides with e, 
i.e. t touches the conic through ABGBe, So it touches the 
conic through ABCBfi 

7. Griven four tangents and one point, to construct the conic. 
Let OE, OF be the double lines of the involution sub- 
tended by the given quadrilateral at the given point 0. Then 
it is proved, as above, that the required conies are those 
touching the given lines and also touching OE or OF. 

lEiK. 1. Show that when four points are given and one tangent, the sduiion is 
unique if the line pass through one of the harmonic points. 

The other conic degenerates into a pair of opposite sides. 

Ex 2, Sfww that there is no curved soliUion if the line pass through two 
harmonic points. 

'Ex.. 3. Reciprocate Ex. 1 and Ex. 2. 

XiX. 4. Describe a parabola through four given points. 

IBx. 5. Constmd a parabola, given three tangents and one point 
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8. Given three pmnts and two tcmgents, to construct the conk. 
Let the three points be Aj By C, and the two tangents 

TL and TL'. Let 
AB cut TL and 
TL' in c and c', 
andletulCcutTX 
and TL' in b and 
b\ Take jer, /, 
the double points 
of the involution 
{AB, c(f), and y, / 
the double points 
of the involution 
{AC J W). Let any 
one, yZj of the four lines yz, y/, i/z, yf^ cut TL and TL' in 
P and P. 

Then one conic satisfying the required conditions is the 
conic which passes through A and touches OL and OL' at P 
and V. For let this conic cut AB again in ^. Then ;e? is a 
double point of the involution [AB^ of) and also of the in- 
volution {AB'j cc'). Hence B and B' coincide, i. e. the conic 
passes through B. Similarly the conic passes through C. 

So by taking any of the lines ysf, yfz^ y'^ instead of yz^ we 
obtain another solution. Hence the problem has four solu- 
tions. 

Note that since there are only four possible positions of the 
polar ^^' of jT, we have proved that — If the sides BC, CAj 
AB of a triangle cut two lines TL and TL' in aa', hh', c(fy and 
if the double points xa/, yy', zz' of the involutions {BC, aa% 
(CAj bb'), {AB, ccf) be taken, then the six points xxfyy'zsf Ik 
three by three on four lines. 

9. Given two points and three tangents, to construct the conk. 
Let A and B be the given points, and LM, MN, NL 

the given tangents. Take MY, MY' the double lines of 

the involution M {AB, LN), and take NZ, NZ' the double 

^f the involution N{AB, LM). Let T be the meet 

f the lines MY, MY' with one of the lines M, 
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NZ'. Describe a conic to touch TA and TB at A and B 
and to touch MN. 

This is a conic satis- 
fying the required con- 
ditions. For let MV 
be the second tangent 
from M to this conic. 
Then MY is a double 
line of both the invo- 
lutions M{AB, NL) 
and M(AB, NL'). 
Hence ML' coincides 

with MLy ie. the conic touches ML. So the conic touches 
NL. 

By taking one of the other four meets instead of the meet 
of MT and NZ, we obtain three other solutions. 

10. Given a tria/ngU self-conjugate for a conic, and either two 
points on the conic, or one point on the conic and one ta/ngent to the 
conic, or two ta/ngents to the conic, to construct the conic. 

^y ^« 9y if we are given a self-conjugate triangle and 
one point, we are given three other points ; and if we are 
given a self-conjugate triangle and one tangent, we are given 
three ' other tangents. In any of the above cases therefore 
the conic can now be constructed. 

11. If we are given a focus, by XXVIII. 8 we are given 
two tangents. Hence the following problems belong to this 
ehapter, but in each case a simpler solution can be given. 

CHven a focus a/nd three points, to construct the conic. 

Take the reciprocals of the given points for any circle with 
centre at the given focus, and draw a circle to touch these 
lines. The reciprocal of this circle is the required conic. 
Since four circles can be drawn, there are four solutions. 

CHven a focus and two points and one ta/ngent. 

Beciprocation gives four solutions, two of which are 
imaginary. 

CHven a focus and one point and two ta/ngents. 

Beciprocation gives two solutions. 



234 Constructions of the Second Degree, [ch. 



Griven a focus and three tangents. 

Eeciprocation gives one solution. In this case we can 
also solve the problem by determining the second focus by 
means of the theorem that two tangents to a conic arc 
equally inclined to the focal radii to their meet. 

12. To construct a conic, given a self-conjugate triangle and 
a pole and polar. 

Let ABC be the self-conjugate triangle, and let L be the pole 

of I. Let LA meet BC 
AC B in ^', and ? in D ; let 

LB meet CA in J?', and 
lmE;letLC meet AB 
in C, and I in F. 

Now A and A^ are 
conjugate points for the 
required conic, and so are 
L and 2). Hence the re- 
quired conic must pass 
through XX\ the double 
points of the involution 
(AA\ LB). So the conic 
must pass through the double points YT of the involution 
(BB", LE\ and through the double points ZZ' of the invo- 
lution {C(J, LF). 

Also the six points XX'TTZZ' lie on a conic. For draw 
a conic through XX'YYZ. Then since LB are harmonic 
with XX\ and LE with TF, I is the polar of i ; also 
(LFj ZZ') = — I, and the conic passes through Z ; hence the 
conic passes through Z'. 

Again, the conic through XX'YTZZ' satisfies the required 
conditions. We have proved that I is the polar of h 
Let BG and BX' meet in H. Then the opposite vertices of 
the quadrilateral BC, CB\ B'C\ C'B are BB\ CC\ and AE, 
Now BB' are conjugate for the conic, and so are CC ; hence 
so are AH. Hence the polar of A passes through H ; and 
also through A\ Hence BC is the polar of ^ ; so OA is the 
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polar of 5, and AB is the polar of C Hence ABC is a self- 
conjugate triangle for the conic. 

This completes the theoretical solution of the problem ; 
and we have showna that one, and only one, conic can be 
drawn satisfying the given conditions. Practically the above 
solution is worthless ; for any pair of the points XX', YY'^ 
ZZ' may be imaginary. The following is the practical con- 
struction when the conic is real. 

We have already found two points upon Oi. To find two 
points on QA. Let AC cut ? in Q. Then AC are conju- 
gate points ; and so are ^Q, for Q is the pole of LB, Hence 
the two points upon CA are the double points of the involu- 
tion {AC^ ^Q)- So two points can be found on CB, Hence six 
points on the conic are known, viz. those on CA, CB, and 
CL, Now if the conic is real, one of the points ABC (say C) 
is inside the conic, and hence CA, CB, CL all cut the conic 
in real points. Hence, by trying ABC in succession, we get 
six real points on the conic. 

If on trial we find that neither A nor B nor C gives six 
real points, we conclude that the conic is imaginary. 

We see again that two conies cannot have two common self- 
conjugate triangles ; for since two such triangles more than 
determine a conic, the two conies would be coincident. 

XjX. 1. Given a pentagon ABCJDEf construct a conic for which each vertex w 
the pole of the opposite side. 

Let AB and CB meet in F, The required conic is the one for which 
ADF is self-conjugate, and E is the pole of BC, 

XjX. 2. For this conic, the inscribed conic and the circumscribed conic are 
reciprocal. 

XjZ. 3. Qiven the centre qf a conic and a self'Conjvgate irianglej construct the 
a.symptotes. 

Draw OX, OT, OZ parallel to BC, CA, AB ; then the asymptotes are 
the double lines of {AX, BY, CZ). 

Ex. 4. Qiven a pole and polar and a self-conju^ate triangle, construct the 
tangerUsfrom the pole, 

Ex. 5. Qiven four points A, B, C, B and a line I. With A as pole of I and unth 
BCD as a self-conjugate triangle, a conic is drawn; similarly the conies {B, CD A), 
(C, BAB), (J), ABC) are drawn. Show thoit these four conies meet I in the same 
two poinbs. 

13. Given five points on each of two conies, to construct the 



236 Cansinuiions of tke Second Degree, [ch. 

emic «ftidb fossa iknmqk fkt Meets of these comes and also 
tkfxmgk agkempomL 

Through the given point L draw any line I ; and construct 
the pmnispp'j ql in which \ cuts the two oonica. Then if 
Jf he the oth^* p(Mnt in which the rBq[iiiied conic cuts Z, we 
know that j[»p'y qt[y LM are pairs in an involution. Hence 
M is known. Leu a p(Mnt on the conic is known on every 
linethrou^X.. 

GvxnfirepoMs on eodb of two comieSy to construct the conk 
uhich passes throng the fimr meets of Aese comes and also 
touches a ffken line. 

Construct the points in which the given line cuts the 
given conicSy viz. pp\ ^. Then the points of contact of the 
required conies are the douhle points Cyfof the involution 
determined hy j^', g^. Then, taking either e or f we con- 
tinue as above. 

Sx. Gtc« fte redproeal cons^mdioiu. 

14. Given three points on a conic and an involution of con- 
jugate points on a line, to construct the conic. 

If the given involution has real double points, draw a 
conic through the three given points and the two double 
points. This conic clearly satisfies the required conditions. 

If the given involution is overlapping, proceed thus — Let 
A, By C he the given points, and I the line on which the 
involution of conjugate points lies. Let BC cut Z in P, and 
take P', the mate of P, in the involution. Also take P'^ such 
that (BC, PP'') = - 1. Let PA cut P'P'' in o, and take A' 
such that (AA\ Pa) = — i. So, using CA and QC, jB' can 
be constructed. 

Then the conic ABCA'B' is the required conic For since 
(BC, PP'') = - 1 = (AA', Pa), P"a is the polar of P. 
Hence PP' are conjugate points. So Q(^ are conjugate 
points. Hence the involution {PP', QQf) (which is the given 
involution) is an involution of conjugate points for this 
conic. 

If the given involution is overlapping, we have solved 
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the problem — To draw a come through five given points, two 
of which are imaginary, 

15. Construct a conic to pass through four given points and 
to divide a given segment harmonically. 

Let LM be the given segmeni Let E, F be the double 
points of the involution deteimined by the given quadrangle 
ABCD on LM. Let the double points P, Q of the involu- 
tion {LM, EF) be constructed: Then the conio, through 
ABCDP is the required conic. For let LM cut this conic 
again in Qf. Then PQ' belong to the involution cf the 
quadrangle on LM. Hence (PQ', ^JP)= — i. Hence Qf 
coincides with Q. And {LM, PQ) = — i. Hence the conic 
cuts LM harmonically. 

If the double points E, F are imaginary, construct the 
involution of which L, M are the double points, and let 
P, Q be the common points of this involution and that of 
the quadrangle on LM. Then the required conic is ABCDP^ 
For, as before, LM cuts the conic again in Q, and 

{LM,Pq)^^i. 

Also, since E, F are imaginary, this construction is real. 



:. Construct a conic which shaU pass through four given points and through 
a pair (not given) of points of a given involution on a line, 

16. The following proposition will be used in the suc- 
ceeding constructions — 

If a variable conic through four fixed points A, B, C, B meet 
fixed lines through A and B in P and Q, then PQ passes through 
a fixed point upon CD. 

For consider the in- 
volution in which CD 
cuts the conic and the 
four sides AP, BQ, AB, 
PQ of the quadrangle 
ABPQ. Five of these 
points are fixed, viz. 
the meets with the 
fixed lines AB, AP, BQ, and the meets C, D with the conic 
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Hence the sixth meet is fixed, Le. FQ, passes through a fixed 
point on CD, 

The theorem may also be stated thus — 

A system of conies pass through ABCD. A fixed line 
through A cuts these conies in PP\ . . , and a fi>oced line through 
B cuts them in QQf..,. Then all the lines PQ, P'Qf,.. are 
concurrent in a point on CD. 

If A and B coincide, the theorem is — 

A system of conies touch at A and pass through CD. A 
fixed line through A cuts these conies in P, P\ . . . , a/nd another 
fixed line through A cuts them in Qf ^. . . . Uien aU the lines 
PQ, P'Q'j" are concurrent in a point on CD. 

li A, B and C coincide, the theorem is — 

A system of conies have three-point contact at A and pass 
through D. A fixed line through A cuts these conies in P, P\...y 
and another fioced line through A cuts them in Q, Q^, .... Then 
aU the lines PQ, P'Qf,... are concurrent in a point on AD. 

Ex. 1. Beciprocate all these theorems. 

Ex. 2. Given three meets ABC of two five-po-int conies, prove the following 
construction for the fourth meet D — 2'ake any two points L, M on either conic, and 
construct the points L\ W in which AL, BM cvt the other conic. Join the meet of 
LMj L'M' to C. Then B is the meet of this line unth either conic. 

Ex. 3. Given two meets A, B of two five-point conies, prove the following con- 
struction for the other meets C and D — Take any two points L, M on either conic, 
and constrvict the points i', M^ in which ALj BM cut the other conic. LM, L^M^ 
meet in one point on CD. Similarly construct another point on CD. Now con' 
struct the points in which the joining line cuts either conic. 

Ex. 4. Reciprocate the two preceding constructions. 

Ex. 5. Prove thefoUowing construction for the directions of the aoces of a amic 
given by five points-^Draw a circle through three A, By C of the given points ; 
now construct the fourth meet P of the conic and the circle ; tlien the directions of 
the axes Insect the angles between AB and CP. 

17. Given five points on a conic, three of which are coincident^ 
to construct the conic. 

Let ABC be the three given coincident points, and BE 
the other given points. Then to be given ABC is equivalent 
to being given the point A, the tangent at A, and the circle 
of curvature at A, Let AD, AE cut this given circle in 
D\ E\ Then DE, D^E' meet on the conunon chord of the 
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circle and the conic. Hence the point P where this chord 
cuts the circle can be constructed. Nqw P is on the conic. 
Hence we know four points w4, 2), ^, P on the conic and the 
tangent at one of them. Hence the conic can be con- 
structed. 



Obiain^ hy using the reciprocal theorem^ a solution of the problem — 
Given five tangents of a conic j three qf which are coirundent, cofistruct tlie conic. 

Notice that the circle of curvature has three-tangent contact with 
the conic as well as three-point contact. 



CHAPTER XXVI. 

METHOD OF TRIAL AND ERROR. 

1. Given two homographic ranges {ABC.) and {ahc ...) on 
different lines, and given two points V and u, find two poifds 
XY of the first range, such that the angles XVT and xvy 
may have given valties, x and y being the points corresponding to 
X and T in the homographic ranges. 

Try any point P on AB as a position of X. To do this, 
take Q on AB, so that the angle PVQ is equal to the given 
value of XVY. Take p and q, the points corresponding to P 
and Q, in the homographic ranges. Also take r on ah, so that 
the angle pvr may be equal to the given angle xvy. Then if 
r coincides with q, the problem is solved. 

If not, try several points Pj, Pj . . . . Then 

= ^ (Pii^i •••) since the pencils are superposable 
= (Pii?2 •••) = (^1-^2 •••) since the ranges are homographic 
= V{P, P, ...) = F(ft Q, ...) = (ft ft ...) = {q, q, ...). 

Hence the ranges {qiq2"-) and (r^r^,..) are homographic. 
Now if q and r coincide, q will be a position of y. Hence y is 
either of the common points of the homographic ranges 
(g, ^2 •••) and {r^r^ ...). Hence Y and X are known. 

The problem has four solutions. Two are obtained above, 
and two more are obtained by taking the angles PVQ and 
pvq in relatively opposite directions. 

Notice that we need only make three attempts ; for the 
common points of two homographic ranges can be deter- 
mined if three pairs of corresponding points are known. 
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The above process may be abbreviated by writing (r) foi- 
the range (r, r^ ..), and so on. 

The method is balled by some writers f/te method of 
False Positions. 

Ex. 1. Find correspcnding segments XY^ X'Y^ of tujo given homographic 
ranges which shaU be of given lengths. 

Sx. 2. Given two homographic ranges on the same line, find a segment XX' 
hounded by corresponding points, (i) which is bisected by a given point, or 
(ii) which divides a given segment JiarmonicaUy, 

If XX^ satisfies either condition, X and X^ generate ranges whicli 
are in involution and therefore homographic. 

Ex. 3. Find also XX^, given that (i) AX : BX^ is a given ratio, or (ii) that 
XX^ is of given length, or (iii) that XX^ divides a given segment in a given 
cross ratio, 

Ex. 4. if A, A' generate homographic ranges on two lines, show that through 
any given point two of the lines A A' pass. 

Ex. 5. Find corresponding points X, X' of two homographic ranges on 
different lines, such that XO and X'Ot meet at a given angle, and Of being 
given points. 

The pencfils at and 0^ are homographic. 

Ex. 6. Given on the same line the homographic ranges {ABC ...)'= {A!B^(f . . . )» 
amd the homographic ranges (LMN,..) = (L^^M^^N^^..) ; find a point X which 
has the same mate in both ranges. 

Ex. l.lfA and A^ generate homographic ranges on two lines, and B and Bf 
generate homographic ranges on two other lines, find the positions of A,B, A', ^ 
thai boUi AB and A'Bf may pass through a given point. 

2. Between two given lines place a segment whose projections 
on two given lines shall he of given lengths- 

Let the projections lie on the lines AB and CD. On AB 
take a length LM equal to the given projection on AB; 
through L and M erect perpendiculars to AB to meet the 
given lines in X and Y. Let the projection of XY on CD 
be PQ. If PQ is of the required length, then the problem 
is solved. 

If not, make PQ; of the required length. Then the ranges 
generated by Q' and P are homographic, being superposable. 
Again, the ranges P and X are homographic, by considering 
a vertex at infinity. Similarly 

range X = range L = range M = range Y = range Q. 

Hence the ranges Q^ and Q are homographic. Either of 

R 
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the common points of these ranges gives a true position 
of «. 

Ex. 1. On hjoo given lines find points A and 5, suck tiuU AB subtends given 
angles at two given points. 

Ex. 2. Thr(mgh a given point draw two lines^ to cut off segments of given 
lengths from two given lines, 

Ex. 3. Given two fixed points and (/ on two fixed lines, through a fixed 
point V draw a line cutting the fixed lines in points A, A', such that (i) OA . (/A^ 
is constant, or (ii) OA : &A' is constant. 

Ex. 4L Through a given point draw a line to include with two given lines a 
given area. 

Ex. 6. Two sides of a triangle are given in position and the area is given; 
show that the base in two positions subtends a given an/^ at a given point, 

Ex. 6. Given four points A, B, C, D on the same line, find two points X, Y 
on this line, such that {AB, XT) and {CD, XT) may have given values. 

Ex. 7. Given two fixed points A and By find two points P, Q on^ line AB, 
such that (AB, PQ) is given and also the length PQ, 

Ex. 8. Given three rays OA, OB, OC, find three other rays OX, OY, OZ, such 
that the cross ratios 0(AB, XT), 0{BC, TZ), 0{CA, ZX) may have given 
valuss. 

Ex. 9. Find the lines OX, OX* such that (AA% XX*) may be a given cross 
ratio arid XOX* a given angle, OA and OA* being given lines. 

Ex. 10. Solve the equafion ax^ +bx + c = obya geometrical construction. 

The roots are the values of x at the common points of the homo- 
graphic ranges determined by axx* + bx + c = o. 

Ex. U. Sdve geometrically the equations 

y =: Ix + a, s =■ my + b, x = m + c. 

Obtain the common points of the homographic ranges {x, x*) deter- 
mined by y = te + a, s = my + b, x* = nz + c. 

Ex. 12. Sdve geometrically the equations 

xy + lx + my + n = o, xy+px + qy + r-o, 

3. Given two points L, M on a conic, jmd a point P on the 
conic, such that PL, PM shall divide a given segment UV in 
a given cross ratio. 

Take any position of P, and let PL, PM meet UV in A, B, 
and take B^ such that {UY, AB') is equal to the given cross 
ratio. Then (A) :=^ L{A) = L(P) = M(P) = M{B) = {B\ 
Also, since ( UV, AB') is constant, we have (-4) = (B'). Hence 
(B) = (jB'). Hence the required position of J5 is either of 
the common points of the homographic ranges generated by 
B and B'. 
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Gwe two points L, M on a conic, find a point P on the conic such that the 
bisectors of the angle LPM may have given directions. 

Draw parallels to PL, PM through a fixed point. 

4, Inscribe in a given conic a polygon of a given number of 
sidesj so that each side shall pass through a fixed point 

Consider for brevity a four-sided figure. It will be found 
that the same solution applies to any polygon. 

Suppose we have to inscribe in a conic a four-sided figure 
ABCD, so that AB passes through the fixed point U, BC 
through F, CD through W, and DA through X On the 
conic take any point A. Let A TJ cut the conic again in B, 
Let BY cut the conic again in C Let CW cut the conic 
again in 2). Let 2>X cut the conic again in A\ So take 
several positions 'of A, 

Then the range on the conic generated by J. is in involu- 
tion with the range generated by By since AB passes 
through a fixed point TJ, Hence (-4.) = (5). So 

(5) = (C) = (D) = {A% 

Hence the ranges {A) and (A!) on the conic are homographic. 
A true position of ui is either of the conunon points of these 
homographic ranges. 

Note that in the exceptional case of XXI. 3. Ex. 14, the 
common points lie on the line ; and the above solution 
becomes nugatory. 

Sx. 1. I>e8crihe ahovA a given conic a polygon such that each vertex shall lie 
on a given line. 

Inscribe in the conic a polygon whose sides pass through the poles 
of the given lines, and draw the tangents at its vertices. 

SiX. 2. Inscribe in a given conic a polygon of a given number of sides, such 
that each pair of consecutive vertices determine ujith two given points on the conic 
a given cross ratio. 

Ex. 3. In the given figure ABCD inscribe the figure NPQR, so that RN, PQ 
meet in the fixed point U, and NP, RQ in the fixed point V. 

Ex. 4. Ckmstruct a polygon^ whose sides shdU pass through given points 
and whose vertices shaU lie on given lines. 

THt 6. Construct a polygon, whose vertices shaU lie on given lines and whose 
sides sihaU subtend given angl^ at given points. 

Sx. 6. Construct a triangle ABC, such that A and B shaU lie on given lines, 
and thai the angle C shaU be equal to a given angle, whilst the sides AB, BC, CA 
pass through fixed points. 

B 2 



244 Method of Trial and Error, 

Sx. 7. A my of light starts from a given point, and is refleded successirdy 
from n given lines ; find the initial direction that the final direction may make a 
given angle toiOi the initial direction. 

Ex. 8. Given two homographic ranges (ABC.^ = {AfBfCf ...)o^ a cmic, 
find the corresponding points X, JC% such that JCJr may pass through a given 
point, 

SSx. 9. Given two points AA' (m a cfmi/c, find two points XX' also on the 
conic, such that {AA', XX') has a given value and XX' passes through a given 
point. 

Ex. lO. Through a given point A is drawn a chord PQofa conic ; BC art 
fixed points on the conic ; find the position ofPQ when PB and QC meet at a given 
angle. 

Ex. U. Through two given points describe a circle which shaU cut a given arc 
of a circle in a given cross ratio, 

Ex. 12. Through four given points draw a conic which shaU cut off from a 
given line a length which is either given or subtends a given angle cU a given 
point. 



CHAPTER XXVII. 

IMAGINARY POINTS AND LINES. 

1. The Principle of Continuity enables us to combine the 
elegance of geometrical methods with the generality of 
algebraical methods. For instance, if we wish to determine 
the points in which a line meets a circle, the neatest 
method is afforded by Pure Geometry. But in certain 
relative positions of the line and circle, the line does not 
cut the circle in visible points. 

Here Algebraical Geometry comes to our help. For if 
we solve the same problem by Algebraical Geometry, we 
shall ultimately have to solve a quadratic equation ; and 
this quadratic equation will have two solutions, real, coin'^ 
cident and imaginary. Hence we conclude that a line always 
meets a circle in two points, real, coincident or imaginary. 

Another instance is afforded by XXIII. 5. Here we 
prove the proposition by using the points and (/ in which 
the circles on AA^ and BB^ as diameters meet. But these 
circles in certain cases do not meet in visible points. But 
we might have proved the same proposition by Algebraical 
Geometry, following the same method. Then it would 
have been immaterial whether the coordinates of the points 
and (/ had been real or imaginary, and the proof would 
have held good. Hence we conclude that we may use the 
imaginary points and 0' as if they were real. 

In all solutions by Algebraical Geometry, points and 
lines will be determined by algebraical equations. H^nc/^ 
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imaginary points and lines will occur in pairs. Hence we 
shall expect that in Pure Geometry, imaginary points and 
lines will occur in pairs. 

2. The best way of defining the position of a pair of 
imaginary points is as the double points of a given over- 
lapping involution ; and the best way of defining the position 
of a pair of imaginary lines is as the double lines of a given 
overlapping involution. 

Thus the points in which a line cuts a conic are the 
double points of the involution of conjugate points deter- 
mined by the conic on the line ; and these double points, i.e. 
the meets of the conic and line, are imaginary if the involu- 
tion is an overlapping one. 

So the tangents from any point to a conic are the double 
lines (real, coincident, or imaginary) of the involution of 
conjugate lines which the conic determines at the point. 

Note that a pair of imaginary points is not the same as 
two imaginary points. For if A A' are a pair of imaginary 
points and BB^ another pair of imaginary points, then AB 
are two imaginary points but are not a pair. 

3. The middle point of the segment joining a pair of imaginary 
points is real. 

For it is the centre of the involution defining the imaginary 
points. 

A pair of ivmginary points AA' is determined when we hnm 
the centre and the square (a negative qtianity) 0A\ 

For the involution defining the points is given by 

OP. OF=OA\ 

The fourth harmonic of a real point for a pair of imaginary 
points is real. 

For it is the corresponding point in the defining in- 
volution. 

The produM of the distances of a pair of imaginary paints from 
any real point on the same line is real and positive. 

Let AA' be the pair, and P any real point on the line 
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AA\ Take the middle point of the segment AA\ Then 

TA . P4'= (OA - OF) {OA'- OP) 

= {OA - OP) (- OJL - OP) = OP^ -- OA*. 

Now 0-1^ is negative, or the involution would have real 
double points. Hence PA . PA' is real and positive. 

4. Two conies cut in four real points, or in two real a/nd two 
imaginary pointSf or in four imaginart/ paints. 

Since a conic is determined by five points, two conies 
cannot cut in more than four points, unless they are 
coincident. 

Also we can draw two conies cutting in four points, e. g. 
two equal ellipses laid across one another. 

Now if we were solving the problem by Algebraical 
Geometry, and were given that the problem could not have 
more than four solutions, and that it had four solutions in 
certain cases, we should be sure th^t the problem had in all 
cases four solutions, the apparent deficiencies, if any, being 
accoimted for by coincident or imaginary points. 

Hence it follows by the Principle of Continuity, that 
two conies always cut in four points, real, coincident, or 
imaginary. 

Also imaginary points occur in pairs. Hence two or four 
of the points may be imaginary. 

5. If two conies cut in two real points, the line joining the 
other common points is real, even if the latter points are 
imaginary. 

For, by the principle of continuity, Desargues*s theorem 
holds, even if two or four of the points on the conic are 
imaginary. Let any line cut the conies in pp^ and qq^ and 
the given real common chord in a. Then the real point a, 
taken such that {aa\pp\ qc[) is an involution, lies on the 
opposite common chord. Hence the opposite common chord 
is real, being the locus of the real point a\ 

If two conies cut in two real and two imaginary points, one 
pair of common chords is real and two im^aginary. 
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For if a second pair were real, the four common points 
would be real, being the meets of real lines. 

6. One vertex of the common setf-conjiigate triangle of two 
conies is aihoays redU 

Take any line I ; then the locus of the conjugate points 
of points on I for both conies is a conic. Take any other 
line m ; the locus of the conjugate points of points on m for 
both conies is a second conic. These conies have one real 
point in common, viz. the conjugate point of the meet of I 
and m. Hence they have another real point in common, 
say U, 

Take the conjugate point Q onl of U for both conies and 

the conjugate point R on m of U for both conies. Then QR 

, is clearly the polar of U for both conies ; for the polar of U 

for both conies passes through Q and R. Hence Z7 is a real 

vertex of the common self-conjugate triangle of the two conies. 

Similarly, the other two points, real or imaginary, in 
which the conies cut, are the other two vertices of the 
common self-conjugate tiiangle. 

7. The other two vertices of the common self-conjugate triangle 
of two conies are real if the conies cut in four real points or four 
imaginary points ; tut if the conies cut in two real and two 
imaginary points, the other two vertices are imaginary. 

If the four intersections are real, the proposition is 
obviously true. 

If the four intersections are imaginary, one conic must be 
entirely inside or entirely outside the other. Hence the 
polar of the real vertex U cuts the conies in either two non- 
overlapping segments AA\ BB\ or in one real segment and 
one imaginary, or in two imaginary segments. Now the other 
two vertices VW are the points on the polar which are con- 
jugate for both conies, i.e. are the common pair of the two 
involutions of conjugate points on the polar. And the double 
points AA^, BB' of these involutions are either real and non- 
overlapping, or one pair (at least) is imaginary. Hence by 
XX. 5, YW are real. 
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If two intersections axe real and two imaginary, the meets 
of the given real common chord and of the opposite common 
chord (which is known to be real) gives a real position of Z7. 
But the opposite chord does not cut either conic ; hence U is 
outside both conies. Hence the polar of TJj passing through 
the fourth harmonic of U for the two real points, cuts the 
two conies in overlapping real segments. Hence FTT, being 
the double points of the involution determined by these 
segments, are imaginary. 

8. One pair of common chords of two conies is always real* 

If all four intersections are real, it is clear that the six 
common chords are all real. 

If all four intersections are imaginary, then UVW are real. 
Take any point P and its conjugate point P' for the two 
conies. Then the common chords through U are the double 
lines of the involution U{VWy FJP^) ; for the polar of P for 
these common chords passes through P\ and the polar of F 
passes through W. Hence the common chords through U 
are both real or both imaginary. 

Also the common chords through two of the three points 
UVW must be imaginary ; for otherwise the four real com- 
mon chords would intersect in four real common points of the 
conies. Let the chords through F and W be imaginary. 

Then taking P inside the triangle UYW^ we see that since 
Y{UW, PP') overlap, P' must lie in the external angle F; 
so P' must lie in the external angle W. Hence P' lies in the 
internal angle U. Hence UiVWyPP') does not overlap; 
hence the double lines of the involution are real, i.e. the 
common chords through U are real. 

If two intersections are real and two imaginary, we have 
already proved that two common chords are real. 

9. Two conies have four common tangents, of which either two 
or four m>ay he imaginary. 

If two conies have two real common tangents and two imaginary, 
the intersection of the real and also of the imaginary tangents 
is real; a/nd the other four common apexes are im^aginary. 
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One side of the common self-conjugate triangle of ti€0 conks 
is always real ; the other two sides are real if the four common 
tangents are aU real or aU imaginary; otherwise the other two 
sides are imaginary. 

One pair of common apexes of two conies is ahcays real. 

These propositions can be proved similarly to the corre- 
sponding propositions respecting common points and conmion 
chords (or by Eeciprocation). 

Ex. If two conies have three-point contact ai a point, they have a fourth red 
common pointy and a fourth real common tangent. 



CHAPTER XXVIII. 

CIECULAE POINTS AND CIRCULAR LINES. 

1. The circular lines through any point are the double 
lines of the orthogonal involution at the point. 

Every pair of drcular lines cuts the line at infinity in the 
same two points (called the circular points). 

Take any two points P and Q, Then to every ray in the 
orthogonal involution at P there is a parallel ray in the 
orthogonal involution at Q, or briefly, the involutions are 
parallel. Hence the double lines are parallel. Hence the 
circular lines through P and Q meet the line at infinity in 
the same two points. 

The notation 00,00' will be reserved for the circular points. 

Any two perpendicular lines are harmonic with the circular 
lines through their meet. 

For by definition the circular lines are the double lines of 
an involution of which the perpendicular lines are a pair. 

The points in which any two perpendicular lines meet the line 
at infinity are harmonic toith the circular points. 

For the circular lines through the meet of the lines are 
harmonic with the given lines. 

2. The triangle whose vertices are any point C and the circular 
povnts, is self-conjugate for any rectangular hyperbola whose centre 
is at C. 

For Ceo J C CO ' being circular lines are harmonic with every 
orthogonal pair of lines through (7, and are therefore har- 
monic with the asymptotes, i.e. with the tangents from C 
to the r. h., and are therefore conjugate lines for the r. h. 
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Also C is the pole of 00 00 '. Hence Coo 00 ' is self-conjugate 
for the r. h. 

Sx. 1. AU rectangular hyperhdlas have a common pair qf conjugate poinJts, 
Sx. 2. Every conic for which the circular points are conjugate is ar.K 

3. AU circles pass through the circular points. 

Let C be the centre of any circle. Then Coo , Coo ' are the 
asymptotes of the circle. For Coo , Coo ' are the double lines 
of the orthogonal involution at C, i e. are the double lines of 
the involution of conjugate diameters of the circle. Now a 
conic passes through the points in which the line at infinity 
meets its asymptotes. Hence the circle passes through 00 
and 00 '. 

Notice that we have proved that Coo , Coo ' touch at 00 , 00 ' 
any circle whose centre is at C. 

4. Every conic which passes through the circular points is a 
circle. 

Let C be the centre of a conic through 00 , 00 '. Then 
since the lines joining the centre of a conic to the points 
where the conic meets the line at infinity are the asymptotes 
of the conic, we see that Coo , Coo ^ are the asymptotes of the 
conic. Hence the involution of conjugate diameters of which 
the asymptotes are the double lines must be an orthogonal 
involution. Hence every pair of conjugate diameters is 
orthogonal. Hence the conic is a circle. 

We now see the origin of the names circular points and 
circular lines. The circular points are the points through 
which all circles pass. A pair of circular lines is the limit 
of a circle when the radius is zero ; the circle degenerating 
into a real point through which pass imaginary lines to the 
circular points. So that a pair of circular lines is both a 
circle and a pair of lines. 

5. Concentric circles have double contact, the line at infinity 
being the cJwrd of contact 

For all circles which have C as centre, touch Coo at 00 
and Coo ' at 00 ^ 
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Sz. L Every semicirde is divided karmonicciUy by the drcuLar points. 



:. 2. The circle which circumscribes a triangle which is self-conjugaie for a 
rectangular hyperbola passes through the centre. 

For five of the vertices of the two triangles consisting of the given 
triangle and Coo oo ^ lie on the circle. 



:. 3. Gaskin's theorem. The circle ahout a triangle sel/'conjugaie for a 
conic is orthogonal to the director. 

Let F be a common point of the circle and the director. I^t the 
polar of V for the conic meet the circum-circle in a, a' ; Foo , Foo ' in 
JB, i3' ; and the tangent at F to the circum-circle, and oo oo ' in 7, y . 
Tlien Faa"^ is a self-conjugate triangle. Hence aa' are conjugate points 
for the conic. Again, Foo » Foo ' are conjugate lines, for the tangents 
from F are orthogonal ; hence $$' are conjugate points. And (oa^, fifi\ 
x/) is an involution. Hence tV are conjugate points. Hence the polar 
of y passes through 7. Now y is at infbiity, hence its polar F7 passes 
through (7; i. e. the tangent to the circum-circle at F coincides with 
the radius of the director circle. 

Sz. 4. The axes of any one qf the system of conies through four given points 
on a circle are in fixed directions, 

'Take any point F and join F to the points at infinity AA'y BBfy... 
on the conies. Then V{AA'^ BBf,,,.) is an involution pencil parallel 
to the asymptotes. But Foo , Foo ' is one pair, corresponding to the 
circle. Hence the double lines are at right angles, and therefore bisect 
the angles AVA', BVB^, .... Hence the axes are parallel to these double 
lines, and therefore are in fixed directions. 

Sx. 6. Tvx> conies are placed ujifh their axes parallel; show thai their four 
meets are concydic. 

Sx. 6. Give a descriptive proof of the property of the director cirde of a 
conic 

Let A and B be any fixed points, and let PA and PB be any two 
lines through A and B which are conjugate for a conic. Draw the 
polar b of B cutting PA in Q. Then Q is the pole of PB. Hence 

^(p)=^(g) = (Q) = B(p). 

Hence tlie locus of P is a conic through A and B. 

Now let R be any point on the director circle; Then Rco , Rco ' are 
conjugate for the conic, since the tangents from 12, being perpen- 
dicular, are harmonic with Rco , Rto \ Hence the locus of 12 is a conic 
through 00 and 00 % i. e. is a circle. 

6. If the pencil V{ABC -) he turned bodily through amy 
cmgle about V into the position F(-1'^0'...), then the common 
lines of the two homographic pencils Y{ABC, . .) and Y(A!B'C . . ) 
are the circular lines through Y, 

The pencils, being superposable, are homographic. Hence 
if they cut any circle through Fin abc ... and aVc ..., the 
two ranges (a&c.) and (a'6'c'...) on the circle are homor 
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graphic. One point on the homographic axis of these ranges 
is the meet of aV and afh. But these lines are parallel. 
Hence this point is at infinity. So every point on the axis 
is at infinity. Hence the common points of the ranges 
{dbc ...) and {afVcf ...) are the meets of the circle with the 
line at infinity, i. e. are oo oo ^. Hence the common lines of 
the pencils V{ABC.,,) and Y{A'B'C' ..,) are Foo, Foo'. 

Hence — The legs of a constant angle divide the segment joining 
the circular points in a constant cross ratio. 

Let the constant angles be ALA% BMB^, CNC, .... 
Through any point F draw a circle and let parallels through 7 
to LA, MB, NO, ..., LA\ MB", JVC... cut this circle in 
a, 6, c, . . ., a\ V, c\.. . Then, as above, oo oo ' are the common 
points of the homographic ranges (aibc ...) and (a'&V ...) on 
the circle. Hence 

(oo 00 ', aa^) ^ (oo 00 ', bb^ = (oo oo ', cc') = .... 

Hence F(oo oo ' a>a^) is constant. But the parallel lines LA 
and Va cut oo oo ' in the same point ; so LA^ and Va^ cut 
00 00 ^ in the same point. Hence i (oo oo ', AA^) is constant. 
Hence LA and LA' divide the segment oo oo ^ in a constant 
cross ratio. 

7. Coaxal circles are a system of four-point conies. 

For two circles meet in two points (real or imaginary) 




on the radical axis and also in the circular points. The 
adjoining ideal figure explains the relation of coaxal circles 
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to the circular points. A and B are the common finite 
points on the radical axis, and 12 is the point at infinity on 
the radical axis. 

L and L' are the limiting points. For since LA and LB 
are circular lines through A and J?, X is a point-circle of the 
system. So for L', Also LL'Q* is the common self-conjugate 
triangle of the coaxal system. 

Foci of a Conic. 

8. Every conic has four foci, which are inside tJw conic and 
lie two on each cuds, those on either aods being equidistant from 
the centre. 

The tangents from a focus of a conic to the' conic are the 
double lines of the involution of conjugate lines at the focus, 
i. e. are the double lines of an orthogonal involution, i e. are 
circular lines, i. e. pass through 00 , 00 ^ Hence a focus is an 
internal point, since the tangents from it are imaginary. 

Also every intersection S of the four tangenis from 00 , 00 ' 
to the conic is a focus of the conic. For Sao , Soo ' being the 
tangents from S and also circular lines, the involution of 
conjugate lines at S is orthogonal, i e. /S is a focus. Hence 
the foci of a conic are the other four meets of tangents to the 
conic from 00 and 00 ''. 

Consider the adjoin- 
ing ideal figure. Here 
SSFF' are the foci 
Also is the centre ; 
for the lines SS, FV, 
00 00 ' form a self-conju- 
gate triangle, hence C 
is the pole of 00 00 ^ 
Again, S8^ and FF are 
the axes. For 

C{oooo\SF) 
is a harmonic pencil 
(from the quadrangle 
SFS'F") ; hence SS" and FF are orthogonal Hence SS" 
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and FF\ being orthogonal conjugate lines at the centre, 
are the axes. Hence the foci lie two by two on the 

axes. 

Again, FF cuts 00 00 ' in a point 12, such that (CG, ¥F) 

is harmonic; hence G bisects FF'. So C bisects /S^S'. 

Hence the foci on each 
axis are equidistantfrom 
the centre. 

It will be instructive 
to draw an ideal pic- 
ture showing the rela- 
tion of a parabola and 
of a circle to its focL 

In the case of a para- 
bola 00 00 ' touches the 
conic. Hence F' coin- 
cides with 00' and I 
with 00 . Also C and 
S' coincide at the point 
of contact of 00 00 '. 

In the case of a 
circle, 00 and 00 ' are on 
the conic ; and all the 
foci coincide with the 
centre C. 

Ex. 1. r/w sides 0/ a triangle ABC tmich a cmiic a and meet a fourth tangefii 
to a in A^BfCf ; show that the double lines of the involution subtended by {AA', 
BB\ C(j) at a focus are perpendicular. 

Being conjugate lines at a focus. 

Ex. 2. The circle described about a triangle which drcumscribes a parabola, 
passes through the focus. 

For five of the vertices of the two triangles consisting of the given 
triangle and Sco 00 ' lie on the circle. 

Ex. 3. A cirde is drawn unth centre on the directrix of a parabola to pass 
through the focus. At Rj one of the meets of the parabola and the cirde, an 
drawn the tangents to the circle and parabola, meeting the paraibola attd circU 
again in P and Q. Show that PQ is a common tangent to the two curves. 

Let be the centre on the directrix, and let the tangents from 
to the parabola meet the line at infinity in O and Ci,\ Then con- 
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lidering the triangles Oflfl^ and Soooo', we see that the conies are 
related as in Ex. 14 of XIY. a. 

9. The foci on one axis (called the focal axis) are real, a/nd 
the foci on the other axis (called the non-focal axis) are 
imaginary. 

Take any point P, and through P draw the orthogonal 
pair of the involution of conjugate lines at P, cutting one 
axis in G and H and the other axis in g and h. Then FG 
and PH are harmonic with Poo and Poo ' since GFH is a 
right angle, and with the tangents from P since FG and 
PH are conjugate. Hence FG and FH are the double lines 
of the involution P(oo 00 ', SSf, FF^) to which the tangents 
belong. 

Hence F (SS', GH) and F{FF', gh) are harmonic. And 
C bisects S^ and FF\ Hence OS" = CG . GH and 

CF^:=^Cg.Ch. 

But on drawing the figure, we see that if CG and CH are 
of the same sign, Cg and Gh are of opposite signs. Hence, 
taking CG . CH positive, CS^ is positive and CF^ is nega- 
tive. Hence S and S^ are real and jP and F^ are imaginary. 

Sx. 1. Show that gh subtends a right angle at S and at S\ 

Now Cg,Ch = -CG,CH by elementary geometry =-C^ = CS, CS\ 
Hence SS^gh lie on the circle whose diameter is gh. 

Ex. 2. Any line through is conjugate to the perpendicular line throv/gh H; 
and the same is true ofg and h, 

Sx. 3. In a parabola, S bisects OH. 

10. Confocal conies are a system of four-tangent conies. 

For if S and S^ be the real foci, the conies all touch the 
lines Soo , S^oo , S<x> \ and /S'oo \ 

Hence, the tangents from any point to a system of confocals 
form an involution, to which belong the pairs {FS, FS% 
(FF, FF') wnd (Poo , Poo '), P being the given point. 

Through every point can he drawn a pair of lines which are 
conjfugoite for every one of a system ofcimfocals- 

s 



258 Circular Points and Circular Lines, [ch. 

Viz. the double lines PG^, PJ? of the above involution. 

PG and PH are perpendicular. 

For they are harmonic with Poo , Poo '. 

The pairs of tangents from any point to a system of conr 
focals a/nd the focal radii to the point have a common pair of 
bisectors. 

For the double lines PG and PH of the involution are 
perpendicular. 

Sx. 1. In a pardbda, PG and PH are the bisectors of the angles between PS 
and a parallel through P to the axis. 

£x. 2. From a given point 0, lines are drawn to touch one of a system of 
confocal conies in P and Q ; show thai PQ and the normals a/t P and Q touch a 
fixed parabola which touches the axes of the cofnfoocds. 

Viz. the polar-envelope of the point for the system of four-tangent 
conies. The normal PG at P touches the polar-envelope, because it is 
conjugate to OP for every conic of the system. Also 00 00 ' and the 
axes touch, since they are the harmonic lines of the quadrilateral. 

£x. 3. The directrix of the parabola is CO, C being the common centre. 
For the tangents at to the two confocals through are tv70 positions 
ofPQ. 

Ex. 4. The circle aboitt OPQ passes through a second fixed point. 

Let the normals at P and Q meet in R. Then the circle about OPQ 
is the circle about PQR, which passes through the focus of the para- 
bola. 

Ex. 5. The locus of the orthocentre of PQR is a line. 
Viz. the directrix of the parabola. 

Ex. 6. The c(mic through OPQ and the foci passes through a fourth fixed 
point. 

Let the perpendiculars at S, S' to OS, OS' meet in U. Then 

S (UOy PQ) = S' {UO, PQ) = - 1. 

11. The locus of the poles of a given line for a system of coi> 
focals is the normal at the point of contact of the given line with 
a confocal. 

For let the given line I touch a confocal at P, and let PG 
be the normal, and PH{= I) the tangent to this confocal. 
Then PG and PH are perpendicular. Hence P(GHy 00 ooO 
is harmonic. But PH is one of the double lines of the 
involution of tangents from P to the confocals, being the 
pair of coincident tangents from P to the confocal which 
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Pff touches. And Poo , Poo ' is a pair of this involution. 
Hence PG^ is the other double line. Hence TGr and P^, 
being harmonic with every pair of tangents, are conjugate 
for every confocal. Hence the locus of the poles of I 
iaPG. 

Beciprocation of circular points and lines. 

12. Circular lines are the double lines of the orthogonal 
involution at a point P. Hence, the redprocal of a pair of 
circular lines is a pair of points on a line p which are the 
double points of the involution on the line which subtends 
an orthogonal involution at the origin of reciprocation, 
in other words, are the meets of p with the circular Hnes 
through the origin of reciprocation. 

Circular points are the points on the line at infinity which 
are the double points of the involution on the line at infinity 
which subtends an orthogonal involution at 0. Hence the 
reciprocals of the circular points are the double lines of the 
orthogonal involution at 0, i. e. are the circular lines through 
the origin of reciprocation. 

The redprocal of a circle for the point is a conic mih foots 
atO. 

For since the circle passes through the circular points, 
the reciprocal touches the circular lines through 0, i e. is 
a focus of the reciprocal. 

To reciprocate confocal conies into coaxal circles. 

Confocal conies are conies inscribed in the quadrilateral 
Sao , S'ao , Soo % S^ao \ Keciprocate for S. Then since Sx , 
Sao ' touch the given conies, the circular points lie on the 
ireciprocal conies, i. e. the reciprocal conies are circles. Also 
the given conies have two other common tangents ; hence 
the reciprocal conies have two other common points, i. e. are 
coaxal circles. 

To reciprocate coaxal circles into confocal conies. 

Coaxal circles are conies circumscribed to the quadrangle 
ABao 00 '. (See figure of § 7.) Keciprocate for L. Then 

s 2 
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the given conies pass through four fixed points, two on each 
circular line through the origin of reciprocation. Hence the 
reciprocal conies touch four fixed lines, two through each 
of the circular points ; i. e. the tangents to all the reciprocal 
conies from 00,00'' are the same, i e. the reciprocal conies are 
confocal. 



CHAPTER XXIX. 



PfiOJECTION, BEAL AND IMAGINABT. 



1. To project a given conic into a circle and at the same time a 
given line to infinity. 

Take K, the pole of the given line I which is to be projected 
to infinity. Through K draw two pairs of conjugate lines 
cutting I in AA% BB'. 

On AA' and BJff as diameters describe circles cutting in 
Y and Y\ About AA' rotate 
Fout of the plane of the paper. 
With Fas vertex project the 
given figure on to any plane 
parallel to the plane YAA'. 

Then KA will be projected 
into a line parallel to YA, and 
KA' into a line parallel to YA\ 
Hence AKA' will be projected 
into a right angle. So BKB! 
will be projected into a light 
angle. Again, since KA and 
KA' are conjugate for the given 
conic, their projections will be 

conjugate for the conic which is the projection of the given 
conic. So KB and KB' will be conjugate in the figure 
obtained by projection. Again, K is the pole for the givei^ 
conic of the given line I which is projected to infinity. 
Hence in the second figure, K is the pole of the line at 
infinity, i. e. is the centre of the conic. 
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Hence in the second figure KA^ KA' and KB, KB are 
two pairs of orthogonal conjugate lines at the centre, Le. the 
second conic has two pairs of orthogonal conjugate diameters. 
Hence the second conic is a circle. 

2. The above construction fails when the line to be 
projected to infinity is the line at infinity itsell The 
problem then becomes — 

To project a given conic into a circle, so that the centre of the 
conic may he projected into the centre of the circle. 

If the conic is an ellipse, this can be done at once by 

Orthogonal Projection. If the conic is a hyperbola, we must 

use an imaginary Orthogonal Projection. If the conic is 

a parabola, the projection is impossible. 
Sz. Project a system of homothetic conies into drdes, 

3. To project a given conic into a circle and a given point into 
its centre. 

Take K to be the given point and I its polar. 

To project a given conic, so that one given point may he pro- 
jected into the centre and another given point into a foots. 

To project L into the centre and K into a focus, take I in 
the above construction to be the polar of L instead of the 
polar of K, using K and I as before. Then L is projected 
into the pole of the line at infinity, i. e. into the centre, and 
K is projected into a point at which two pairs of conjugate 
lines are orthogonal, i. e. into a focus. 

To project a given conic, so that two given points may he pro- 
jected into its foci. 

To project K, K' into the foci. Take L and X', the double 
points of the involution (^B, KK), P and P' being the 
points in which KK cuts the conic. Now project K into a 
focus and X into the centre. Then {KK\ LL') is harmonic; 
also L' is at infinity, for since [PP\ LL') is harmonic, X' is 
on the polar of X. Hence KK is bisected at X, i e. iT 
is the other focus. 

Ex. 1. Project a given conic in a given plane into a circle in another 
given plane. 

Take the line AA^ parallel to the intersection of the two planes, and 
take V in the plane through AA^ parallel to the second plane. 
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XjZ. 2. "Pr^^eci a given conic into a parabola j and a given point into its focus j 
and a given point on the conic into the vertex of the parabola. 

Suppose we want to project S into the focus, and P into the vertex 
of a parabola. Let SP cut the conic again in P^. Take the tangent at 
P^ as vanishing line. 

!EjX. 3. Project a given conic into a rectangidar hyperbcHaj and a given point 
into a focus. 

Let two conjugate lines at S cut the conic in P and P'. Take PP^ as 
vanishing line. 

4. In the fundamental construction of § i, if the point K 
be outside the conic, the pencil of conjugate lines at jBT is not 
overlapping ; hence the segments AA\ BB^ do not overlap ; 
hence the points Y and V are imaginary. In this case we 
say that the vertex of projection is imaginary, and that we 
can by an imaginary projection still project the conic into a 
circle and I to infinity. Also by the Principle of Continuity 
proofs which require an imaginary projection are valid ; in 
fact we need not pause to inquire whether the projection 
is real or whether it is imaginary. 

Prove Pascal's theorem by projection. 

See figure of XV. i. Project MN to infinity and the 
conic into a circle. Then in a circle we have AB parallel to 
DEy and BC parallel to EF. It follows by elementary 
geometry that AF is parallel to CD, Hence in the original 
figure L is on ,30^. 

!EjX. 1. Prove by Projection ^at the harmonic triangle (i) qf an inscribed 
quadrangle, (ii) of a circumscribed quadrHateraX are self-wnjugaU for the 
conic. 

Project in each case into a parallelogram. Notice that a parallelo- 
gram inscribed in a circle must be a rectangle. 

Sx. 2. A, By Cj D are four points on a conic. Show that the harmonic 
triang^ qfthe quctdriUxtercd AB, BC, CD, DA is generally not sdf-conjugate. 

£x. 3. Show thai the harmonic triangles of a quadrangle inst^-ibed in 
a conic and of the quadrilateral of tangents at the vertices of the quadrangle are 
coincident. 

Ex. 4. A, B, C, B, A', W, (f, 1/ are eight points on a cmic. AB, CB, A'B' , 
(fB^ are concurrent, and so are BG, BA, Bf(f^ B^A' ; shwjo that CA, BBy (fA', 
BfBf meet in a point, and thai a ccnic can be drawn touching A' A, BfB, 
ac, BTB at A, B, C, B. 

Ex. 6. The chords PP^, QQ^ RR% SS' of a conic meet in 0. Show ^lat the 
two conies OPQRS and OP^qfBfS' touch at 0. 

Project the conic into a circle and into its centre. Then the two 
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conies are the reflexions of one another in 0. Hence the tangents at 
coincide. 



:. 6. If two homologous triangles he inscribed in (or circumscribed to) a 
conic, the c. qfh. is the pole of the a. qfh. 

Project the polar of the c. of h. to infinity and the conic into a circle. 
Then in the new figure each triangle is the reflexion of the other in the 
centre. Hence the sides are {x&rallel. Hence the a. of h. is at 
infinity ; L e. the a. of h. is the polar of the c. of h* Hence the same 
is true in the original figure. 

Sx. 7. Tioo homologous triangles are inscribed in (or circumscribed to) 
a conic ; show that any transioersod through the centre of homology cuts the sides m 
pairs of points in involution, 

"Ex. 8. Reciprocate Ex. 7. 

Ex. 9. A is a fixed point ; P is any point on its polar f&r a given conic ; 
the tangents from P meet a given line in Qj R, Show that the meets of AR, PQ 
and qf AQ^ PR lie ort a fixed line. 

Project the conic into a circle and A into its centre. 

Ex. 10. The lines joining the vertices of a triangle ABC inscribed in a conic to 
a point meet the conic again in a. b, c ; and Abj Bcy Ca meet the polar ofOin 
Rj Pf Q. Show thai the lines joining any point on the conic to P, Q^ R meet BC, 
CAy AB in coUinear points. 

Ex. IL The lines AB and AC touch a conic at B and C. The lines PQ and 
PR touch the conic ai Q and R. Show by Projection that the six points 
A, Bj Cj Pf Q, R lie on a conic. Through A is drawn a line cutting the conic in 
L and M and cutting QR in Ny and a point U is taken such that (LM, NJJ) = — i. 
Show that U lies on the conic ABCPQR. 

Ex. 12. If from three coUinear points X, Y, Z pairs of tangents be draum to 
a coniCy and if ABC he the triangle formed hy one tangent from each pair, and 
DEF the points in which the remaining three tangents meet any seventh tangent, 
the lines AD, BE, CF meet at a point on XYZ. 

Reciprocating, we have to prove the theorem — * If AOA' y BOA' , CO0 
be chords of a conic, and P any point on the conic, then the meets of 
ABy PCy ofBCy PA\ attd of CA, PB" lie on a line through 0.' Project 
to infinity the line joining to the meet of ABy PC/, and at the same 
time the conic into a circle. The theorem becomes — ' If AA', BBf, CCf 
be parallel chords of a circle and P a point on the circle such that PC 
is parallel to ABy then PB' is parallel to CA and PA^ to BC This 
theorem follows by elementary geometry. 

Ex. 13. ABC is a triangle inscribed in a conic of which is the centre. OA', 
OB'y OC bisect BCy CAy AB. Through P, any point on the conic, are draum lines 
parallel to OA' y OBf, OC meeting BCy CAy AB in X, F, Z; show that JTy T, Z 
are coUinear. 

By an Orthogonal Projection, real or imaginary, project the given 
conic into a circle with as centre. Then in the circle, OA' is perpen* 
dicular to BCy OBf to CA, and OCf to AB. Hence the theorem becomes— 
* The feet of the perpendiculars drawn from any point situated on a 
circle upon the sides of a triangle inscribed in the circle are collinear.' 

Ex. 14. Reciprocate Ex. 13. 

Ex. 15. Through a fixed point is drawn a chord PP^ of a conic ; show that 
the locus of the middle point of PP' is a homothetic conic through O and Virough 
the points of contact qf tangents from 0, 
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5. To project any two given imaginary points into the circular 
points. 

Let the two imaginary points E, F be given as the double 
points of the overlapping involution {AA', BB'). Take any 
point K in the given plane and proceed as in § i to project 
the angles AKA' and BKB^ into right angles and AA' to 
infinity. Then KE and KF are the double points of the 
orthogonal involution K{AA\ BB'), and E and F are at 
infinity ; hence E and F are the circular points. 

If E and F are real points, we can project them into the 
circular points by an imaginary projection; and proofs in 
which ima^pnary projection is employed are valid by the 
Principle of Continuity. 

To project amy two imaginary lines into a pair of circular 
lines. 

Let the given lines KE, KF be defined as the double lines 
of the involution K(AA\ BB'). Draw any transversal 
AA'BBf. Then proceed as in § i to project the angles AKA' 
and BKB' into right angles. Then KE and KF, being 
the double lines of an orthogonal involution, are circular 
lines. 

To project amy conic into a rectangular hyperbola. 

Project any two conjugate points into the circular points. 

To project a system of angles which cut a given line in two 
homographic ranges, into equal angles. 

Project the common points into the circular points. 

"Ex, 1. Deduce the construction for dravnng a conic to touch three lines and to 
pass through two points from ike construction for drawing a circle to touch 
three lines. 

XjZ. 2. T?ie pole-hcus of four given points A, J5, C, D and a given line I, 
touches the sixteen conies which can he drawn through the common conjugate 
poin^ on I to touch the sides of one of the triangles ABC, ACB, ADB, BCD, 

Project these conjugate points into the circular points ; then I goes 
to infinity. Also AD, BC meet the line at infinity in points harmonic 
with the circular points ; hence AD, BC are perpendicular. Similarly 
BD, AC are perpendicular, and also CD, AB, Also the pole-locus 
becomes the nine-point circle of each of the four triangles ; and this is 
known to touch any circle which touches the sides of any one of the 
four triangles. 
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6. To project any ttoo conies into circles. 

Project any two common points into the circular points, 
or project one conic into a circle and a common chord to 
infinity. 

There are six solutions, as there are six common chords. 
But the projection is only real if we take a real common 
chord which meets the conies in imaginary points, for the 
line at infinity satisfies these conditions. 

To project a system offour-pomt conies into a system ofcoaxd 
circles. 

Proceed as above. 

Sx. 1. Points Pj Q, R are taken on BC, CA, ABy and conies are described 
thrmgh AQRLMj BRPLM^ CPQLM, wh&re L, U are any two points. Show that 
these conies meet in a point. 

Project LM into the circular points. 

Sx. 2. Given two tangents and two points on a conic, tfie locus qf the meet of 
the tangents at these points is two lines. 

Ex. 3. Two conies pass through ABCD. AEF, BGH cut the conies in 
EG, FH J show that CD, EG, FH are concurrent. 

Ex. 4. A variable conic passing through four fixed points A, B, C, D 
meets a fixed conic through AB in PQ ; show that PQ passes through a 
fixed "point. 

Ex. 5. Aj B, Cj D are four fixed points on a fixed conic. BC, DA meet in F, 
and ABj CD meet in G. A variable conic through ACFG cuts the fixed conic 
again in PQ. Show that PQ passes through the pole of BD for the fixed 
conic, 

Ex. Q.Ifa conic pass through two given points and touch a given conic at fl 
given point, its chord of intersection with the given conic passes through a 
fixedpoint. 

Ex. 7. On each side (JJW) of the common self'Conjugaie triangle of two conies 
lie two common apexes {BBf ) and the two poles (PP^ and QQ') of ttco common 
chords (be and ad) of the conies. Also {PP^, BB') and {QQf, BBf) m 
harmonic. 

See figure of XIX. 8. J5, B^ lie on UW because BB" and UW are both 
sides of the self- conjugate triangle. P, P' lie on UW because be passes 
through F ; so Q, Qf lie on UW. Now project be into the circular points. 
Then P and P' are the centres of the circles, and B and Bf are the 
centres of similitude. Hence {PP^, BB^)= —i. So by projecting <«i 
into the circular points, we prove that (QQ', BB) = — i. 

Ex. 8. Reciprocate Ex. 7. 

Ex. 9. Oftux) circles, the poles of t?ie radical axis and the centres ofsimiUkdt 
form a harmonic range. 

Ex. 10. If tangents be draum from any point on any common chord of 
two conies, touching one conic in AB and the other in CD ; show that the linns 
AC, AD, BC, BD meet two by tioo in the common apexes corresponding to 
the common chord. 
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XjX. 1L If Girough any wmmofn apex of two (xmics a line be draton cutting 
the conies in the points AB and CD, at which the tangents are ah and cd ; show 
that the points ac^ ad, he, hd lie two by two on the corresponding common 
chords. 

Ex. 12. If the joins of any point on any comm^on chord of two conies to 
the poles of this chord cut the contes in AB and CD; show that the lines 
ACf ADf BCy BD meet tico by two in the common apexes corresponding to the 
common chor'ds, 

£z. 13. If three conies have two points in common, the opposite common 
chords qfthe conies taken inpairs, are concurrent. 

XiZ. 14. If three conies have two points in common, the three pairs of common 
apexes corresponding to the chord lie three by three onfofur lines. 

"Ex. 15. Reciprocate Ex. 13 and Ex, 14. 

XjZ. 16. Turn conies a and $ meet at B, C, and touch at A. DEG touches a 
at E and fi at Q. DFH tomhes a at F and fi at H. Show that EF, BC, GH 
meet {at K say) on the tangent at A, and that the poles of BC far a and 
lie on DA and divide it harmonically. Show also that 

A {KD, BC) = D{AK, EF) = K{FH,AC)^-i. 

"Ex.. 17. The envdope of a line which meets two given conies in pairs 
pf harmonic points is a conic which touches the eight tangents to the conies 
at their meets. 

Let the conies meet in ABCD. Project AB into the circular points. 
Then by Ex. a of III. 6, the envelope of the line is a conic which 
touches the four tangents at C and D. So by projecting CD into the 
circular points, we prove that the envelope touches the tangents 
at A and B. 

Ex. 18. Prove Ex. it by one projection. 

Ex. 19. ^ the given conies be two parabolas with axes pardUel, the envelope 
is a parabola with axis parallel to these axes. 

Ex. 20. The locus of a point the tangents from which to two given conies are 
pairs of a harmonic pencil is a conic on which lie the eight points in which the 
given conies touch their common tangents. 

Ex. 21. Tujo equal circles touch. Show that the locus of a point, the pairs of 
tangents from which to the circles are harmonic, is a pair (f lines. 

For if the circles touch at A and the common tangents touch 
them at BC, DE, the lines BAE, CAD contain the eight points, four 
being at A. 

Ex. 22. IfSA, SA% S'A, S^A' be the common tangents of two circles, S and 
S^ being the centres of similitude, and if the angles at A and A' be right, show 
that ths above locus breaks up into a pair of lines. 

For the four polars of the other two common apexes bisect the 
angles between SS^ and AA\ 

Ex. 23. The tangents to a system of four-point conies at their meets form four 
homographic pencils. 

Ex. 24. Reciprocate Ex. 23. 

Ex. 26. Xf two conies be so situated tftat two of their meets AB subtend 
at another meet C an angle which divides harmonicaUy the tangents at C, the 
same is true for AB at D, for CD at A, and for CD at B. 
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Apply Ex. 23 to the four conies consisting of the two given conies 
and the pair of lines AC^ BD and the pair AD^ BC, 

Sx. 26. In such conies, the envelope of the lines which divide the two conies 
harmonically degenerates into two points. 

Sx. 27. Reciprocate Ex. 25 and Ex, 26. 

Sx. 28. Four parabolas are drawn with their axes in the same direction 
to touch the four triangles formed by four points ; show that they have a common 
tangent, 

A particular case of the more general theorem — * Four conies are 
drawn to touch two given lines and to touch, &c.* 

Reciprocate, and project the given points into the circular points. 

Ex. 29. A polygon is inscribed in one qf a system qf four-point conies, and 
each side hut one touches a conic of the system ; show that the remaining side 
also touches a conic of Ike system; 

For the theorem is true for coaxal circles by Poncelet's theorem. 

Sx. 30. Beciproeate Ex, 29 ; and deduce a property ofconfocal conies. 

7. To project any two conies into confoccU conies. 

Let the opposite vertices of the quadrilateral circumscribed 
to both conies be AA', BB\ CC\ Project AA' into the 
circular points ; then the conies have the foci BB', CC in 
common, Le. are confocal. 

To project a system of conies inscribed in the same quadrilateral 
into confocal conies. 

Project a pair of opposite vertices of the circumscribing 
quadrilateral into the circular points. 

Ex. 1. A variable conic touches four fixed lines ; from the fixed points B, C 
taken on two of these lines the other tangents are drawn ; find the locus of ihdr 
meet. 

Project BC into the circular points. 

Ex. 2. The line PQ touches a conic. Find the locus of the meet of tangents qf 
the conic which divide PQ (i) harmonically y (ii) in a constant cross ratio, 

Ex. 3. If a series of conies he inscribed in the same quxidrilatercd of which 
A A' is a pair of opposite veriiceSj and from a fixed point 0, tangents OP, OQ 6« 
drawn to one of the conies^ the conic drawn through OPQAA^ wiU pass through a 
fourth fixed point. 

Project AA^ into the circular points, and see Ex. 4. of XXVIIL la 

Ex. 4. Reciprocate Ex. 3. 

Ex. 5. If two conies be inscribed in the same quadrilateral, the two tangenis 
at any of their meets cut any diagonal of the quadrHaterdl harmonieally. 

Ex. 0. Given the cross ratio ofapendly three of whose rays pass through fixed 
points and whose vertex moves along a fixed liney the envelope of the fourth ray is a 
conic touchi7ig the three sides qfthe triangle formed by the given points. 
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£x. 7. The locMA of the point where the intercept of a variable tangent of a 
centred conic between two fixed tangents is divided in a given ratio is a hyperbola 
whose asymptotes are parallel to the fixed tangents. 

This is a particular case of the theorem — ' If a tangent of a conic 
meet two fixed tangents AB^ ACin P, Q and a fixed line I in Uj and if 
R he taken such that (PQ, RU) is constant ; then the locus of 22 is a 
conic through the meets Bj C of I with the fixed tangents/ To prove 
this project BC into oo oo '. Then we have to prove that — * If through 
the focus S of a conic, a line SR he dravni making a given angle with 
a variable tangent QRj then the locus of i2 is a circle/ This can he 
proved by Geometrical Conies. 

8. To project any two conies into homothetie conies. 
Project any conunon chord to infinity. The new conies 

will pass through the same two points at infinity, and hence 
are homothetie. (See XIX. 1 1, end.) 

To project any two conies which have double contact into homo- 
thetie and concentric conies. 

Project the chord of contact to infinity. The pole of the 
chord of contact projects into the common centre. 

"Ex. The point V ona conic is connected with two fixed points L and M. Show 
that chords qf the conic which are divided harmonically by VL and VM pass 
through a fixed point 0. Also as V varies, the locus of is a conic touching the 
given conic at two points on the join of the fixed points L and M. 

9. To project a/ny two conies having double contact into con- 
centric circles. 

Project the two points of contact into the circular points. 
Then the conies will both pass through the circular points, 
i.e. will both be circles. Also they will both have the same 
pole of the line at infinity, i.e. they will be concentric. 

Sx. 1. Conies having the same focus and corresponding directrix can be pro- 
jected into concentric cirdes. 

For the focus S has the same polar, and the tangents from S are the 
same. Hence the conies have double contact. 

"Ex. 2. Through the fixed point is drawn a chord OAB of a conic, and on 
OAB is taken the point P such that (jOABF) is constant. Find the locus of P. 

10. The lines which join pairs of corresponding points of two 
homographic ranges on a conic, touch a conic having double 
contact mth the given conic at the common points of the ranges. 

Let (ABC.) and {A^B^C\..) be the two homographic 
ranges, and JS, F their common points. Project the conic 
into a circle and the homographic axis EF to infinity. Then 
JE, F are projected into the circular points. 
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Now in the second figure, ABf and A'B meet on the 
homographic axis. Hence AB^ and A'B are parallel So 
AC^ and A'C are parallel, and so on. Hence the arcs AA', 
BB'y CC\ ... are all equal Hence the envelope of -4.-4.' is 
a concentric circle, i.e. a circle having double contact with 
the circle which is the projection of the given conic at 
the circular points E, F. Hence in the original figure the 
envelope of A A' is a conic having double contact with the 
given conic at the double points of the two homographic 
ranges. 

!Bx. 1. Ttoo conies have double contact^ and a tangent to one conic meets tte 
other conic in A and A\ Show that A and A' generate homographic ranges, ani 
find the common points 0/ these ranges. 

Ex. 2. If {ABC ..) and {A^B^C\..) he two homographic ranges on a come, 
show that the locus 0/ the poles ofAA% BBf, ... is a conic having douibie contact 
urith the given conic. 

Ex. 3. The points of contact of the tangents AA% BBf. CC% ... form a range 
on the envelope homographic with the ranges ABC... and A^B^C... 

Ex. 4. Show that the tangents at ABC... afkd A'BfC',,. cvd the homogrt^hic 
axis in homographic ranges. 

For equal angles cut the line at infinity in homographic ranges. 

Ex. 5. If be the pole qfthe homographic axis of the two homographic ranges 
on a conic, then 0{ABC...) = 0{A^B^C\..). 

Ex. 0. If aU but one of the sides of a polygon pass through fixed points and 
all the vertices lie on a conic, then the envelope of the retnaining side is a conic 
having double contact with the given conic. 

For the last side determines homographic ranges on the conic. 

Ex. 7. If all but one of the vertices of a polygon move on fixed lines and aU 
the sides toux:h a conic, the locus of the remaining vertex is a conic having douWfi 
contact unth the given conic. 

Ex. 8. Tux) sides of a triangle inscribed in a conic pass through fixed points; 
show that the envelope of the third is a conic touching the given conic at the meets 
of the given conic with the join ofUie given points. 

Ex. 9. A triangle PQR is inscribed in a conic ; PQ, PR are in given direo 
tion ; show that QR envelopes a conic. 

Ex. 10. The envelope of chords of a conic which subtend a given angle at a 
given point on the conic is a conic having double contact with the given conic. 

Ex. 11. A, B are tico fixed points on a conic, and P, Q two variable points 
on the conic such that {AB, PQ) is constant; show thatPQ envelopes a conic which 
touches the given conic at A and B. 

Ex. 12. Show also that the locus of the meet of AQ and BP, and the hcus of 
the meet qf AP and BQ, are both conies having double contact with the given conic 
at A and B. 

For A (ABQ...) = B {ABP...) and A {ABP...) = B {ABQ...). 
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Sx. 13. Inscnhe in a given conic a polygon of any given number of sides, each 
side qf which shcM touch some fixed conic having double contact with the given 
conic. 

XiX. 14. Xf tangents be drawn from points on a conic to a conic having double 
contact tcith it, the points of contact generate homographic ranges on the conic. 

XiX. 15. A conic is drawn through the common points E, F of two homographic 
ranges Ay J5, C, ... and A\ B', C, ... on the same line. A pair of tangents 
moves so as to pa,ss through a pair of points qf these ranges. Show that the points 
of oorUact generate homographic ranges on the coniCy w?iose common points are E 
and F, 

XjZ. 16. Also if P be any point, and PA cut the conic in aa, and A' a cut 
ike conic in a' ; show that aa' generate homographic ranges on the conic, 

XSx. 17. Through a point P is drawn a chord cutting a conic in a a, and a 
point a^ is taken on the conic su^ thai the angle a a a' is constant; show that aa! 
g&fierate homographic ranges. 

Here AB... A'&... is at infinity. 

XiX. 18. Bedprocctte examples 15, 16 and 17. 

XiX. 19. Jftwo conies a and /3 fiave double contact at the points L and M; 
and through LM be described any conic y, then the opposite tioo common chords of 
ay and fiy meet on LM. 

"Ex. 20. Any angle whose legs pass through L and M respectively, intercepts 
chords on a and /3 which meet on LM. 

A particular case of Ex. 19. 

£x. 21. If two hyperbolas have the same asymptotes, any two lines parallel to 
the asymptotes intercept parallel chords of the hyperbola, 

XSz. 22. Any two lines parallel to the asymptotes qf a hyperbola intercept 
parallel chords on the hyperbda and its asymptotes. 

"Ex. 23. Beciprocate Ex. as. 

XiZ. 24. If ixungertis at the two points P, Q on one of two conies having dabble 
contact at L and M meet the other in AB and CD, show that two of the chords AC, 
AD, BC, BD meet PQ on LMy and the other two meet PQ in points UV such that 
a conic can be dravm touching these chords at U and V and touching the conies at 
L and M. 

Sx. 25. Beciprocate Ex. 24. 

XiX. 26. j^a tangent to a conic meet a homothetic and concentric conic in P 
and P', show that CP and CP^ generate homographic pencils whose common lines 
are the common asymptotes, C being the common centre. 



CHAPTER XXX. 

GENERALISATION BY PROJECmON. 

1. In the previous chapter we have investigated theorems 
by projecting the given figure into the simplest possible 
figure. In this chapter we shall deal with the converse 
process, viz. of deriving from a given theorem the most 
general theorem which can be deduced by a projection, real 
and imaginary. This process is called Generalising hy Pro- 
jection. 

In our present advanced state of knowledge of Pure 
Geometry, Generalisation by Projection is not a very valuable 
instrument of research. In fact the student will often find 
that it is more easy to prove the generalised theorem than 
the given theorem. 

Many things are as general already as they can be. For 
instance, if we generalise by projection a point, a line, a conic, 
a harmonic range, a range having a given cross ratio, two 
conies having double contact, and so on, we obtain the same 
thing. 

2. The properties of any figure have an intimate relation 
with the circular points oo , oo ^ Hence the generalised figure 
will have an intimate relation with the projections of the 
circular points. But in the second figure there will also be 
a pair of circular points. Hence, to avoid confusion, we 
shall call the projections of the circular points tsr and m\ 

3. Since any two points can be projected into the circular 
points, the circular points generalise into any two points bt 
and -cj', real or imaginary. 
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Since a pair of circular lines pass through the circular 
points, a pair of circular lines generalise into a pair of lines, 
one through «r and one through «'. 

Since all circles pass through the circular points, a circle 
generalises into a conic which passes through m and 'c/, where 
«• and «/ are any two points. 

Since concentric circles touch one another at the circular 
points, concentric circles generalise into conies touching one 
another at tar and at 'Gr\ 

Since the line at infinity touches a parabola, a parabola 
generalises into a conic touching the line vrvr'. 

Notice that we cannot generalise the distinction between 
a htffperhola and an ellipse ; for by an imaginary projection a 
pair of real points may be projected into a pair of imaginary 
points and vice versIL 

Since a rectangular hyperbola is a conic for which the 
circular points are conjugate, a recta/ngular hyperbola gene- 
ralises into a conic for which 'cr, ^m' are a pair of conjugate 
points. 

Since the centre of a conic is the pole of the line at 
infinity, tJie centre of a conic generalises into the pole of the 
line ot-ct'. 

Hence a circle on AB as diameter generalises into a conic 
passing through AB'urv/, and such that the pole of the line 
-BTfl/ is on AB. . 

Since parallel lines meet on the line at infinity, parallel 
lines generalise into lines which meet at a point on the line 
tsrtsr. 

Note that throughout this chapter, m and tn' are any two 
points, real or imaginary. 

4t. liB bisects the segment AC, then the range {AC, BQ) 
is harmonic ; hence ^B bisects AC generalises into * If -4(7 
meet tB"5r' in 7, then B is such that {AG, BI) is harmonic, -bj 
and «/ being any two points.' 

Grcneralise by Projection the theorem — * GUven two concentric 
circles, o/ny chord of one which touches the other is bisected at the 
point of contact' 

T 
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The result is — * Given two conies touching one another at 
any two points «r and «•', if any chord PP' of one, touch the 
other at Q and meet 'gtw' in J, then (PP', QI) is harmonic' 

Or, without mentioning -or and «/, — * Given two conies 
having double contact, if any chord FP' of one, touch the 
other at Q and meet the chord of contact in Z, then (PP^^ QI) 
is harmonic' 

The student should convince himself by trial that the 
second theorem can be projected into the first, and that the 
second theorem is the most general theorem which can be 
projected into the first. 

Generalise by Projection the following theorems — 

£jX. 1. Given three concentric drdes, any tangent to one is cut by the other two 
in four points whose cross ratio is constant, 

Sx. 2. The middle points (if paraUel chords of a cirde lie on a line which 
passes throfugh the centre of the circle, 

Sx. 3. If the directions of two sides of a triangle inscribed in a drtie 
are given, then the envelope of the third is a concentric cirde. 

!Bx. 4. Given four points on a conic, the locus of the centre is the come 
through the middle points qf the six sides of the quadrangle formed by the four giotm 
points. 
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5. If A YA' is a right angle, then YA and YA 
segment joining the circular points harmonically 
right angle A YA' generalises into an angle A YA' 
YA and YA' divide the segment joining any two 
-Bj' harmonically. 

Generalise by Projection the theorem — ^ The perpena 2 

the sides of a triangle at the middle points of the sides n. v^ 

centre of the circumrcircle.^ ^- 

The result is— ^f the sides BC, GA, AB of a . 

meet the segment joining any two points ot and is/ in 

N ; and if X, J, Z be taken such that (^tot^, XL), (otot', 

(tsrc/ ZN) are harmonic ; and il D, E, F be taken sucu uaat 

a 1-^ 0(7,), ^CA, EM\ {AB, FN) are harmonic ; then dl 
shall caL^ ^^^^ ^^ ^^^ p^j^ ^^ ^^, ^^^ ^^^ ^^^^^ ^^^^ p^^geg 

3. 8mci4^C'STm\' 
points, the d^^ ^7 Projection the following theorems — 
and m' real 6^''^^^ ^f ^ ^"""^ ** perpendicular to the radius to the poiiA 
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XiX. 2. Ths feet of the perpendiculars from any point on a drde on the sides 
of an inscribed triangle are coUinear. 

Sx. 3. 7%e locus of the meet qf perpendicular tangents of a conic is a corycentnc 
circle. 

Sx. 4. Hie circle about any triangle self-conjugate for a conic is orthogonal to 
its director circle. 



z. 5. The chords of a conic which subtend a right angle Oit a fixed point on 
the conic pass through a fixed point on the normal at the point. 

XSx. Q. If a triangle PQRy right-angled at Pf be inscribed in a rectangular 
hyperbdaj the tcmgent at Pis ^e perpendicular from P on QR. 

6. Since all circles pass through the circular points, a 
system of circles generalises into a system of conies passing 
through the same two points (tar and -b/). 

Since coaxal circles pass through the same four points of 
which two are the circular points, coaxal circles generalise 
into a system of conies which pass through the same four 
points (of which two are «r and -cr'). 

Since the limiting points of a system of coaxal circles are 
.the two vertices of the common self-conjugate triangle which 
"'6 on the line joining the poles of 00 00 ', the limiting points 
eralise into the two vertices of the common self-conjugate 
gle of a system of four-point conies which lie on the 

,e joining the poles of any common chord (urm'), i.e. they 
eralise into any two vertices of the common self-conjugate 
gle. 

.1^ Since the centres of similitude of two circles are the two 
jfmtersections of common tangents which lie on the line 
.-* Ining the poles of 00 00 ' for the circles, the centres of simi- 
^iJwcfe of two circles generalise into the two intersections of 
common tangents of two conies (through ot and -sr') which 
lie on the line joining the poles of any common chord {w^') 
for the conies, Le. they generalise into any pair of opposite 
eommon apexes of two conies. 

7. Chneralise by Projection the theorem — ^Any common tan- 
gent of two circles subtends a right angle at either limiting 
point. 

The result ia — ' If w^ and w' be any two common points 
>f two conies, and if L and Z' be the two vertices oi ^iN\^ 

T 2 
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common self-conjugate triangle which are collinear with the 
poles of «r«r', then any common tangent of the conies sub- 
tends at li (and at U) an angle whose rays divide the 
segment mm' harmonically.' 

In other words, — * Any common tangent of two conies sub- 
tends at any vertex of the common self-conjugate triangle 
an angle which divides harmonically every common chord 
which does not pass through this vertex.' 

Generalise by Projection the theorems — 

Sx. L Any trcmsverscd meets a system qf coaxal cirdes in pairs qf points in 
involution. 

Sx. 2. The circle qf similitude of two cirdes is coastal loith them. 

8. Since a focus of a conic is one of the four meets of the 
tangents from the circular points to the conic, a focus of a 
conic generalises into one of the meets of the tangents from 
any two points {m and m^) to the conic. 

The two foci of a conk generalise into a pair of opposite 
vertices of the quadrilateral of tangents from any two points 
(m and «/). 

Since the line joining the circular points touches a para- 
bola, the focus of a parabola generalises into the meet of tan- 
gents from any two points (m and m') lying on any tangent 
of a conic. 

Since confocal conies touch the same four tangents from 
the circular points (viz. /Soo , /S^oo , /S 00 ', iS^oo '), confocd 
conies generalise into conies inscribed in the same quadri- 
lateral (of which m and m^ are a pair of opposite vertices). 

Since conies which have the same focus 8 and the 
same corresponding directrix I touch 8 00 , 8 oo'y where / 
meets these lines, conies which have the same focus S and &if 
same coiresjponding directrix I generalise into conies having 
double contact, the common tangents passing through 5 
(and through m and «/), and touching the conies at points 
on I. 

A conic having 8 as focus generalises into a conic touching, 
any two lines (Sot and 8m^ through 8. 
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9. Greneralise by Projection the theorem — ^The circle which 
circumscribes a triangle whose sides touch a parabola passes 
through the focus of the parabolu,' 

The result is — * The conic which passes through the points 
Aj By C, tar, «/, where tar and ^ are any two points, and A, 
Bj C are the vertices of a triangle whose sides touch a conic 
which touches the line tar«/, passes through the meet of 
tangents to the latter conie from, 'bj and w\' 

In other words^r* The conic, which passes through five 
out of the six vertices- of two triangles which circumscribe 
a given conic, passes through the sixth also'. 

Sx. 1. Given two points on a conic, find t?ie locus of the pole of their join, 
given also either (i) tvoo tangents, or (ii) a tangent and a point. 

Generalise by Projection the following theorems — 

XiX. 2. Any line through a focus qfa conic is perpendicular to the line joining 
its pole to the focus. 

Sx. 3. Given a focus- and two tangents of a conic, the locus of the other focus 
is a line, 

XjX. 4. The locus of the^ centre of a circle which touches two given drdes 
is a conic having the centres of the circles as foci. 

XiX. 5. The locus qf the centre of a circle which passes through a fixed point 
and touches a fixed line is a paraboia qf which the point is the focus. 

XjX. 6. Confocal conies cut at right angles.. 

XiX. 7. T?ie envelope qf the polar of a given point for a system qf confocals 
is a parabola touching the axes qf the confoeals and having the given point on its 
directrix, 

10. Since the rays of an angle of given size divide the 
segment joining the circular points in a given cross ratio, 
a constant angle generalises into an angle whose rays divide 
the segment joining any two^ points (-cr and «/) in a constant 
cross ratio. 

GeneraMse by JProjectiontha theorem — ' The envelope of a chord 
of a coniowMch subtends a constant angle at a focus S is another 
conic hamng 8 as focus ;. and the two conies have the same 
directrix corresponding to 8:' 

The result is — * The envelope of a chord of a conic which 
subtends at S, one of the meets of a tangent from any point 
cj with a tangent from any point tsr', an angle whose rays 
divide tsr-cr' in a constant cross ratio, is another conic, 
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touching /S«T and 5-8/; and the two conies have the same 
polar of 5.' 

In other words — * If B(i and SR be the tangents from any 
point iS to a conic, the env^ope of a chord 'P'P' of the conic 
such that S{QRPP') is constant, is a conic having double 
contact with the given conic at the points of contact of 
SQ and SB.' 

XiX. L Oeneralise — ' a regular polygon.* 

A regular polygon may be defined as a polygon which can be 
inscribed in a circle so that each side subtends the same angle at the 
centre of the circle. 

Generalise by Projection the following theorems — 

XiX. 2. T?ie envelope of a chord of a cirche which afuJbtends a given angle at any 
point of the circle is a concentric circle, 

Ex. 3. J^ from a fixed point 0, OP he drawn to a given cirde, and TP 
he drawn making the angle TPO constant, the envelope ofTPis a conic urith as 
focus, 

Ex. 4. If from a focus of a conic a line he draum making a given angle with 
a tangent J the locus of the point of intersection is a circle. 

Ex. 5. T?ie hcue of the intersection of tomgents to a parabola which me^ 
at a given angle is a hyperbola having the same focus and corresponding 
directrix. 

11. Generalise — ^The bisectors of cm angle.' 

If AD, AE are the bisectors of the angle BAC, then 
A {BC, BE) is harmonic, and also J. (00 00 ', BE) since EAB 
is a right angle. Hence the bisectors of the angle BAC 
generalise into the double lines of the involution 

A {BC, 'UTfs/), 
where w and ot' are any two points. 

Ex. Generalise by Projection — * The pairs of tangents from any point to 
a system of confocals have the same bisectors.* 

12. Generalise — ^ a segment divided in a given ratio.* 

Let AB be divided at C in a given ratio. Then ACiCB 
is constant ; hence {AB, CO) is constant, where 12 is the 
point at infinity upon AB. Hence a segment AB divided in 
a given ratio at C generalises into a segment AB divided at C 
so that {AB, CI) is constant, / being the meet of AB and 
the segment joining any two points {w and -cr'). 
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Sz. 1. O^neralise the equation AB + BC+CA « o connecting three coUinear 
points. 

The given equation may be written 

- (AC, BCi) + i-(AB, Cn) = o. 

This generalises into - {ACy BI) + 1 — (-45, CI) = o, i. e. into 

AB,CI+AI.BC + AC,IB - o. 

Hence the generalised theorem is— *If A^ B, C, D be any four 
collinear points, then 

AB.CD + AC.DB + AD,BC^o: 



2. If ABCB he cdUinear, show that the ratio AB-i-CD generalises into 
--{BC,AE)-^{DA,CE). 

Sx. 3. If AB and CD he paraUd and if AC, BD meet in M, show thai 
the ratio AB-i-CB generalises into (AC, ME), E heing the meetqfAB and CD. 

13. Two fioced points A omd B on a conic are joined to a 
variable point P on the conic, and the intercept QE cut off from 
a given line I by FA a/nd PB is divided at M in a given ratio ; 
show that the envelope of PM is a conic touching parallels to I 
through A a/nd B. 

Let 12 be the point at infinity on I, Then (QE, MSI) is a 
given cross ratio. Hence P (AB, MQ) is given. Project A 
and B into the circular points and let I be the projection of 
12. Then P(oo oo ', MI) is given, i.e. IPM is a given angle. 

Hence the theorem becomes — * A fixed point I is joined 
to a variable point P on a circle, and PM is drawn making 
a given angle with IP : show that the envelope of PM is a 
conic touching Joo and Joo', Le. is a conic having I as 
focus/ And this is true (see VIII. 17). Hence the original 
theorem is true. 

Q^neralisation by Reciprocation. 

14. If we first generalise a given theorem by projection 
and then reciprocate the generalised theorem, we obtain 
another general theorem. This process is called Grenerdlising 
by Projection and Eedprocation, or briefly Generalising by Ee- 
ciprocaMon. 

Grcneralise by Eedprocation the theorem — ^All normals to a 
drclepass through the centre of the drdeJ* 

Generalising by Projection we get—* If t be the tangent 
at any point P of a conic which passes through any two 
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points Vy fl/y and if the line n be taken such that t and n 
are harmonic with Fm and Pcr^, then n passes through the 
pole of vtg/ for the conic' 

Reciprocating this theorem we get — ' If on the tangent at 
any point T of a conic, a point N be taken such that the 
segment TN is divided harmonically by the tangents from 
the fixed point 0, then N lies on the polar of for the conic' 
This is the required theorem. 

IjX. Qenercdise by Projection and Bedprocaiion ihe (heorem — ' The envelope of 
a chord qfa drde lohich subtends a constant angle at the centre is a concentric 
circle,* 



CHAPTER XXXI. 



HOMOLOGY. 



1. Two figwres in the same plane are said to be in 
homology which possess the following properties. To every 
point in one figure corresponds a point in the other figure, 
and to every line in one figure corresponds a line in the 
other figure. Every two corresponding points are coUinear 
with a fixed point called the centre of homology^ and every 
two corresponding lines are concurrent with a fixed line 
called the axis of homology. The line joining any two 
points of one figure corresponds to the line joining the two 
corresponding points of the other figure. The point of 
intersection of any two Unes of one figure corresponds to the 
point of intersection of the two corresponding lines of the 
other figure. 

The two figures are said to be homologous, and each is 
called the homologue of the other. The figures may be said 
to be in plane perspective ; and the centre of homology is 
then called the centre of perspective, and the axis of homo- 
logy is called the axis of perspective. 

2. Homologous figures exist for — 

If we take ttoo figures m different planes, each of which is the 
projection of the other, a/nd if we rotate one of the figures about 
the meet of the two planes vMil thepla/nes coincide, then the 
figures will he homologous. 

For let ABC be the projections of A'BfC from the vertex 
F. Then AA', BB', CC meet in F. That is, the triangles 
ABC, A'B'C (in different planes) are copolar. Hence they 
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are coaxal ; i.e. BG^ B'C meet in a, and Ci., C^A' meet in /9, 
and AB^ A'B' meet in y on the meet of the two planea 
Similarly every two lines which are the projections^ each of 
the other, meet on the intersection of the two planes. 




Now rotate one figure about the line a/3y until the two 
figures are in the same plane. Then the two triangles are 
still coaxal (for BC^ B'C still meet at a, and so for the rest). 
Hence the two triangles are also copolar ; i.e. AA\ BB', CC' 
meet in a point. Call this point 0. Then may be defined 
as the meet of AA^ and BB\ and we have proved that every 
other line such as CC passes through 0. 

Now the two figures are in the same plane. Also to every 
point in one figure corresponds a point in the other figure, 
viz. the point which was its projection ; and to every line 
corresponds a line, viz. its former projection. Also, cor- 
responding points are concurrent with a fixed point 0, 
and corresponding lines are collinear with a fixed line a^y. 
Also, the join of two points corresponds to the join of the 
corresponding points ; for in the former figure the one is 
the projection of the other. For the same reason, the meet of 
two lines corresponds to the meet of the corresponding lines. 

Hence the two figures are homologous. 
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3. If hjoo figures are homologous, cmd we turn one of them 
about the axis of homology , the figures will he the projections, 
each of the other. 

For suppose the three lines BC, CA, AB in one figure to 
be homologous to B^C, C'A% A'B^ in the other figure. Let 
BG, B'O' meet in a, let CA, CA' meet in )3, and let AB, 
A'Bf meet in y. Eotate one of the figures about the axis of 
homology a^y, so that the figures may be in diflferent planes. 
The figures will now be each the projection of the other. 

For the triangles ABC, A'BfC (in diflferent planes) are 
coaxal ; hence they are copolar. Hence AA', BB', CO' meet 
in a point F. This point V may be defined as the meet of 
A A' and BB'*, and we have proved that in the displaced 
position the join CC of any two homologous points passes 
through a fijced point F. Hence the homologous figures in 
the displaced position are projections, each of the other. 

A homohgiie of a conic is a conic. 

For after rotating one figure about the axis of homology, 
the figures are each the projection of the other ; and the pro- 
jection of a conic is a conic. 

A homohgus of a figure has all the properties of a projection of 
the figure. 

For it can be placed so as to be a projection of the figure. 

Hence a range and the homologous ra/nge are honiographic ,* 
also a pencil and the homologous pencil are homographic. 

4. If one of two figures in perspective (i.c. either homologous 
or each the projection of the other), he rotated ahout the aocis of 
perspective, the figu/res will he in perspective in every position ; 
and the locus of the centre of perspective is a circle. 

For take any two corresponding triangles ABO and A^B'C 
Then in every position these triangles will remain coaxal ; 
hence in any position they will be copolar, i.e. CO' will pass 
through the fixed point F determined as the meet of A A' and 
BB'. Hence the figures will be in perspective in any position 
obtained by rotating one figure about the axis of perspective. 

To find the locus of F. Take any position of F, and 
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through F draw a plane IB' LP at right angles to the planes 
of the figures, cutting them in LP' and LP, 

Let a parallel to LP' through F cut LP in J, and a parallel 
to LP through F cut LP' in I\ Let the point at infinity 
on LP be called J, and the point at infinity on LP' be 
called J', 




Then, since V V and LJ are parallel, we see- that I' F passes 
through 2, i.e. I' is the projection of I for this position of 7; 
and so J is the projection of J'. 

Now rotate the moving plane about the axis of perspective 
into any other position. The new position of the centre of 
perspective (or vertex of projection) is got by joining any 
two pairs AA'^ JBB' of corresponding points. Hence in the 
new position II' and JJ' will cut in F. Also LJ is still 
parallel to I^V, for I is at infinity; so JV is parallel to LI', 
Also if LJ is the trace on the fixed plane, then LJ is con- 
stant in magnitude and position. Also LI' is constant in 
magnitude, although it changes its position by rotation about 
the axis of perspective. It follows that LJVI' is a parallel- 
ogram, in which J is fixed, and JV is given in magnitude. 
Hence the locus of F is a circle in a plane perpendicular to 
the planes of the figures, with centre J and radius LI'. 

To form a clear conception of figures in homology, imagine 
that they are the projections, each of the other, the vertex of 
projection very nearly coinciding with the centre of homo- 
logy, and the planes of the figures very nearly coinciding 
with one another. 
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5. Cocuml figures are cqpolary and cqpolar figures are coaxal ; 
that is to say^ if two figures, (in the same pla^neornot, ) correspond^ 
point to point, line to line, meet oftttm lines to meet of correspond- 
ing lines, and join of two points to join of corresponding points; 
then, if corresponding lines cut on a fixed lime, the joins of cor- 
responding points vnllpass through a fixed point, and if the joins 
of corresponding points pass through a fixed point, corresponding 
lines unU cut on a fixed line. 

Coaxal figures are copolar. Take two fixed points A, B in 
one figure, and let A', B' be the corresponding points in the 
other figure. Take any variable point P in one figure, and 
let P' be the corresponding point in the other figure. Then, 
by definition, AP, A^P' are corresponding lines, for they join 
corresponding points ; hence AP and A'P^ meet on the axis. 
Similarly BP, B'P' meet on the axis ; and AB, A^Bf meet on 
the axis. Hence the triangles ABP, A'B!P' are coaxal, and 
therefore copolar. Hence AA', BB!, PP' meet in a point, 
ie. PP' passes through a fixed point, viz. the meet of AA' 
and BB". 

Copolar figures are coaxul. Take two fixed lines, viz. AP 
and AQ, and a variable line PQ in one figure, and let A'P', 
A'(^, P'(^ be the corresponding lines in the other figure. 
Then the points A, P, Q correspond to A', P', (^. Hence 
the triangles APQ, A^P^(^ are copolar, and therefore coaxal. 
Hence PQ, P^Q! meet on a fixed line, viz. the join of the 
meets of AP, A'P' and of AQ,, A'(^, Hence the figures are 
coaxaL 

XiX. L Jf one of two figures in homology he turned through ivoo right angles 
about the axis of ?iomology, the figures toill again he in homology, 

XiX. 2. ^f one of two figures in hoimilogy he turned through two right afvgles 
aibout an axis which passes through ffie centre ofhomoiogy and is perpendicular to 
the plane of the figures, the figures will again he in homology, 

Ex. 3. Given two homologous figures ABC,,., A'B^(f,.. ; let A'^B^'Cf' ,.. he 
a projection of ABC,,, on any jnlane through Ihe axis of homology ; then vnU 
A'^Bf'Cf' ... he also a projection of A'BfCf ... , and the vertices of projection and 
the centre qf homology wiU he coUinear, 

For VO is one of the lines A' A", &c. 

This construction enables us to place any two homologous figures in 
projection with the same figure. 
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SiX. 4. Show that the two complete quadrangles determined by ABCD ani 
A'B^C^iy toiU he homologous provided the five points of intersection of AB ucith 
A'Bf, of BC with B^CT^qfCA with (/^', qf AD with A' I/, and of BB with BfJf 
are cdlinear, 

T*iX. 5. Show that the two complete quadrUaUrals whose vertices are ABCLEF 
and A'BfCfB^lE^F' wiU be homologous if AA', BB", CCf, Di/, EE^ meet in 
a point. 

Ex. 6. Tfie sides PQj QR, RP of a variable triangle pass through fixed points 
CAB in a line. Q moves on a fixed line. Show thatP and R describe homologous 
curves. 

For PR and P'Rf pass through B, and RRf, PP* meet on W, 
P^Q^Rf being a second position ofPQR. 

Sx. 7. If the axis of homology be at infinity^ show (i) that corresponding 
lines are parallely (ii) tAa^ corresponding sides of the figures are proportional, 
(ill) that corresponding angles of the figures are equal. 

Such figures are called homothetic figures, and the centre of homology 
jin this case is called the centre of simUiiudef and the constant ratio 
of corresponding sides is called ^ ratio qf similiiude. 

Ex. 8. Xf, unth any vertex of projection, we project homdogous figures on (o 
any plane, u)e obtain homologous figures ; and if the plane of projection be taken 
parallel to the plane containing the vertex of projection and the axis of homology, 
we obtain fiomotheHc figures. 

Hence homologous figures might have been defined as the projections 
of homothetic figures. 

Ex. 9. If the centre of homology be at infinity, show that the joins of corre- 
sponding points are all parallel ; and that if one figure be rotated about the axis of 
homology, the vertex of projection will always be at infinity. 

This may be called parallel homology. 

Ex. 10. In parallel homology, show that to a point at infinity corresponds 
a point at infinity, and that the line at infinity corresponds to itself. 

Ex. 11. In parallel homology, show that a parallelogram corresponds to 
a parallelogram. 

Ex. 12. In parallel homology, shou? that, when rotated about the aocis of 
homology info different planes, the figures have the same orthogonal projection; 
and that the ratios of two areas is the same as thai of the corresponding areas. 

6. The abbreviation c. of h. will be used for centre of 
homology, and a. of h. for axis of homology. 

Given tJie c, ofh. and the a. ofh. and a pair of corresponding 
points, construct the homologue of a given point 

Let be the c. of h., and let ^' be the given homologue 
of A. To find the homologue of X ; let AX cut the a. of h. 
in L, then LA' cuts OX in the required point X\ 

With the same data, construct the homologue of a given line. 

Draw through any transversal cutting the given line in 
X ; construct the homologue X^ of X, then the join of X' to 
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the point 2If, where the given line cuts the a. of h., is the 
homologue of the given line. 

Given the c. ofh. cmd the a. ofh, and a pair of cotresponding 
lines, construct the homologue (i) of a given point, (ii) of a given 
line. 




Let any transversal through cut the given lines in A 
and A\ Then A, A' are corresponding points^ and we 
may proceed as above. 

Given the c, ofh. a/nd the a. ofh, and a pair of corresponding 
points, one of which is at infinity, construct the homologue of a 
given point. 

LX! is parallel to AA' , if -4' is at infinity. 

7. The hxymologue of the c. ofh, is the c. ofh. ; the homologice 
of any point on the a. ofh. is the point itself; if the homologue of 
any other point he itself, then the homologue of every point is 
itself. 

For let us construct the homologue of 0. We draw AO 
cutting the a. of h. in JV; we draw NA' cutting 00 in the 
required point. Now 00 is indeterminate, but NA' cuts 
every line through in 0, and hence cuts 00 in 0. Hence 
the homologue of is 0. 

Next, let us construct the homologue of any point L on the 
a. of h. We draw AL cutting the a. of h. in i ; we draw 
A'L cutting OL in the required point. Hence the homologue 
of L is L. 

Lastly, suppose a point (which is not at the c. of h. nor on 
the a, of h.) to coincide mth its homologue. Take these as 
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the points A^ A' in the above construction. To construct 
the homologue of X, we draw uiX cutting the a. of h. in X ; 
then A'L cuts OX in the required point X^ Hence T 
coincides with X, for A^L coincides with AL^ ie. with AX. 

£x. 1. ShxAJO that the only lines which coincide loith their homologues are the 
a. ofK and lines through thecqfh, 

Ex. 2. Given the homologues A\ &j <^ three points A, B, C; construct the 
homologue qf a given point D. 

The triangles give the centre and axis of homology. 

8. The homologue of a point at infinity of one figure is 
called a vanishing point of the homologous figure. 

The homologue of the line at infinity considered as belong- 
ing to one of the figures is called the vanishing line of the 
homologous figure. 

All the vanishing points of either figure Ue on the vanishing 
line of that figure. 

For a vanishing point is the homologue of a point on the 
line at infinity of the other figure, and hence lies on the 
homologue of the line at infinity. 

Each vanishing line is parallel to the a. ofh. 

For corresponding lines meet on the a. of h. Hence a 
vanishing line meets the a. of h. at a point on the Hne at 
infinity, i.e. a vanishing line is parallel to the a. of h. 

Sx. 1. ^f any transversal through cut the axis in N, and the vanishing lines 
inland J\ then 01 =- J'N^ andOI.OJ^ =J^N.IN. 

For {Ni, on) = {Na% OJ*). 

Ex. 2. The product of the perpendiculars from any tu)o homologous points, 
ea^h on the vanishing line of its figure, is conskmt. 

For (PQ, in) = {P^(/, £i'J'), 

Ex. 3. Given a parallelogram ABCDj prove the foKlowing construction for 
drawing through a given point E a paraJUd to a given line I — Let AB, CDy AC, 
BCj AB cut I in K, L, M, N, R. Through M draw any line cutting EKj EL in 
A\ (f. Let RA' and NCf cut in F. Then EF isparaUel to I, 

For EF is the vanishing line. 

9. Given the c, ofh,, the a, ofh,, and a pair of corresponding 
points ; construct the va/nishing lines. 

Let AA^ be the pair of corresponding points. Let us first 
construct the homologue of the line at infinity, considered 
to belong to the same figure as A, In the construction of 
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§ 6, X and M are both at iniinity. Hence the construction 
is — Through the c. of h. 0, draw any line OX (X being at 
infinity). Through A draw AL parallel to OX, cutting the 
a of h. in i ; then LA^ cuts OX in X' ; and the required 
line is 'Z!M^ i.e. a parallel through X' to the a. of h. 

Similarly we construct the vanishing line of the other 
figure. 

Given the. c. o/A., the a, ofh,^ and one vanishing line, to con- 
struct the homologue of a given point. 

Let any transversal through the c. of h. cut the vanishing 
line in A. Then the homologue of the point A is the point 
at infinity A' on OA, 

Two cases arise, (i) The given point X belongs to the 
same figure as the finite point A, Let AX cut the a. of h. 
in L ; draw through L a parallel to OA to cut OX in X'. 
Then X' is the homologue of X. (ii) The given point X' 
belongs to the same figure as the point at infinity A\ 
Through X' draw a parallel to OA cutting the a. of h. in L. 
Then AL cuts OX' in the required point X. 

Sx. Given the e. qfh. and the a. ofh. and one vanishing UnSf construct 
(he other vanishing line. 

10. The angle between two lines in one figure is equal to the 
angle subtended at the c. of h, by the vanishing points of the 
homologous lines. 

Let AP and AQ he the given lines, P and Q being at 
infinity. Then P' and Q' are the vanishing points of the 
homologous lines -4'P' and A'Q\ Also OP' is parallel to 
APj and 0(^ to AQ, Hence the angles P'OQ' and PAQ are 
equaL 

11. Construct the homologue of a given conic, so that the 
homologue of a given point S shall be a focus. 

Take any line as a. of h., and any parallel line as vanish- 
ing line ; and let two conjugate lines at 5 meet the vanishing 
line in P and Q, and let two other conjugate lines at S meet 
it in U and F. On PQ and UV as diameters describe 

u 
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circles, and take either of the intersections of these circles 
as c. of h. 

Then since the vanishing points P and Q of the lines 5P 
and BQ, subtend a right angle at the c. of h., the homologues 
5"P', S'q[ will be at rigljt angles. So S'V\ S'V will be at 
right angles. Hence at S' we shall have two pairs of con- 
jugate lines at right angles. Hence S^ is Sk focus of the 
homologous conic. 

12. The homologue of a conic, taking a focus as c. of h, and 
the corresponding directrix as vanishing line and any parallel a» 
a. ofh., is a circle^ of which the focus is the centre. 

Let S be the given focus and XM the corresponding 
directrix. With iS as c. of h. and XM as vanishing line, 
and any parallel line as a, pf h., describe a homologue of the 
given conic. The homologue of S iB S, and of XM is the 
line at infinity ; hence in the homologous conic, S is the pole 
of the line at infinity, i.e. S is the centre of the homologous 
conic. 

Let SPy SP' be a pair of conjugate diameters of the homo- 
logous conic. The homologue of SP is SP, the homologue 
of SP' is SP' ; and the homologues of conjugate lines are 
conjugate lines. Hence in the given figure, SP and SP' are 
conjugate lines ; and S is the focus, hence SP and SP' are 
perpendicular. Hence every pair SP, SP' of conjugate 
diameters of the homologous conic is orthogonal. Hence 
the homologous conic is a circle. And we have already 
proved that the focus is the centre of the circle. 

Note that the homologue of an angle at 5 is an equal (in 
fact, coincident) angle at 5. 

This case of homology is the limit of Focal Projection 
when the two figures are in the same plane. 

Ex. 1. Any homologue of a conic, taking a focus S as c qfh., is a conic vnth S 
as focus ; and the homologue is a circle only if the vanishing line is the com- 
tponding directrix. 

Ex. 2. Any homologue of a conic, taking the polar of a given point P as 
vanishing line, is a conic unth P as centre ; and the homologue is a circle only ifP 
is a focus of the given conic. 
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13. If two curves he in homology, the c. of h, must he a meet 
of common tangents, and the a, of h. must he a join of common 
points. 

For let OT be a tangent from the c. of h. to one of the 
curves. Let OPQ be a chord of the curve very near OT, 
Then OPQ meets the homologous curve in the homologous 
points P', Q\ Now let P and Q coincide in T ; then P' and 
Q^ also coincide, in T' the homologue of T, Hence OT 
touches the homologous curve. 

Again, let L be one of the points where one of the curves 
cuts the a. of h. Then L, being on the a. of h., is its own 
homologue. Hence the homologous curve passes through L, 

Hence if two curves are in homology, the c. of h. must be 
looked for among the meets of common tangents ; and the 
a. of h. must be looked for among the joins of common 
points. 

14. Any two circles are homologous in four real ways. 




Let S be either of the centres of similitude of the two 
circles. Take any point P on one circle, and let SP cut the 
other circle in P' and P'^ Then one of these poinlas, and 
only one (viz. P' in the figure), possesses the property that 
SP : SP^ is the ratio of the radii. We may call P, P' similar 
points, and P, P'' non-similar points. 

If we take either centre of similitude as centre of homology cmd 
the straight line at infinity as axis of homology, then the circles 
are homologous, each point heing homologous to its similar 
point, 

u 2 
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For take any two pairs of similar points, viz. P, V and Q, 
Q'. Then Sl^ : Sl^'\ : Sq : 5^'; hence P^ is paraUel to P V, 
Le. every chord joining two points on one circle is parallel 
to the chord joining the similar points on the other circle. 
Hence the two circles are homologous, the straight line at 
infinity being the axis of homology, and similar points being 
homologous points. 

If we take either centre of similittule as centre of homology and 
the radical axis as the axis of homology, then the circks are 
homologous, each point being homologous to its non-similar 
point. 

For take any two pairs of non-similar points, viz. P, P" 
and Q, Qf\ Then SP : SP': : SQ : SQ\ and 

SP'.SF'^SQ^.SQ''. 

Hence SP. SP''= SQ . Sqf\ Hence PP^'Qqf' are concyclic ; 
hence, if PQ, P"^' meet in X, we have 

XP.XQ^XP'\Xqf\ 

i.e. X has the same power for both circles, i.e. X is on the 
radical axis of the circles. Hence we have proved that the 
chord joining any two points on one circle and the chord 
joining the non-similar points on the other circle meet on 
the radical axis of the circles, which is therefore the axis of 
homology. 

Hence, since with either centre of similitude we may take 
the straight line at infinity or the radical axis, the circles are 
in homology in four real ways. 

15. Tux) conies which have double contact are homologous in 
two ways, the c. ofh. being the common pole and tlie a, of h, the 
common polar in both cases. 

Let be the common pole and MN the common polar, 
the points M and N being on both conies. Let any line 
through cut one conic a in A, D and the other conic 13 in 
B, C. Then a is determined by the five points AMMNN, the 
points MM being on OM and the points NN being on 0^* 
Now form the homologue of a, taking as c. of h., MN as 
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a. of h., and B as the homologue of A. The homologue of a 

conic is a conic. The homologues of the points J.JOOWare 

the points BMMNN. 

Hence the homologue \|^ 

of a is the conic through 

BMMNN, i.e. is the 

conic p. 

Again, with the same 
c. of h. and a. of h., but 
with Cas the homologue 
of A, form the homo- 
logue of a. The homologue is now the conic through 
CMMNNj i.e. is the conic /3. 

Now in the first case C and D are homologous, and in the 
second case B and D are homologous. So there are not four 
ways, but two ways, in which the conies are homologous. 

In the first way, every point P on a is homologous with 
the point P' in which OP cuts )3 on the same side of MN as 
P ; and in the second way, every point P on a is homologous 
with the point P" in which OP cuts 13 on the opposite side 
of MN to P. 

Sx. 1. Prove the theorem direcHy by showifig that the figures are coaocaU 

Sx. 2. In the above figure, show thai (ODf AB) is a constant cross ratio as 
the chord OABD moves round 0. 

For taking another chord OA^B'iy, then AA\ BBf, DI/ meet on MN, 

Sx. 3. Throv/gh 0, Vie common pole qf tux> conies having douUe contact, 
are drawn four chords cutting one conic in ABCD and the other in A^BfCfJ/ ; 
show thai {ABCD) « [AfB^&J/^, ifaU the points lie on the same side qf the 
common polar , 

Sx. 4. A conic is its own ftomologue, any point and its polar being c. of h. 
and a. ofh. 

Sx. 5. Qive a direct proof of Ex. 4 by means of the quadran^gle construction 
for the polar of a given point. 

Sx. Q.Ifa conic be its own homologue, show that if the c. ofh. be given, the 
a, qf h. mu^t be the polar of the c. of h, 

Ex. 7. Through any point are drawn the four chords OAA', OBB^, OCCf, 
ODI/ qfa conic ; show that the conies OABCD and OA'BfCflf touch at 0. 

The given conic is its own homologue, being the c of h. ; also is 
its own homologue. Hence the five points 0, A, B, C, D are homolo- 
gous to the five points OfA'^B^Cfilf) hence the conies through them 
are homologous. 



Take n chord of these conios through 0, riz. OPP. Tben when 
P coincides with 0, bo does P*. Hence OFP nltimately toDchee both 
conies at 0, i.e. the conies tonob at O. 

Ex.. 6. Tangmis from P to a amic mtet any lint I in L, M, and tlit oOur 
langmli from L, li mtit in P; them that P, P Beneralt homoliigaut figvra, 
i being lhea.qfh. 

16. Ant/ tmo conies are in homologif. 
Take any meet of common tangents IT', UU' as c. of h- 
Let TU and T'U', the 
polare of 0, out in L. 
Let A be one of the four 
common points of the 
two conies. Take LA as 
a. of h. Also take UU' 
as a pair of corresponding 
points. 

The homologue of the 
conic 'I'UA can now be 
found. Suppose the conic 
TUA to be given by tho 
five points TTUUA, 
where TT are the coin- 
cident points in which 
OT touches the eonie, and UU are the coincident points in 
which OU touches the conic. The homologue oi A is A, for 
A is on the a. of h. The homologues of UU are U'U' by 
hypothesis. Again, since TT' passes through 0, and TU, 
T'U' meet on the a. of h., hence T' is the homologue of T, 
i.e. T'T' are the homologues of TT. Hence the homologues 
of TTUUA are T'T'U'U'A. Hence the homologue of the 
conic TUA is a conic passing through A and touching OT' 
at T' and touching OU' at U'; i.e. the homologue of one 
given conic is the other given conic. 

Hence two conies are homologous in twelve ways. 

For we may take as c. of h. any one of the six meets 

of common tangents of the two conies. We may then take 

Ss A any one of the four common points of the two conies. 

But this will only give us two possible axes of h. For the 
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point where LA^ the a. of h., meets either conic again will 
be another common point. Hence there are only two 
positions of LA^ when the position of has been chosen. 

"Sol, 1. Shorn by using the reciprocal soluMim to the ahove that toe may take 
any common chord of the conies as a, ofh. 

Sx. 2. Tvjo conies in different planes may he placed in projection by two 
rotations, viz. [i) about the meet of tfie planes untU the planes coincide, and 
(ii) alx>ut any cdmmon chord qf the conies {w?ien placed in one plane), 

Sx. 3. Show thai two homothetic conies have two centres of similitude. 
Viz. the common apexes belonging to the line at infinity. 

Sx. 4. Show by using the circular points that any two conies which have 
a common focus are in homology, the common f ocas being the c, qfh. 

Sx. 5. Any conic is homologous with any circle whose centre is at a focus cf 
the coniCy the f ocas being the c, qfh. 

17. If two conies touchy they are homologous, taking the point 
of contact as c, ofh. 

This follows as a limiting case of the general theorem ; or 
thus directly. Through 0, the point of contact, draw any 
chord cutting one conic in P and the other in P\ Take 
as c. of h., and the common chord AB, which does not pass 
through 0, as a. of h. Also take P, P' as homologous points. 
Consider the homologue of the conic determined by OOPAB, 
It is a conic through OOP^AB, i.e. it is the other conic. 

Sx. 1. Firtd- the envelope, of a chord of a conic subtending a given angle 
at a given point on the conic. 

Draw any circle touching the given conic at the given point and 
passing through any other point on the conic. This circle is homolo- 
gous to the given conic ; and the homologous chord clearly envelopes 
a concentric circle. Hence the given chord envelopes the homologue 
of a concentric circle, i.e. a conic having imaginary double contact 
with the given conic. 

Sx. 2. Obtain by homology the theorem : — The envelope qf a chord of a conio 
which subtends a right angle at a given poirU on the conic is a point on the normal 
at the given point, 

18. If the join XX' of any two homologoiis points cut the a. 
ofh. in U, then {OXUX') is constant, being the c. ofh. 

For take any fixed pair of homologous points AA\ Then 
AX, A'X' meet on the a. of h., say at X. Hence if AX cut 
the a. of h. in JV, we have 

{OXUX') = {OANA') = constant 
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This proof faQs if AA'XX! all lie on the same line through 
0. In this case take any pair of homologous points BS 
which do not lie on JU-'ZZ', and let OBJ^ cut the a. of h. 
in IL 

Then {OXUX!) = (OBEB") = (OANA") = constant*. 

Conversely, if a point 'K! he taken stick that (OXUX^) is 
constant, being a fixed point and U the meet of OX toiih a 
fixed line, then the figures generated hy X and X' wiU he homo- 
logous, heing the c, ofh. wnd the fixed line the a, ofh. 

For if AA', XX^ be two pairs of points thus obtained, 
since {OANA') = (OXUX'), it foUows that AX, NU, A'X' 
meet in a point. Hence the join of any two points meets 
the join of the corresponding points on a fixed line. Hence 
the figures are homologous 

{OU, XX') is called the parameter of the homology. 

"Ex, 1. If two homologous lines LX and LX' ctUthe a. qfh. in L, show ffiat 
L { OXMX') is constant, M being any other poitU on the a. of h. ; and conversdy, 
if LA' be determined as the corresponding line to LA by this definition, show th^U 
the figures generated by LA and LA' are homologous, 

Ex. 2. If {OU, XX') = — I, show that the figure made up of a figure and 
its homologus is its own homologue. 

This is called harmonic homology. 

Notice that harmonic homology bears the same relation to ordinary 
homology as an involution range bears to two homographic ranges on 
the same line. In fact the figure {ABC...A'&(f ,..) is homologous to 
the figure {A'B'C ...ABC ...), if the two figures {ABC.) and {A'B'Cf..) 
are in harmonic homology. 

Sx 3. In harmonic homology, if the c. of h. be at infinity in a direction 
perpendicular to the a, of h.y then each figure is the reflexion of the other in 
the a. ofh. 

Ex. 4. In harmonic homology^ if the a, of h. be ai infinity^ then each figure 
is the reflexion of the other in the c. of h. 

Ex. 5. If a conic be its own homotogucy show that the homology is ?iarmonic, 
and that the homologue of the line at infinity is halfway between the c, of h, and 
its polar. Also show that a conic is an ellipse, parabola^ or hyperbola, according as 
the line halfway between any point arid its polar cuts the conic in imaginary, 
coincident, or real points. 

Ex. 6. AA'f BB\ C(f are the three pairs of opposite vertices of a quadrilaieroL 
Through any point D on CCf are draum DA meeting BA'Cf in E*, and DA' 
meeting AB^Cf in E. Show that EE', AA', BBf are concurrerU, and also BfE^^ 
BE and CCf, 

By harmonic homology, taking the meet of AA', BB' as c. of h, and 
CC as a. of h. 
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"Sol. 7. Slwuo that hoo figures in homology reciprocate into two figures in 
homology, and that the parameters of homology are numerically equal. 

"Ex, 8. The parameter of homology qf two homothetic figures is the reciprocal 
of the rodio of similitude. 

Sx. 9. The parameter of homology of two figures in paraXld homology is the 
constant ratio of the ordinates. 

"Ex. 10. Ke^ng the same c. ofh., show that the two parameters of homology 
of two circles are equal hut of opposite signs. 

£Sx. 11. Ke^ng the radical axis as a. qf h., show that the two parameters of 
Itomclogy of two circles are equal but qf opposite signs. 

"Ex. 12. Tfie poles of the radical axis of two circles divide the join of the two 
centres qf similitude harmonically. 

For the poles X and JT^ are homologous if the radical axis be the 
a. of h., whichever centre of similitude we take as the c. of h. Hence 

{SN, xx^) = - {sfN, xjr ). 

Sx. 13. If the radical aais of two circles be taken as the a. ofh., and if ths 
vanishing lines and the radical axis cut the line of centres in IJ'N ; show that 

SI:IN:ir:r^, and SJ^:J^N::r^:r. 

Sx. 14. OX is the perpendicular to the line I from 0, and A is any point on 
OX. From a variable point P the perp&ndicvXar PM is draum to l, and MA, PO 
meet in P'. Slum that P and P' generate homologous figures. 

Sx. 15. If A,B,C be fixed points and P, P' variable points su^h thai 
B (APP^C) = A {BPP^C) = constant ; show thai P and P^ generate homologous 
figures, of which C is thee. ofh. and AB is the a. ofh. 

19. If PF' he any homologous points, and PM the perpen- 
dicular from P on the vanishing line of the figure generated hy 
P, then OP/PM oc 0P\ being the c. ofh. 

Let OP cut the vanish- 
ing line in I and the a. of 
h. in X. Then, since I 
corresponds to the point 
12' at infinity upon OPy 
we have 

(07, PL) =: (Oa\ P'L). 
Hence 

OP OL_op^^ qL_ _ or 

PI '^ LI ^ P^iV ' La' ~" OL ' 

ie. OP:OP'::PI:LI::PM:h, 

where h is the perpendicular distance between the vanishing 
line and the a. of h. 
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Hence OPiPMi: OP': h. 



Prove the SP : PM property of a focus. 

Form a homologue of the conic, taking S as the c. of h. and the cor- 
responding directrix as vanishing line. Then SP -f- PU oc SP'. But 
by § 12 the locus of P' is a circle with centre S. Hence BP-^VIL 
is constant. 

20. In two homologcms figures, if (X, p) and {X, q) denote 
the perpendiculars from the variable point X on two given lines 
p and q, and if (X', p') and (X% q') denote the perpendicuhn 
from the corresponding point X' in the homologous figure on the 

corresponding lines p' and cf, then r^ — c -*- tvt — k ^ constant 

For take another point Y, and let XY cut the lines p and 
qin A and B. Then X'Y'^will cut p' and ^ in the homo- 
logous points A' and B'. Hence, since homologous figures 
are projective, we have 

{AB, XY) = (A'B", TY% 

i.e. AX/ A Y -r- XB/YB = A^X'/A'T-^ X'B'/Y'B', 

i.e. {X,p)/{Y,p)^{X,q)/{Y,q) 

= (x, /)/(r', p) ^ (x\ qy, r, q[). 

Hence (X, p)/{X, q) -r- (X', py{X\ q') is constant. 

Ex. 1. If X and Y he fixed and p vary, then 

{X, p)/{Y, p) H- (X', P')/{Y% p") is constant, 

Ex. 2. If the the vanishing line of the unaccented figure, then 

(X, P)/{X, i) ^ (X', i/) is constant. 
Take q" at infinity ; then (X^ q") = (F', q"). 

Ex. 3. If i and f be the vanishing lines, then 

(X, i) . (X',/) is constant. 
Take p and q' at infinity. 
Ex. 4. OX/^X, p) -^ OX' liX', jp') is constant. 

Take g and ^ as the axis of homology a, and notice that 

OX/{X, a) -f OX'/i^X', a) is constant, 
since (0C\ JTX') is constant. 

Ex. 5. OX/{X, i)-rOJr' is constant. 



MISCELLANEOUS EXAMPLES. 



1. Generalise by projection and reciprocation the theorems — (i) * The 
director circles of all conies inscribed in the same quadrilateral are 
coaxal/ (2) ^ The locus of the centre of an equilateral hyperbola which 
passes through three given points is a circle/ 

2. The portion of a common tangent to two circles a and jS between 
the points of contact is the diameter of the circle 7. If the common 
chord of 7 and a meets that of 7 and jS in Rj show that R is the pole 
for 7 of the line of centres of a and jS. 

3. Generalise by projection the theorem — * The straight lines which 
connect either directly or transversely the extremities of parallel 
diameters of two circles intersect on their line of centres.' 

4. A pair of right lines through a fixed point meet a conic in PQ, 
P'C/ ; show that if PP' passes through a fixed point, then Q(jf also passes 
through a fixed point. 

5. Generalise by projection and reciprocation the theorem — * A dia- 
meter of a rectangular hyperbola and the tangent at either of its ex- 
tremities are equally inclined to either asymptote/ 

6. If Pj Q denote any pair of diametrically opposite points on the 
circumference of a given circle, and QY the perpendicular from Q upon 
the polar of P with respect to another given circle whose centre is C, 
show that QY. CP is constant. 

What does the theorem become when the circles are orthogonal ? 

7. Through a given point draw a line cutting the sides BCf CAy AB 
of a triangle ABC in points A\ Bf^ C, such that (OJ.', BfC') shall be 
harmonic. 

•8. Given the centre of a conic and three tangents, find the point of 
contact of any one of them. 

9. Two similar and similaily situated conies have a common focus 
which is not a centre of similitude. Prove that a parabola can be 
described touching the common chord and the common tangents of 
the conies, and having its focus at their common focus. 
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10. Gteneraliae by projection the theorem — *• One circle can be de- 
scribed so as to pass through the four vertices of a square and another 
so as to touch its four sides, the centre of each circle being the inter* 
section of diagonals.' 

11. Two conies touch at A^ and intersect at B and C. Through 0, 
the point where BC meets the tangent at A^ is drawn a chord OP?' of 
the one conic, and AP^ AP' produced if necessary meet the second 
conic in Q and (^. Prove that Q, (^ and are collinear. 

12. ABCD is a rectangle, and {AC, PQ\ {BD, XT) are harmonic 
ranges ; show that the points P, Q, X, Y lie on a circle. 

13. Through 0, one of the points of intersection of two circles, the 
chords POQ and 0P'(^ are drawn (P and P' being on one circle and Q 
and (/ on the other). Show that if PO : OQ :: OP' : Og', then OP and 
OP' generate a pencil in involution. 

14. is the orthocentre of the acute-angled triangle ABC, ProTe 
that the polar circles of the triangles OBC, OCA, OAB are orthogonal, 
each to each. 

15. A number of conies are inscribed in a given triangle so as to 
touch one of its sides at a given point. Show that their points of con- 
tact with the other two sides form two homographic divisions which 
are in perspective. 

16. AC, BD are conjugate diameters of a central conic, and P is any 
point on the arc AB. PA, PB meet CD in Q, R respectively. Prove 
that the range (QC, DR) is harmonic 

17. Greneralise by projection and reciprocation the proposition — 'The 
locus of the foot of the perpendicular upon any tangent to an ellipse 
from a focus is a circle.* 

18. P is the pole of a chord which subtends a constant angle at the 
focus S of a conic, and SP intersects the chord in Q ; find the locus of 
the point R such that {SR, PQ) is harmonic. 

19. A straight line AD is trisected in P, C; the connectors of A, B, 
Cy D, and the point at infinity on AD with any point S meet another 
straight line in A', Bf, C, 2/, E' respectively ; show that 

E'Bf : E'D^ = 3 . A'Bf : A'D^. 

20. From any point Q on a fixed tangent BQ to a circle AA'B, straight 
lines are drawn to A, A', the extremities of a fixed diameter parallel 
to PQ, meeting the circle again in P, P' respectively ; show that the 
locus of the intersection of A'P, AP' is a parabola of which B is the 
vertex. 

21. Two conies a and /3 intersect in the points A, B, C, D ; show that 
if the pole of AB with regard to a lies on jS, then the pole of CD with 
regard to a lies on jS. 

If the vertex of a parabola is the pole of one of its chords of inter* 
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section with a circle, then another common chord is a diameter of the 
circle. 

22. ^If a circle be drawn through the foci S, K of two confocal 
ellipses, cutting the ellipses in P and Q, the tangents to the ellipses 
at P and Q will intersect on the circumference of the circle/ 

Generalise this theorem (i) by projection, (a) by reciprocation with 
respect to the point S^ (3) by reciprocation with respect to any point 
in the plane. 

23. ^ If two circles of varying magnitude intersect on the side BC of 
a given triangle ABC and touch AB^ AC at B and C respectively ; then 
the locus of 0, their other point of intersection, is the circum-circle of 
the triangle ; and the circle on which their centres and the point 
lie, always passes through a fixed point.' 

Obtain by projection the corresponding theorem when the two 
circles are replaced (i) by conies, (2) by similar and similarly situated 
conies. 

24. Two ranges are in perspective, and the centre of perspective S is 
equidistant from the axes of the ranges. The axes are turned about 
their meet until they coincide. Show that if B does not coincide 
with 0, an involution is produced ; and find the centre and double 
points. 

25. ' If a circle touches two given circles, the connector of its points 
of contact passes through a centre of similitude of the given circles.' 

Reciprocate this proposition with respect to a limiting point. 

26. The pairs of points AB^ CD form a harmonic range. Prove that, 
if X is any other point on the same axis, then the anharmonic ratios 
{AB, CX) and {AB, DX) are equal and of opposite sign. 

27. The connectors of a point D in the plane of the triangle ABC 
with B, C meet the opposite sides in ^, P respectively ; show that the 
triangles BDC, EDF have the same ratio as the triangles ABC, AEF, 

a8. A, By C are three points on a straight line ; Ai is the harmonic 
conjugate of A with resi>ect to BC, B| of B with respect to CA, and Cj 
of C with respect to AB ; show that AAi, BBi, CC^ are three pairs of a 
range in involution. 

29. A conic is reciprocated into a circle. Find the reciprocals of a 
pair of conjugate diameters. 

30. Generalise by projection the theorem — * If a straight line touch 
a circle and from the point of contact a straight line be drawn cutting 
the circle, the angles which this line makes with the line touching the 
circle shall be equal to the angles which are in the alternate segments 
of the circle.* 

31. The locus of the pole of a chord of a conic which subtends a right 
angle at a fixed point is a conic. 
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3a. A quadnlateral ABCD is circumscribed to a conic, and a fifth 
tangent is drawn at the point P ; the diagonals AC, BD meet the 
tangent at P in a and jS, and the points a', jS' are taken the harmonic 
conjugates of a and jS with respect to Aj C and B, D respectively ; show 
that a' fi\ P are on a straight line. 

33. Through the vertex A ofa. square ABCD a straight line is drawn 
meeting the sides BC, CD in E, F. If ED, FB intersect at O, show that 
CO is at right angles to EF. 

34. Determine the envelope of a straight line which meets the sides 
of a triangle in A, B, C, so that the ratio AB : AC is constant. 

35. Generalise by projection the theorem — * If OP, OQ, tangents to 
a parabola whose focus is S, are cut by the circle on OS as diameter 
in M and N, then MN will be perpendicular to the axis.' 

36. Reciprocate with regard to the focus of the parabola the theorem 
— ' The circle described on a focal radius of a parabola as diameter 
touches the tangent at the vertex." 

37. Two given straight lines AB and CD intersect in D, and a variable, 
point P on CD is joined to the fixed points Ay B on AB, If a point Qbe 
taken such that the angles between AP and AQ^ and between BQ and 
PB produced are each equal to CDA, show that the locus of Q is a 
straight line. 

38. M and N are a pair of inverse points with regard to a given circle 
whose centre is C. Prove that (i) if P is any point on the circle 

PM^ : PN^ ::CM:CN; 

(2) if any chord of the circle is drawn through M or N, the product 
of the distances of its extremities from the straight line bisecting MN 
at right angles is constant. 

39. Points P, Q are taken on the sides AB, AC ofa triangle respectively, 
such that AP=CQ; show that the line joining PQ will envelope a 
parabola. 

Through a given point draw a straight line to cut the equal sides AB, 
AC of An isosceles triangle BAC in P, Q respectively, so that AP is equal 
to CQ. 

40 Given the proposition * any point P of an ellipse, the two foci, and 
the points of intersection of the tangent and normal at P with the 
minor axis are concyclic,' (i) generalise it by projection, (2) recipro- 
cate it with regard to one of the foci. 

41. Generalise the following proposition (i) by reciprocating it with 
respect to A, and (2) by projection — * A fixed circle whose centre is 
touches a given straight line at a point A ; the locus of the centre 
of a circle which moves so that it always touches the fixed circle 
and the fixed straight line is a parabola whose focus is 0, and whose 
vertex is A.' 
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42. Two circles a and jS intersect a conic 7 ; show that the chords of 
intersection of a and 7 meet the chords of intersection of jS and 7 
in four points which lie on a circle having the same radical axis with 
a and jS. 

43. Through any point in the plane of a triangle ABC are drawn 
0-4', OB', OCf bisecting the supplements of the angles BOO, COA^ AOB 

'and meeting SO, CA, AB in -4', B', O' respectively ; show that the six 
lines OA, OB, OC, OA'y OB', 0(/ form a pencil in involution. 

44. iSvo conies a and jS have double contact at B and 0, A being the 
I)ole of BC. Tangents from a point X upon AB are drawn to a and i3 
meeting AC in F and T'. Show that Y and F' generate homographic 
ranges, the double points of which are A and 0. 

45. A quadrangle ABCD is inscribed in a parabola ; through two of 
its vertices and D straight lines are drawn parallel to the axis, meeting 
DAy BC in P and Q ; show that PQ is parallel to AB. 

46. Prove that the polar reciprocal with regard to a parabola of the 
circle of curvature at its vertex is a rectangular hyperbola of which the 
circle is also the circle of curvature at a vertex. 

47. The opposite verticeis AA% BB', CCf of a quadrilateral circumscrib- 
ing a conic are joined to a given point ; OA cuts the polar of ^ in a, 
OB cuts the polar of JB in 6, and so on ; show that a conic can be drawn 
through the seven points OaxjfWonf, 

48. A range on a line is projected from two different vertices on to 
another line. Find the double points of the projected ranges. 

49. If four points -4, jB, 0, 2> be taken- on the circumference of a circle, 
prove that the centres of the nine-point circles of the four triangles 
ABC, BCD, CDA, DAB will lie on the circumference of another circle, 
whose radius is one-half that of the first. 

50. If the orthocentre of a triangle inscribed in a parabola be on 
the directrix, then the polar circle of the triangle passes through the 
focus. 

51. A and BC are a given pole and polar with regard to a conic ; DE 
is a given chord through A] P,Q,R,... are any number of points on the 
conic, and P', (/, i?', ... are the points where EP, EQ, ER, ... meet BC. 
Prove that D {PP^, Q</, RBf, ...) is an involution ; and determine its 
double lines. 

5a. ABCD is a quadrilateral circumscribing a conic a. AB, DC meet 
in E, and BC, AD in F, and a conic /3 is drawn through the points B, D, 
F, E, Prove that the four tangents to a at the points where the conies 
intersect pass two and two through the pair of points where AC cuts jS. 

53. Two conies a, jS intersect in the points A, B, 0, D, If the pole of 
AB with respect to a coincides with the pole of CD with respect to i3, 
prove that the pole of CD with respect to o will coincide with the pole 
of AB with respect to fi. 
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54. Three conies all pass through the same two points A^B, The 
first and second conies intersect one another in two other points C, D ; 
and the pole of AB with regard to the second conic lies on the first 
conic. The third conic touches the line joining C, I) ; and the pole of 
^B with regard to it lies on the second conic. Show that the tangents, 
other than CD, drawn from the points C, 2) to the third conic meet on 
the circumference of the first conic. 

55. Giyen the asymptotes of a conic and another tangent, show how 
to construct the pair of tangents from a given point to the conic. 

GiTen the three middle points of the sides of a given triangle, draw 
a straight line through a given point to bisect the triangle. 

56. A conic cuts the sides of a triangle ABC \xi the pairs of points 
a, ag, &| &2) H ^ respectively ; if B62, Cc^ intersect in a,, and B6|, Cc^ in a^ 
and so on, and if jSi /S^ ^3 jS,, 7^ 7, 7, 74 be similarly constructed ; show 
that the straight lines obtained by putting in various suffixes in Ao^ 
B0f Cy meet, three by three, in eight po^ts. 

57. Reciprocate the proposition that the nine-point circle of a triangle 
touches the inscribed circle (i) with regard to one of the angular 
points of the triangle, (a) with regard to the middle point of one of its 
sides. 

58. ' If, from a point within a circle, more than two equal straight 
lines can be drawn to the circumference, that point is the centre of 
the circle.* 

Generalise the above proposition (i) by reciprocation, (2) by pro- 
jection. 

59. TP and TQ are tangents of a conic and PQ is bisected in V; also 
TV is bisected by the curve. Show that the conic is a parabola. 

60. A conic of constant eccentricity is drawn with one focus at 
the centre of a given circle and circumscribing a triangle self-conjugate 
with respect to the given circle ; show that the corresponding directrices 
for diflFerent positions of the triangle will envelope a circle. 

61. A straight line moves so as to make upon two fixed straight 
lines intercepts whose difference is constant ; prove that it will always 
touch a fixed parabola, and determine the focus and directrix of the 
parabola. 

62. By reciprocation deduce a proposition relating to the circle from 
the following— * The locus of a point dividing in a given ratio the 
ordinate PN of a parabola is another parabola having the same vertex 
and axis.' 

63. The enveloi)e of a straight line which moves so that two fixed 
circles intercept on it chords of equal length is a parabola. 

64. Given a conic and a pair of straight lines conjugate with regard 
to it, project the conic into a parabola of which the projections of the 
given lines shall be latus rectum and directrix. 
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65. An ellipse has the focus of a parabola for centre and has with it 
contact of the third order at its vertex. Tangents are drawn to the* 
two conies from any point on their common tangent, and the harmonic 
conjugate of this latter with regard to them is taken. Prove that its 
envelope is the common circle of curvature of the two conies at the 
common vertex. 

66. ABC^ DEF are two triangles inscribed in a conic. BC^ CA, AB 
are parallel respectively to EF, FDy DE, Prove that AD, BE, CF are 
diameters of the conic. 

67. Find the double rays of the pencils 0(ABC,„) and 0(J/B'Cf,„\ 
each of which is in perspective with the pencil V{A'^B^'Cf ',..). 

68. BIf is a fixed diameter of a conic and PP* is a double ordinate of 
this diameter. A parallel through 1/ to DP meets DP^ in X Find the 
locus of X. 

69. Through a point is drawn a straight line cutting a conic in AB, 
and on AB are taken points CD, such that 

(i -7- OQ + (i -T- OD) « (i 4- OA) + (I ^ OB), 
Then if MN be the points of contact of tangents from D, and LR those 
of tangents from C, show that either LM and RN^ or LN and RM, meet 
in 0. 

70. Construct the conic which passes through the four points ABCD 
and is such that AB and CD are conjugate lines with regard to it. 

71. AOB and COD are two diameters of a circle and QR is a chord 
parallel to AB ; if P be the intersection of CQ and DR, or of DQ and 
CR, and if from P be drawn PM parallel to AB to meet CD in M, 
then OM^ = OD'^ + PM\ 

72. AB, AC are two chords of an ellipse equally inclined to the 
tangent at A ; show that the ratio of the chords is the duplicate of the 
ratio of the diameters parallel to them. 

73. Construct, by means of the ruler only, a conic which shall pass 
through two given points and have a given self-conjugate triangle. 

Also construct the pole of the connector of the given points with 
respect to the conic. 

74. Through a fixed point A any two straight lines are drawn meet- 
ing a conic in B, Bf and C, Cf respectively ; parallels through A to BCf, 
BfC meet B^C, B0 respectively inD, E\ find the locus of D and of E, 

75. Two equal tangents TP and 7^ of a parabola are cut in If and "S 
by a third tangent ; show that TM=QN, 

76. The tangents at two points of an ellipse, whose foci are -S, H, meet 
in T, and the normals at the same points meet in ; prove that the 
perpendiculars through S, H to ST, HT respectively divide OT har- 
monically. 

Deduce a construction for the centre of curvature at any point of the 
ellipse. 
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77. An ellipse may be regarded as the polar reciprocal of the 
auxiliary circle with respect to an imaginary circle of which a focus is 
centre. Prove this, and find the lines which correspond to the centre 
and the other focus of the ellipse. 

78. Two conies u, v intersect \n. A^ B^ C^ D ; 'E^ F are the poles of CD 
with regard to the conies u, v respectively, and AE^ AF meet CD in 
(?, H respectively ; a straight line is drawn through A meeting u, v in 
P, Q respectively ; show that the locus of the intersection of PJ7, QGisa 
straight line passing through B and through the intersection of EF, CD. 

79. Two triangles, one inscribed in and the other escribed to a given 
triangle, and both in perspective with it, are in perspective. 

Each of the triangles determined by the common tangents of two 
conies is in perspective with each of the triangles determined by the 
common points of the conies. 

80. Two circles cut each other orthogonally ; show that the distances 
of any point from their centres are in the same ratio as the distances of 
the centre of each circle from the polar of the point with respect to the 
other. 

The directrix of a fixed conic is the polar of the corresponding focus 
with respect to a fixed circle ; with any point on the conic as centre a 
variable circle is described cutting the fixed circle orthogonally ; find 
the envelope of the polar of the focus with respect to the variable 
circle. 

81. Obtain a construction for projecting a conic and a point within 
it into a parabola and its focus. 

82. A conic circumscribes a triangle ABC, the tangents at the angular 
points meeting the opposite sides on the straight line DEF. The lines 
joining any point P on DEF to A, By C meet the conic again in A\ P', C. 
Show that the triangle A'B'C^ envelopes a fixed conic inscribed in ABQ, 
and having double contact with the given conic at the points where 
it is met by DEF, Show also that the tangents at A'^ P', (f to the 
original conic meet B'Cf, CfA', A'B^ in points lying on DEF. 

83. ABCD is a quadrilateral whose sides -4P, CD meet in P, and AK 
BC in P ; -4 is a fixed point, EF a fixed straight line, and P, C lie each 
upon one of two fixed straight lines concurrent with EF) find the 
locus of D. 

84. All the tangents of a conic are inverted from any point. Show 
that the locus of the centres of all the circles into which they invert is 
a conic. 

85. If Ay By Cy D be four collinear points, and any point whatever, 

prove that , . 

X{OA'^^ {AB . AC . AD)} = o. 

Also show that if ^', P', C, i/ be four concyclic points, then 
"S { I -^ (^'P' . A^C^ . A^D') } = o, the sign of any rectilinear segment 
being the same as in the preceding identity. 
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86. If be the intersection of the common tangents to two conies 
having double contact, and if a straight line through meet the two 
conies in P, P' and Q, Q' respectively, prove that 

PQ.F^qf . (PO + P'O) = PC^ . P'Q' + P^O^ . PQ, 
and that PQ . P</ : P'Q . P'Q^ iiPO'^ : P'O^ 

87. Describe a conic to touch a given straight line at a given point 
and to osculate a given circle at a given point. 

88. If a system of conies have a common self-conjugate triangle, any 
line through one of the vertices of this triangle is cut by the system in 
involution. 

Two conies, U and U', touch their common tangents in ABCD and 
A'B^(/iy ; show that AB cuts V, TJ* and the other sides of the quadri- 
lateral of tangents in six points in involution. 

89. Four points A, P, C, B are taken on a conic such that AB^ BC, CD 
touch a conic having double contact with it; show that A and D 
generate homographic ranges on the conic, and find the common 
points of the ranges. 

90. The angular points ABC of a triangle are joined to a point 
and the bisectors of the angles BOCy COA, AOB meet the corresponding 
sides of the triangle in o^ 03, jS^ jS^, 7^ 7^ ; show that these points lie 
three by three on four straight lines ; and that if lie on the circle 
circumscribing the triangle, each of the lines a^ fi^ 7a » &c. passes 
through the centre of a circle touching the three sides of the triangle. 

91. 'If from a point T on the directrix of a parabola whose vertex is 
A tangents TP, TQ are drawn to the curve, and PA, QA joined and pro- 
duced to cut the directrix in JIf, N, then will T be the middle point 
ofifZ^.' 

Obtain from the above theorem by reciprocation a property of (i) a 
circle, (a) a rectangular hyperbola. 

9a. In two figures in homology M and M' are homologous points and 
is the centre of perspective. Show that OM is to 3faf as the per- 
pendicular from M on its vanishing line is to the perpendicular from M 
on the axis of perspective. 

93. Given two points AfB on & rectangular hyperbola and the polar 
of a given point in the line AB ; determine the points of intersection 
of the curve with the straight line drawn through perpendicular 
to AB. 

94. Show how to project a given quadrilateral into a quadrilateral 
ABCD such that AB is equal to ^C, and that D is the centre of gravity 
of the triangle ABC. 

95. A circle has double contact with an ellipse, and lies within it. 
A chord of the ellipse is drawn touching the circle, and through its 
middle point is drawn a chord of the ellipse parallel to the minor axis. 
Show that the rectangle contained by the segments of this chfc^xd. \& 

X 2 
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equal to the rectangle contained by the segments into which the first 
is divided by the point of contact. 

96. ABCDEF is a hexagon inscribed in one conic and circumscribing 
another. The connectors of its vertices with any point in its 
plane meet the former conic again in the vertices of a second hexagon 
A'BfCfl/E^F^, Prove that it is possible in this to inscribe another 
conic. 

97. ABCDy AB'Cfiy are two parallelograms having a common vertex 
A and the sides AB, AD of the one along the same straight lines as the 
sides AB^, Ajy respectively of the other. Show that the lines BI/, 
B^D, C(/ are concurrent. 

98. Three conies a, jS, 7 are inscribed in the same quadrilateral. 
From any point, tangents Oj h are drawn to a, and tangents a', 1/ io$. 
Show that if a, a' are conjugate lines with respect to 7, so are &, 1/. 

99. If three tangents to a conic can be found such that the circle 
circumscribing the triangle formed by them passes through a focus, 
the conic must be a parabola. 

100. From each point on a straight line parallel to an axis of a conic 
is drawn a straight line perpendicular to the polar of the point ; show 
that the locus of the foot of the perpendicular is a circle. 

loi. AB is a diameter of a circle, and C and D are points on the 
circle. -4C, BD meet in E. Show that the circle about CDE is ortho- 
gonal to the given circle. 

102. Find the locus of the centre of a circle which divides two given 
segments of lines harmonically. 

103. The sides AB, AD of a parallelogram ABCD are fixed in posi- 
tion, and C moves on a fixed line ; show that the diagonal BD envelopes 
a parabola. 

104. A tangent of a hyperbola whose centre is C meets the asymp- 
totes in P and Q ; show that the locus of the orthocentre of the triangle 
CPQ is another hyperbola. 

105. Through fixed points A and B are drawn conjugate lines for a 
given conic. Show that the locus of their meet is the conic through 
Af B and the points of contact of tangents from A and B. 

106. A, B, C, D are four points on a conic, and is the pole of AB. 
Show that {AB, CD) is the square of {AB, CD). 

107. Aj B, C, D are four points on a conic. The tangent at A meets 
BC, CD in a„ a.^ ; the tangent at B meets CD, DA in b^, 6, ; and so on. 
Show that the eight points %, a-j) ^i> ^2> Cyi <hi ^i» ^2 li© on a conic. 

108. The centre of a conic lies on the directrix of a parabola, and 
a triangle can be drawn circumscribed to the parabola and self-conju- 
gate for the conic. Show that the tangents from to the parabola are 
the axes of the conic. 



Miscellaneous Examples. 309 

109. Two sides A(^^ AR of a triangle AQR circumscribed to a given 
circle are given in position ; the circles escribed to AQ and AR touch 
AQ and AR in V and 17 ; show that the locus of the meet of QU and RV 
is a hyperbola with AQ and AR as asymptotes. 

no. If the chords OPf OQ of a conic are equally inclined to a fixed 
line ; then, if be a fixed point, PQ passes through a fixed point. 

III. A fixed line I meets one of the system of conies through the 
four points Ay By C, Din P and Q ; show that the conic touching AB, 
CD, PQ and the tangents at P and Q touches a fourth fixed line. 

1 1 a. Triangles can be inscribed in a which are self-conjugate for fi ; 
ABC is a triangle inscribed in a and A'BfC' is its reciprocal for jS ; show 
that the centre of homology of ABC and A'BfC* is on o. 

1 13. Six circles of a coaxal system touch the sides of a triangle ABC 
inscribed in any coaxal in the points aa' , W , ccf ; show that these 
points are the opposite vertices of a quadrilateral. 

1 14. A, B, Cf D are four points on a circle, and A\ Bf, C% iX are the 
orthocentres of the triangles BCDj CDA, DAB, ABC. Show that the 
figures ABCDy A'&C'D^ are superposable. 

1 15. Any conic a which divides harmonically two of the diagonals 
of a quadrilateral is related to any conic jS inscribed in the quadri- 
lateral in such a way that triangles can be inscribed in a which are 
self-conjugate for jS. 

116. The envelope of the axes of all conies touching four tangents of 
a circle is a parabola. 

117. If (AAf, BB^) = - I = (AA', PQ) = {BB^y PQ^) ; show that 
{AA% BBfy Qqf) is an involution. 

118. If two conies can be drawn to divide four given segments har- 
monically, then an infinite number of such conies can be drawn. 

119. If {AA\ BBfy CC) be an involution, show that 

{A Ay BC') + {BfBy CA') + {C'Cy AB^) = I. 

120. r is a point on the directors of the conies a and 0. The reci- 
procal of a for jS meets the polar of T for fi in Qy R, Show that the 
angle QTR is right. 

lai. Through the centre of a circle is drawn a conic, and A and A' 
are a pair of opposite meets of common tangents of the circle and conic ; 
show that the bisectors of the angle AOA^ are the tangent and the 
normal at 0. 

122. A given line meets one of a series of coaxal circles in P, Q. The 
parabola which touches the line, the tangents at P, Q, and the radical 
axis has a third fixed tangent. 

123. If a series of conies be inscribed in the same quadrilateral of 
which A, A' is a pair of opposite vertices, and if from a fixed point 
tangents OP, OQ be drawn to one of the conies, the conic through 
OPQAA' will pass through a fourth fixed point. 
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1S4. On a tangent to a circle inscribed in a triangle ABC are taken 
points a, &, c, such that the angles subtended by Aa, Bb, Cc at the 
centre are equal ; show that Aa, Bb, Cc are concurrent. 

125. Through two given points, four conies can be drawn for which 
three given pairs of lines are conjugate ; and the common chord is 
divided harmonically by every conic through its four poles for the 
conies. 

ia6. The locus of the pole of a common chord of two conies for 
a variable conic having double contact with the two given conies 
consists of a conic through the two common points on the given chord 
together with the join of the poles of the chord for the two conies. 

197. Find the locus of the centre of a conic which passes through 
two given points and divides two given segments harmonically. 

ia8. A variable conic passes through three fixed points and is such 
that triangles can be inscribed in it which are self-polar for a given 
conic. Show that it passes through a fourth fixed point. 

139. If a variable conic touch three fixed lines, and be such that 
triangles can be drawn circumscribing it which are self-polar for a 
given conic, then the variable conic will have a fourth fixed tangent, 
and the chords of contact of the variable conic with the fixed lines 
pass through fixed points. 

130. The directrix of a parabola which has a fixed focus and is such 
that triangles can be described about it which are self-polar for a given 
conic, passes through a fixed point. 

131. A conic U passes through two given points and is such that two 
sets of triangles can be inscribed in it, one self-polar for a fixed conic 
V and the other self-polar for a fixed conic W, Show that U has a 
fixed self-polar triangle. 

132. A variable conic U cuts a given conic V in two given points 
and also touches it and is such that triangles can be inscribed in it 
self-polar for a given conic W. Show that U touches another fixed 
conic. 

133. Three parabolas are drawn, two of which pass through the 
four points common to two conies and the third touches their common 
tangents. Show that their directrices are concurrent. 

134. If a system of rectangular hyperbolas have two points common, 
any line perpendicular to the common chord meets them in an invo- 
lution. 

135. The reciprocal of a circle through the centre of a rectangular 
hyperbola, taking the r. h. itself as base conic, is a parabola whose 
focus is at the centre of the r. h. 

136. The reciprocal of any circle, taking any r.h. as base conic, is a 
conic, one of whose foci is at the centre of the r. h. ; and the centre of 
♦he circle reciprocates into the corresponding directrix. 
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137. The chords AB and A'^ of a conic a meet in V, jS is the conic 
touching ABy A'B^ and the tangents at -4, B, A, B^. VL and VL' 
divide AVA' harmonically and cut the conic a in LM and L'JIf '. Show 
that the other joins of the points L^ M, L', M' touch iS. Also any 
tangent of jS meets AB and A'B^ in points which are conjugate for a. 

138. The director circle of a conic is the conic through the circular 
points and the points of contact of tangents from these points to the 
conic. 

139. Tangents to a circle at P and Q meist another circle in AB and 
CD ; show that a conic can be drawn with a focus at either limiting 
point of the two circles and with PQ as corresponding directrix which 
shall pass through ABCD. 

140. Tangents to a conic from two points PP' on a confocal meet 
again in the opposite points Q(y and RBf. Show that W lie on one 
confocal and RRf on another ; and that the tangents to the confocals at 
PP'QQfRBf are concurrent. 

141. The centroid of the meets of a parabola and a circle is on the 
axis of the parabola. 

14a. A variable tangent of a circle meets two fixed parallel tangents 
in P and Qy and a fixed line through the centre in i2. JT is taken so 
that (PQ, RX) = — I. Show that the locus of JT is a concentric circle. 

143. A triangle is reciprocated for its polar circle. Show that the 
reciprocal of the centroid is the radical axis of the circum-circle and 
the nine-point circle. 

144. The reciprocal of a triangle for its centroid is a triangle having 
the same centroid. 

145. Triangles can be circumscribed to o which are self-conjugate 
for i8. A tangent of a cuts jS in P and Q ; and a conic 7 is drawn 
touching jS at P and at Q. Show that triangles can be circimiscribed to 
a which are self-conjugate for 7. 

146. PP' is a chord of a parabola. Any tangent of the parabola cuts 
the tangent parallel to PP^ in X and the tangents at P and P' in 22 and 
Bf ; show that RX « XR\ 

147. If the conic a be its own reciprocal for the conic jS, then jS is its 
own reciprocal for a. 

148. Given a conic a and a chord ^C of a, a conic jS can be found 
having double contact with a at £ and C, such that a is its own reci- 
procal for iS. 

149. A conic cannot be its own reciprocal for a conic having four- 
point contact with it. 

150. If the conic o be its own reciprocal for the conic ^, then a and 
/3 can be projected into concentric circles, the squares of whose radii 
are numerically equal. 
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151. Any point P on a conic and the pole of the normal at P are 
conjugate points for the director circle. 

15a. The pole of the normal at any point P of a conic is the centre 
of curvature of P for the confocal through P. 

153. ABC is a triangle, and AL^ BMj CN meet in a point, LMN heing 
points on BCy CA^ AB. Three conies are described, one touching 
BM, CN at Mf N and passing through A ; so the others. Prove that at 
A, Bj C respectively they are touched by the same conic. 

154. The lines joining four fixed points in a plane intersect in pairs 
in points O1O2O3, and P is a variable point. Prove that the harmonic 
conjugates of OiPf O^Pj O3P for the pairs of lines meeting in OiO^Oi 
respectively, intersect in a point. 

155. If a parabola touch the sides of a fixed triangle, the chords of 
contact will each pass through a fixed point. 

156. The six intersections of the sides of two similar and similarly 
situated triangles lie on a conic, which is a circle if the perpendicular 
distances between the pairs of parallel sides are proportional to the 
sides of the triangle. 

157. Two conies have double contact, being the intersection of the 
common tangents. From P and Q on the outer conic pairs of tangents 
are drawn to the inner, forming a quadrilateral, and R is the pole of 
PQ with respect to the inner conic. Prove that two diagonals of the 
quadrilateral pass through R, and that one of these diagonals passes 
through 0. 

158. A conic is drawn through the middle points of the lines 
joining the vertices of a fixed triangle to a variable point in its plane, 
and through the points in which these joining lines cut the sides of 
the triangle. Determine the locus of the variable point when the 
conic is a rectangular hyperbola ; and prove that the locus of the 
centre of the rectangular hyperbola is a circle. 

159. The feet of the normals from any point to a rectangular hyper- 
bola form a triangle and its orthocentre. 

160. ABC is a triangle and A'B'C are the middle points of its sides. 
is the orthocentre. AO, BO, CO meet the opposite sides in DEF, 
EFy FDy BE meet the sides in LMN, Prove that OL is perpendicular to 
AA'j CM to BB'y and ON to CCf, 

161. A variable conic touches the sides ABy AC of a triangle ABC&t 
B and C. Prove that the points of contact of tangents from a fixed 
point P to the conic lie on a fixed conic though PABC. 

1 6a. Given two tangents to a parabola and a fixed point on the chord 
of contact, show that a third tangent is known. 

163. Tangents to a conic from two points on a confocal form a quad- 
rilateral in which a circle can be inscribed. 
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164. AA% BBf, (Xf are opposite vertices of a quadrilateral formed by 
four tangents to a conic. Three conies pass respectively through 
AA'^ BSf, C(f and have three-point contact with the given conic at the 
same point P. Show that the poles of AA'y BB^, C(f with respect to 
the conies through AA!^ BB^^ C(f respectively coincide, and the four 
conies have another common tangent. 

165. If two conicS) one inscribed in and the other circumscribed to 
a triangle, have the orthocentre as their common centre, they are 
similar, and their corresponding axes are at i*ight angles. 

166. A fixed tangent is drawn to an ellipse meeting the major axis 
in T. i^ are two points on the tangent equidistant from T. Show 
that the other tangents from Q and (f to the ellipse meet on a fixed 
straight line parallel to the qiajor axis. 

167. With a fixed point P as focus a parabola is drawn touching a 
variable pair of conjugate diameters of a fixed conic. Prove that it has 
a fixed tangent parallel to the polar of P. 

168. A conic is described having one side of a triangle for directrix, 
the opposite vertex for centre, and the orthocentre for focus ; prove 
that the sides of the triangle which meet in the centre are conjugate 
diameters. 

169. The radius of curvature in a rectangular hyperbola is equal to 
half the normal chord. 

170. The radius of curvature in a parabola is equal to twice the in- 
tercept on the normal between the directrix and the point of inter- 
section of the normal and the parabola. 

171. Two ellipses touch at A and cut at B and C. Their common 
tangents, not at A^ meet that at ^ in Q and B. and intersect in P. 
Prove that PQ and CB meet on ^P, and so do BB and CQ. 

17a. A transversal is drawn across a quadrangle so that the locus 
of one double point of the involution determined, on it is a straight 
line. Show that the locus of the other is a conic circumscribing the 
harmonic triangle of the quadrangle. 

173. PQ is a chord of one conic a and touches another conic jS. 
Prove that P, Q are conjugate for a third conic 7. 

1 74. XYZ is a triangle self-conjugate for a circle. The lines joining 
ZYZ to a point B on the circle meet the circle again in -4, P, C 
respectively. Show that as P varies, the centre of mean position of 
ABCD describes the nine-point circle of XYZ. 

175. Two conies are described touching a pair of opposite sides of a 
quadrilateral, having the remaining sides as chords of contact and 
passing through the intersection of its diagonals ; show that they 
touch at this point. 
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176. With a given point as focus, four conies can be drawn having 
three given pairs of points conjugate ; and the directrices of these 
conies form a quadrilateral such that the director circles of all the 
inscribed conies pass through 0. 

177. The line joining two points A and B meets two lines OQ, OP in 
Q and P. A conic is described so that OP and OQ are the polars of A 
and B with regard to it. Show that the locus of its centre is the line 
OR where R divides AB so that ARiRBmQRi RP. 

178. A chord of a conic passes through a fixed i)oint. Prove that 
the other chord of intersection of the conic and the circle on this 
chord as diameter passes through a fixed point. 

179. One of the chords of intersection of a circle and a r. h. is a 
diameter of the circle. Prove that the opposite chord is a diameter of 
the r. h. 

180. Tangents are drawn to a conic a parallel to conjugate 
diameters of a conic jS. Prove that they will cut on a conic 7, con- 
oentiic with a and homothetic with jS. Also 7 will meet a in points 
at which the tangents to a are parallel to the asymptotes of jS. 

181. Four concyclic points are taken on a parabola. Prove that its 
axis bisects the diagonals of the quadrilateral formed by the tangents 
to the parabola at these points. 

182. If four points be taken on a circle, the axes of the two parabolas 
through them are the asymptotes of the centre-locus of conies through 
them. 

183. The locus of the middle point of the intercept on a variable 
tangent to a conic by two fixed tangents is a conic having double con* 
tact with the given one where it is met by the diameter through the 
intersection of the fixed tangents. 

184. On two parallel straight lines fixed points A, B are taken and 
lengths AP, BQ are measured along the lines, such that AP + BQ is 
constant. Show that AQ and BP cut on a fixed parabola. 

185. Chords APj AQ of a conic are drawn through the fixed point A 
on the conic, such that their intercept on a fixed line is bisected by a 
fixed point. Show that PQ passes through a fixed point. 

186. Three tangents are drawn to a fixed conic, so that the ortho* 
centre of the triangle formed by them is at one of the foci ; prove 
that the polar circle and circum-circle arc fixed. 

187. Given four straight lines, show that two conies can be con- 
structed such that an assigned straight line of the four is directrii 
and the other three form a self-polar triangle ; and that, whichever 
straight line be taken as directrix, the corresponding focus is one of 
two fixed points. 

188. Parallel tangents are drawn to a given conic, and the point 
where one meets a given tangent is joined to the point where the 
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other meets another given tangent. Prove that the envelope of the 
joining line is a conic to which the two tangents are asymptotes. 

189. With a point on the circum-circle of a triangle as focus, four 
conies are described circumscribing the triangle : prove that the corre- 
sponding directrices will pass each through a centre of one of the four 
circles touching the sides. 

190. Three conies are drawn touching each pair of the sides of a 
triangle at the angular points where they meet the third side and 

> passing through a common point. Show that the tangents at this 
common point meet the corresponding sides in three points on a 
straight line, and the other common tangents to each pair of conies 
pass respectively through these three points. 

191. ABCB is a quadrilateral circumscribing a conic, and through the 
pole of ^C a line is drawn meeting CD, DA, DB, EC, and CA in PQRST 
respectively. Show that PQ, RS subtend equal angles at any point on 
the circle whose diameter is OT. 

192. The normal at a fixed point P of an ellipse meets the curve again 
in Qf and any other chord PP^ is drawn ; QP^ and the straight line 
through P perpendicular to PP' meet in R ; prove that the locus of R is 
a straight line parallel to the chord of curvature of P and passing 
through the pole of the normal at P. 

193. Two tangents of a hyperbola a are asymptotes of another conic jS. 
Prove that if jS touch one asymptote of a, it touches both. 

194. A conic is drawn through four fixed points ABCB, BC, AD 
meet in A^ ; CAy BD in JB' ; AB, CD in C ; and is the centre of the conic. 
Prove that ^ABCD} on the conic = {A^B^(/0} on the conic which is 
the locus of 0. 

195. Tangents drawn to a conic at the four points ABCD form a 
quadrilateral whose diagonals are aa% bl/, a/ (the tangents at ABC 
forming the triangle ahc and being met by the tangent at D in a^l/</). 
The middle points of the diagonals are A'PfCf and the centre is 0. 
Prove that \^A'PfCfO} = {-4jBCD} at any point of the conic. 

196. If a right line move in a plane in any manner, the centres of 
curvature at any instant of the paths of all the points on it lie on a 
conic. 

197. Defining a bicircular quartic as the envelope of a circle which 
moves with its centre on a fixed conic so as to cut orthogonally a fixed 
circle, show that it is its own inverse with respect to any one of the 
vertices of the common self -conjugate triangle of the fixed circle and 
conic, if the radius of inversion be so chosen that the fixed circle 
inverts into itself. 

198. A quadrilateral is formed by the tangents drawn from two 
fixed points on the radical axis of a system of coaxal dtclb% ^^ ^xi:^ 
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circle of the system. Prove that the locus of one pair of opposite 
vertices is one conic, and of the remaining pair is another conic, and 
the two fixed points are the foci of both these conies. 

199. Two fixed straight lines through one of the foci of a system of 
confocal conies meet any one of the conies in PF*^ QQ^, Prove that the 
envelope of PQ and P'^ is one parabola, and of Ptfy P^Q is another 
parabola. Also the points of contact of PQ, P'Q', P'Q, PQf with their 
respective envelopes lie on a straight line parallel to the conjugate 
axis of the system, which axis touches both parabolas. 

SCO. A parallelogram with its sides in fixed directions circumscribes 
a circle of a coaxal system. Prove that the locus of one pair of 
opposite vertices is one conic and of the remaining pair is another 
conic, and the common tangents of these two conies are the parallels 
through the common points of the system to the sides of the parallelo- 
gram. Prove also that the tangents at the vertices of any such 
parallelogram to their respective loci meet in a point on the line of 
centres of the system. 

201. is the centre of a conic circumscribing a triangle, and (/ is 
the pole of the triangle for this conic. Show that is the pole of the 
triangle for that conic which circumscribes the triangle and has its 
centre at (/. 

fl02. AA% BB^j C(j are the three pairs of opposite vertices of a quadri- 
lateral. A conic through BPf^ CCf and any fifth point P meets AA^ in 
X and Y, Prove that PX, PY are the double lines of the involution 
P{AA% BB", CC}. 

203. If tangents be drawn to a system of conies having four common 
tangents, from a fixed point (-T) on a side {AA^) of the self-conjugate 
tnangle of the system, the points of contact will lie on a conic (viz. 
XBB'CC). 

204. AA' BB^f GCf are the three pairs of opposite vertices of a quadri- 
lateral. A straight line meets AA'^ BBf^ CCf in LMN. Prove that the 
conies LBB^CCf, MC(fAA% NAA^BB^, and the conic touching the sides of 
the quadrilateral and also LMN^ have a common point. 

205. Three conies have double contact at the same two points, and 
Aj B, C are their centres. A straight line parallel to ABC meets them 
in PP^y Q(/, RB^ respectively, and is any point on this straight line. 
Prove that OP. OP' ,BC + OQ.OQf .CA + OR.OBf .AB = o. 

206. In XXVIII. § 10. Ex. 4, prove that if C/ be this fixed point, then 
COf CC/ are equally inclined to the axes, and CO . CCf = GS*. 

207. If triangles can be inscribed in a conic a and circumscribed to 
a conic iS, the locus of the centroid of such a triangle is a conic homo* 
thetic with a. 

208. If the conic jS be a parabola, this locus is a straight line. 
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209. This straight line is parallel to the line joining points on the 
parabola where the tangents are parallel to the asymptotes of a. 

210. The tangents at three points of a rectangular hyperbola form a 
triangle, of which the circum-cirde has its centre at a vertex and passes 
through the centre of the hyperbola. Show that the centroid of the 
three points lies on the conjugate axis. 

an. Show that the orthocentre of the three points in Ex. 210 is the 
vertex which is the centre of the circle. 

212. If in Ex. 207 the conies a and iS are homothetic, the centroid of 
the three points of contact with iS of such a triangle is a fixed point. 

213. If the conies a and jS are coaxial, then the normals to a at the 
vertices of any such triangle are concurrent and also the normals to jS 
at the points of contact of the sides ; and conversely, if ^R be three 
points on a conic such that the normals there are concurrent, a coaxial 
conic can be inscribed in the triangle ^R, 

214. If the conies a and iS are both, parabolas, the locus of the 
centroid is parallel to the axis of a. 

215. If a and jS are parabolas with the same axis, whose latera recta 
are I and 2^, then t = ^l. 

216. Given a triangle self-conjugate for a conic, if a directrix touch 
a conic jS inscribed in the triangle, then the corresponding focus lies 
on the director circle of jS. 

217. A conic is inscribed in a triangle self-conjugate for a rectangular 
hyperbola, with one focus on the hyperbola. Show that its major axis 
touches the hyperbola. , 

218. A triangle is inscribed in a conic and circumscribed to a para- 
bola. Prove that the locus of the centre of its circumscribing circle 
is a straight line. 

219. The following pairs of conies are related to one another as in 
XIV. § 2. Ex. 14— 

(i) A rectangular hyperbola, and a parabola whose focus is at the 
centre of the r. h. and whose directrix touches the r. h. 

(ii) Two rectangular hyperbolas, each passing through the centre of 
the other and having the asymptotes of one parallel to the axes of the 
other. 

220. If the polar circle of three tangents to a conic passes through a 
focus, the orthocentre lies on the corresponding directiix. 

221. If a triangle inscribed in a parabola has its orthocentre on the 
directrix, its polar circle passes through the focus. 

222. A circle has its centre on the directrix and touches the sides of 
a triangle self-conjugate for a parabola. Show that it passes through 
the focus. 
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293. Triangles can be inscribed in a conic a so as to be self-conjugate 
for a conic jS. A circle has double contact with a along a tangent 
to jS. Show that it cuts orthogonally the director of /3. 

224. Two conies, in either of which triangles can be inscribed self- 
conjugate for a third conic, have double contact. Show that their 
chord of contact touches this conic. 

225. From any point P two tangents PQ, FB. are drawn to an ellipse : 
if C is the centre of the ellipse, then all hyperbolas drawn through 
P and C and having their asymptotes parallel to the axes of the ellipse 
cut Qi2 harmonically. 

226. A conic circumscribes a triangle self-conjugate for a parabola 
and has its centre on the parabola. Show that an asymptote touches 
the parabola. 

227. A circle through the centre of a rectangular hyperbola cuts it 
in ABCD, Show that the circle circumscribing the triangle formed 
by the tangents to the r. h. at ABC passes through the centre of the 
hyperbola, and has its centre on the hyperbola at the extremity 1/ of 
the diameter through D ; and D' is the orthocentre of ABC. 

228. Show that if B be the pole of the triangle ABC for a conic, then 
A, Bf C are the poles of the triangles BCD, ACD, ABB respectively. 
Such a quadrangle may be said to he self-conjugate for the conic. 

229. If triangles can be inscribed in /3 which are self-conjugate for a, 
then quadrangles can be inscribed in /3 which are self-conjugate for a ; 
and conversely. 

230. If triangles can be circumscribed to /3 which are self-conjugate 
for a, then quadrilaterals can be circumscribed to jS which are self- 
conjugate for a ; and conversely. 

231. If we can describe triangles to touch a conic a and to be self- 
polar for each of two conies /3 and 7, then the four intersections of ^ 
and 7 form a self-polar quadrangle for a. 

232. If triangles can be inscribed in each of two conies jS, 7 so as 
to be self-polar for a conic a, then triangles self-polar for a can be 
inscribed in any conic through the intersections of iS and 7. 

233. If triangles can be circumscribed to each of two conies jS, 7 
self-polar for a conic a, then triangles self-polar for a can be circum* 
scribed to any conic touching the common tangents of /3 and 7. 

234. The polars of a fixed triangle for a system of four-point conies 
envelope a conic touching the sides of the triangle. 

235. The poles of a fixed triangle for a system of conies having four 
common tangents lie on a conic circumscribing the triangle. 

236. If the system of four-tangent conies is a system of confocals, 
the locus of the poles is a rectangular hyperbola. 
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237. If two conies are related as in XIY. § a. Ex. 14, and the first 
passes tlu'ough the centre of the second, then the second passes through 
the centre of the first. 

238. Three tangents to a conic a form a triangle. A conic jS circum- 
scribes the triangle and passes through the centre of a and the pole of 
the triangle with respect to a. Prove that its centre lies on a. 

239. A rectangular hyperbola circumscribes a triangle and passes 
through the centre of one of the circles touching the sides. Show that 
its centre lies on this circle. 

240. Hence prove Feuerbach's theorem, viz.— the nine-point circle 
of any triangle touches the inscribed and escribed circles. 

241. Show that in Ex. 239 the poles of the triangle for these circles 
lie on the respective hyperbolas ; and the polars of the triangle for the 
hyperbolas are tangents to the respective circles. 

242. The nine-point circle of a triangle inscribed in a rectangular 
hyperbola touches the polar-circle of the triangle formed by the 
tangents at the vertices, at the centre of the conic. 

243. The pole with respect to a parabola of the triangle formed by 
three tangents to it lies on the minimum ellipse circumscribing the 
triangle. 

244. The polar in this case passes through the centre of gravity of 
the triangle. 

245. The pole with respect to a parabola of an inscribed triangle 
lies on the maximum ellipse inscribed in the triangle. 

246. The two conies in the last example are reciprocal with respect 
to a conic with its centre at this pole and having the triangle as a 
self-conjugate triangle. 

247. Show that the polar of a triangle for a rectangular hyperbola 
which circumscribes it, touches the conic which touches the three 
sides at the vertices of the pedal triangle ; and the pole of the triangle 
lies on the radical axis of the circum-circle and nine-point circle of 
the triangle. 

248. A conic passes through the vertices and centroid of a fixed 
triangle. Show that the pole of the triangle for the conic lies on the 
line at infinity, and the polar touches the maximum inscribed ellipse. 

249. A conic touches the sides of a triangle and passes through its 
centroid. Show that the polar of the triangle for this conic is a 
tangent to the minimum ellipse circumscribing the triangle. 

250. The foci of a conic inscribed in a triangle self-eoi^ugate for a 
rectangular hyperbola are conjugate points for the r. h. 

251. A parabola touches the sides of a triangle ABC^ and S is its 
focus. The axis meets the circum-circle again in 0. With as centre 
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the rectangular hyperbola is described for which the triangle is self- 
conjugate. Show that the axis of the parabola is an asymptote of 
the r. h. 

952. Two parabolas touch the sides of a triangle and have their foci 
at the extremities of a diameter of its circum-circle. Show that their 
axes are the asymptotes of a rectangular hyperbola for which the 
triangle is self-conjugate. 

353. Triangles can be inscribed in a parabola (whose latus-rectum 
is Q so as to be self-conjugate for a coaxial parabola (whose latus-rectum 
is Z'). Prove that V ^ ^L 

354. The locus of the centre of a circle of constant radius circum- 
scribed to a triangle self-conjugate for a fixed conic is a circle con- 
centric with the conic. 

255. Given three tangents and the sum of the squares of the axes, 
the locus of the centre of a conic is a circle. 

356. A circle of given radius is inscribed in a triangle self-conjugate 
for a fixed conic. Prove that the locus of its centre is a concentric 
homothetic conic. 

357. A circle a touches the sides of a triangle self-conjugate for a 
conic fi. Show that a rectangular hyperbola having double contact 
with /3 along a tangent to a passes through the centre of the circle. 

258. A circle touches a fixed straight line, and triangles can be cir- 
cumscribed to it which are self-conjugate for a fixed conic. Prove that 
the locus of its centre is a rectangular hyperbola. 

259. The orthocentre of a triangle of tangents to a rectangular 
hyperbola and the centre of the circle through the points of contact 
are conjugate points for the r. h. 

260. If the centroid of a triangle inscribed in a conic lies on a 
concentric homothetic conic, prove that the nine-point circle cuts 
orthogonally a fixed circle. 

261. If two circles touch respectively the sides of two triangles self- 
conjugate for a conic, then their centres of similitude are conjugate 
points for the conic. 

262. If a rectangular hyperbola has double contact w^ith a conic a, 
its centre and the pole of the chord of contact are inverse points for 
the director circle of a. 

263. A circle circumscribes triangles self-conjugate for a given conic 
and passes through a fixed point. Prove that its centre lies on the 
directrix of the parabola which has double contact with the conic at 
the points of contact of tangents from the fixed point. 

264. Triangles are circumscribed to a central conic so as to have the 
ame orthocentre. Prove that they have the same polar circle. 
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265. Two triangles are inscribed in a conic (which is not a rectangular 
hyperbola) so as to have the same orthooentre. Prove that they have 
the same polar circle. 

a66. Two triangles are inscribed in a conic (which is not a circle) 
so that their circum-circles are concentric. Prove that they are self- 
conjugate for a parabola. 

267. Two triangles are circumscribed to a conic, so that their circum- 
circles are concentric. Prove that they either have the same circimi- 
circle or are self-conjugate for a parabola. 

268. A conic which is inscribed in a triangle self-conjugate for a 
rectangular hyperbola and has a focus at the centre of the r. h. is 
a parabola. 

269. A conic with a focus at the centre of a rectangular hyper- 
bola circumscribes triangles self-conjugate for the r. h. Prove that 
the corresponding directrix touches the r. h. 

270. Triangles can be inscribed in each of two conies a and jS, self- 
conjugate for the other. Prove that the reciprocal of a for jS and of 
^ for a is the same conic 7 ; and a, fi, y are so related that each is the 
envelope of lines divided harmonically by the other two and also the 
locus of points from which tangents to the other two form a harmonic 
pencil. Also any two of these conies are reciprocals for the third. 

271. Two hyperbolas pass each through the centre of the other and 
determine a harmonic range on the line at infinity. Prove that the 
reciprocal of either for the other is the parabola inscribed in the 
quadrilateral formed by parallels through each centre to the asymp- 
totes of the hyperbola passing through it. 

272. A conic is inscribed in a given triangle and x>asses through its 
circum-centre. Show that its director circle touches the circum-circle 
and the nine-point circle of the triangle. 

273. Find the locus of the centre of the conic in the last example. 

274. The locus of the centre of a conic touching three given straight 
lines and passing through a given point is the conic touching the 
triangle formed by the middle points of the sides of the fixed triangle 
and such that if D be the fixed point, the centroid of the triangle and 
the centre of the locus, then ODO are collinear, and 2)0 = f DQ, 

275. If the fixed point be the centroid of the triangle, the locus is 
the maximum ellipse inscribed in the triangle formed by joining the 
middle points of the sides. 

276. A circle inscribed in a triangle self-conjugate for a hyperbola 
cuts the hyperbola orthogonally at a point P. Show that the normal 
at P is parallel to an asymptote. 

277. A circle is inscribed in a triangle self-conjugate for a conic 
and has its centre on its director circle. Prove that it touches the 
reciprocal of the director circle for the conic. 
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278. A circle a with centre is inscribed in a triangle self-conjugate 
for a conic /3. If P and Q be the points of contact of tangents to /3 from 
Of then the tangents from P and Q to the conic which is the reciprocal 
for of its director, are also tangents to the circle a. 

379. The six tangents to a conic from the vertices of a triangle cat 
again in twelve points which lie by sixes on four conies. 

a8o. The six points in which a conic cuts the sides of a triangle can 
be joined in pairs by twelve other lines which are tangents by sixes 
to four conies. 

a8i. If tangents are drawn to a parabola from two points A and B, 
the asymptotes of the conic through AB and the points of contact of 
the tangents from A and B, are parallel to the tangents to the para- 
bola from the middle point of AB. 

aSa. If tangents are drawn to a parabola from A and B, the conic 
through AB and the points of contact will be a circle, rectangular 
hyperbola or parabola as AB is bisected by the focus, directrix, or 
parabola respectively. 

283. Tangents are drawn to a circle from two points on a diameter. 
Show that the foci of the conic touching the tangents and their chords 
of contact lie on the circle. 

284. If tangents are drawn to a central conic from P and Q, and C 
be the centre and S a focus, then the conic through P, Q, and the 
I)oints of contact of tangents from P, Q will be a circle if the angle P(^ 
is bisected internally by CS, and if CP . CQ = C8\ 

285. The conic in the previous example will be a rectangular hyper- 
bola if P and Q are conjugate for the director circle. 

286. A point and the orthocentre of the triangle formed by tangents 
from it to a conic and their chord of contact are conjugate points for 
the director circle of the conic. 

287. If a conic a pass through two points A, B and the points of 
contact of tangents from them to a given conic, and if /3 be the 
similarly constructed conic for two i)oints A^y Bf ; then if AB are con- 
jugate for /3, A'B' are conjugate for a. 

288. The reciprocal of the director circle of a conic a for a is 
confocal with a. 

289. Along the normal to a conic at a i)oint are taken pairs of 
points Ti^ such that OF, OQ is equal to the square of the semi-diameter 
parallel to the tangent at 0. Show that tangents to the conic from 
P and Q intersect on the circle of which a diameter is the intercept on 
the tangent at by the director circle. 

290. The orthocentre of a triangle formed by two tangents to a 
conic and their chord of contact lies on the conic. Prove that the 
locus of the vertex of the triangle is the reciprocal of the conic for 
its director circle or the reciprocal for the conic of its evolute. 



Miscellaneous Examples. 323 

291. The centre of the circle inscribed in a triangle formed by two 
tangents to an ellipse and their chord of contact lies on the conic. 
ProTe that the locus of the vertex of the triangle is a hyperbola con- 
focal with the ellipse, and having the equi-conjugate diameters of the 
ellipse for its asymptotes. 

292. The centre of gravity of a triangle formed by two tangents to 
a conic and their chord of contact lies on the conic. Prove that the 
locus of the vertex of the triangle is a concentric homothetic conic. 

393. From two points BC^ tangents are drawn to a fixed conic, and 
the sides of the two triangles formed by these two pairs of tangents 
and their chords of contact touch the conic a. Similarly the pairs of 
points (Li, AB determine the conies /3 and 7 respectively. Prove that 
if A lies on a, then B lies on /3, and C on 7. 

294. A'BfCj are the middle points of the sides of a triangle ABC, 
Prove that the conic which is concentric with the nine-point circle of 
A'Bf(f 2iSiA. inscribed in A'B!0 has double contact with the polar circle 
of ABC at the points where the circum-circle of ABC meets the polar 
circle, and also has double contact with the nine-point circle of A^B^Cf' 

295. A triangle is self-conjugate for a conic. Prove that the sides of 
the pedal triangle touch a confocal. 

296. A triangle is self-polar for a conic ; show that an infinite 
number of triangles can be at once inscribed in the conic and circum- 
scribed to the triangle, and vice versft. 

297. If two conies a and & are related so that the poles for a of two 
opposite common chords lie on /3, then the polars for & of two opposite 
common apexes touch a. 

298. Of all conies inscribed in a given triangle, that for which the 
sum of the squares of the axes is least has its centre at the orthocentre 
of the triangle. 

299. J&, F are a pair of inverse points with respect to a circle 
whose centre \a A\ jB is the harmonic conjugate of A with respect 
to J&, F ; APy BP and the tangent at P, any point on the circle, meet 
the polar ot E in. L, My T respectively ; show that £7, TM subtend equal 
angles at A» 

300. The connector of a pair of conjugate points with respect to 
a given conic passes through a fixed point and one of the pair lies 
on a given straight line ; show that the locus of the other is a conic, 
and determine six points upon the locus. 



THE END. 



■-«.■• 



Clatenbon press, ©ytotb^ 



SELECT LIST OF STANDARD WORKS. 

DIOTIONABIES page i 

LAW I „ a 

HISTORY, BIOGRAPHY, ETC. ... ,,4 

PHILOSOPHY, LOGIC, ETC „ 6 

PHYSICAL SCIENCE, ETC. .... ,,7 

1. DICTIONARIES. 

A NEW ENGLISH DICTIONAKY 

ON HISTOKICAL PEINCIPLES, 

Founded mainly on the materials collected hy the Philological Society. 

Imperial 4to. 

EDITED BY DR. MUERAY. 

Present State op the Work. £ g ^. 

VoL I. I ^ { By Dr. Mubsat Half-morocco a la 6 

VoL II. C By Dr. Mubsat Half-morocco a la 6 

^-^-^^ISigSn^^^BB^Li^! • • • Half-morocco » x» 6 

VoL rv. I Q. I By Mr. Henby Bbadley .... Half-morocco a la 6 

(H-Hywe (see below). 
I-Td. 050 
Sf^TeJinpuihiW : : : o t 6 

I Input-Invalid 050 

Vlnvalid-Je'^ 050 

VoL VI. L — N" By Mr. Henby Bbadley. L-Iiap o a 6 



The rwnainder qf the work, to the end of the alphabet j is in an advanced 

state qf preparation, 

*:»* The Dictionary is also, as heretofore, issued in the original Parts — 

Series I. Parts I-IX. A— Distrustful each o la 6 

Series L PartX. Distrustfully— Daiggetai 076 

Series XL Parts I-V. B— Oyzaarn each o la 6 

Seriesin. Parti. H— Hod o la 6 

Series IIL Part II. Hod— Hywe 076 

Series in. Part III. I— Inpushing o la 6 

Oxfoxd: GluendonPreM. London: HsmiT Fbowdk, Amen Oozner, B.a 



ENGLISH AND ROMAN LA W. 



A Hebrew and English Iiexioon of the Old Testament, with 

an Appendix containing the Biblical Aramaic, based on the Thesannu 
and Lexicon of Gesenius, by Francis Brown, D.D., S. R. Driver, P.D., 
and C. A. Briggs, D.D. Paris I-IX. Small 4to, a«. 6d. each. 

Thesanms Syriacus : collegenint Quatrem^re, Bernstein, Lorsbacb, 
Amoldiy Agrell, Field, Roediger: edidit R. Payne Smith, S.T.P. 
Vol. I, containing Fasciculi I-V, sm. foL, 5!. 5«. 
Vol. n, completing the work, containing Fasciculi VI-X, 8Z. 8s. 
%* Th€ FoMxctuli may also he had aeparaUiy, 
Fasc. VI. il, 18. ; VII. il. i is. 6d. ; VIII. il, 168. ; IX. i{. 5«. ; X. Pars. I. il. 165.; 

Pars. II. 15s. 

A Compendious Syriao Diotionaryy founded upon the above 
Edited by Mrs. Margoliouth. Parts I-III. Small 4to, Be.CdLnei eack, 
%* The Work toiU be completed in Four Parte, 

A Dictionary of the Dialects of Vernacular Syriac as spoken 

by the Eastern Syrians of Kurdistan, North-West Persia, and the Plain 
of Mosul. By A. J. Maoleai^, MA., F.R.G.S. Small 4to, 159. 
A Sanskrit-English Dictionary. Etymologically and Fhilologically 
arranged, with special reference to cognate Indo-European Languages. 
By Sir M. Monier-Williams, M.A., E.G.LK ; with the collaboration of 
Prof. E. Leumann, Ph.D. ; Profl G. Cappeller, Ph.D. ; and other scholars. 
New Editionj greatly Enlarged and Improved, Cloth, bevelled edges, 3Z. 138. 6d. ; 
half-morocco, 4^ 4s. 

A Greek-English Lexicon. By H. G. Liddell, D.D., and 

Robert Scott, D.D. Eighth Edition, Revised. 4to. il. 168. 

An Etymological Dictionary of the English Iianguage, 

arranged on an Historical Basis. By W. W. Skeat, Litt.D. Third 
Edition, 4to. 2I, 45. 

A Middle-English Dictionary. By F. H. Stratmann. A new 
edition, by H. Bradley, M.A. 4to, half-morocco, iL lis. 6d, 

The Student's Dictionary of Anglo-Saxon. By H. Sweet, M.A., 

Ph.D., LL.D. Small 4to, 8s. 6d. net. 
An Anglo-Saxon Dictionary, based on the MS. collections of the 
late Joseph Bosworth, D.D. Edited and enlarged by Prof. T. N. Toller, 
M.A. Parts I-III. A-SAR. 4to, stiff covers, 15s. each. PartlV, §1, 
SARt-SWIDRIAN. Stiff covers, 8s. 6d. Part IV, § 2, SWlp-SNEL- 
'fTMEST, 1 8s. 6d. 
\* A Supplement, which wiU complete the Work, is in active preparaium. 

An Icelandic-English Dictionary, based on the MS. collections of 
the late Richard Cleasby. Enlarged and completed by G. YigftBBon, 
M.A. 4to. 3^. 7s. 



2. LAW. 



Anson. Principles of the 

English Law qf Contract, and of Agency 
in its ReUttion to Contract. By Sir 
W. R. Anson, D. C. L. NirUh Edition, 
Svo. los. 6d, 

Law and Custom of the 

OoneHtution, 2 vols. 8vo. 

Part I. Parliament. Third 

Edition. 1 28. 6d, 
Part II. The Crown. Second 
Edition. 14s. 



Baden-Fowell. Land^Syste/m 

of British India ; being a Marmal of 
the Land-Tenures, and of the Sys* 
tems of Land-Revenue Adminis- 
tration prevalent in the several 
Provinces. By B. H. Baden-Powell, 
CLE. 3 vols. Svo. 3Z. 3». 

Digby. An Introduction to 

tfie History of the Law qf Real Propertff. 
BySirKenelm£.Digby,]LA. Fifth 
Editvm. Svo. I as. 6<i. 



O^Otd*. ClKt«odiOTV "tTMJk. 



LA IV. 



Gtrueber. Lex AquUia. By 

Erwin Grueber, Dr. Jur., M.A. 
8yo. 108. 6d, 

Hall. International Law. 

By W. E. HaU, M.A. Fourth Edition. 
8yo. 239.64. 

— A Treatise onthe Foreign 

Powers and Jurisdiction qf the British 
Oroum. ByW.E. Hall, M.A. 8vo. 
I08, 6d, 

Holland. Elements of Juris- 

prudence. By T. E. HoUand, D.C.L. 
Ninth Edition, Syo. ios. 6d. 

The European Concert 

in the Ecuiem Qusstion; a Collection 
of Treaties and other Public Acts. 
Edited, with Introductions and 
Notes, by T. E. Holland, D.C.L. 
Syo. 138. 6d. 

Studies in International 



Law. By T. E. Holland, D.C.L. 
Syo. I08. 6d. 

GentUiSi Alberici^ De 

lure BeUi Libri Tree. Edidit T. E. 
Holland, LCD. Small 4to, half- 
morocco, 318. 

The Institutes of Jus- 
tinian, edited as a recension of 

the Institutes of Gains, by T. E. 
Holland, D.C.L. Second Edition. 
Extra fcap. Syo. 58. 

Holland and Shadwell. Select 

TiUes/rom the Digest of Justinian. By 
T. E. Holland, D.C.L., and C. L. 
Shadwell, D.C.L. Syo. 148. 

Also sold in Parts, in paper coYors — 
Part L Introductory Titles. 2s.6d. 
PartIL Family Law. is. 
Part III. Property Law. 38. 6d. 
Partly. Law of Obligations (No. i), 
38. 6d. (No. 3), 48. 6d. 

nbert. The Oovernment qf 

India. Being a Digest of the 
Statute Law relating thereto. 
With Historical Introduction and 
niustratiYe Documents. By Sir 
Courtenay Ilbert, K.C.S.I. 8vo, 
half-roan. ais. 



Ilbert. Legislative Forms and 

Methods. 8yo, half-roan. 168. 

Jenks. Modem Land Law, 

By Edward Jenks, M.A. 8yo. 158. 

Markby. Elements qf Law 

considered u)ith refwmoe to Principles qf 
OeneraUuriqfirudence. BySirWUliam 
Markby, D.C.L. Fifth Ediiion. 8yo. 
138. 6d. 

Moyle. Imperatoris lus^ 

tiniani InstituMonum Libri Quattuor, 
with Introductions, Commentary, 
Excursus and Translation. ByJ. B. 
Moyle, D.C.L. Third Edition. 3yo1s. 
8yo. Vol. 1. 168. Vol. II. 6s. 

Contract qf Sale in the 

Civil Law. 8yo. 108. 6d, 

Pollook and Wright. An 

Essay on Possession in the Common Law» 
By Sir F. Pollock, Bart., M.A., and 
SirR.S.Wright,B.C.L. 8yo. Ss.6d. 

Poste. Gaii Institutionum 

Juris Civilis Commentarii Quattuor ; or, 
Elements of Roman Law by Gains. 
With a Translation and Commen- 
tary by Edward Poste, M.A. JJiird 
Edition, 8yo. 188. 

Baleigh. An Outline of the 

Law qf Property. By Thos. Baleigh, 
D.C.L. 8yo. 78. 6d, 

Sohm. The Institutes. A 

Text-book of the History and 
System of Roman PriYate Law. 
By Rudolph Sohm. Translated by 
J. C. Ledlie, B.C.L. With an 
Introduction by Erwin Grueber, 
Dr. Jur., M.A. Second Edition, revised 
and enlarged. 8yo. 188. 

Stokes. The Anglo-Indian 

Codes. By Whitley Stokes, LL.D. 

Vol. I. SubstantiYoLaw. 8yo. 30s. 

Vol. II. AdjectiYe Law. 8yo. 35s. 

First and Second Supplements to 

theaboYe,i887-i89i. 8yo. 6s. 6d. 

Separately, No. i, 38. 6d, ; No. 3, 48. 6d, 



London : Hbnry Frowdb, Amen Corner, E.G. 



HISTORV, BIOGRAPHY, ETC. 



S. aiSTOBY. BIOGRAPHY, ETC. 



Adamnani V%ta 8. OoVumhae, 

Ed. J. T, Fowler, D.C.L. Crown 
Sto, half-boaod, %a. 6d. luA (with 
translation, 9a. 6d. n«l). 
Aubrey. ' Brief Lives,' chiefly 

1^ Omiamforariia, ttt Axcn b|r Jolm 
Aubrey, hetuittK {ht Y»an i66g and 
1696. Edited from the Author's 
MSS.,bj'A]idrewClBrk,M.A.,LLD. 
With FBOBimileB. a vols. 8vo, aja, 
BaadaaHistoria Ecclesiastica, 
eta. Edited hj O. Flmnmer, M.A. 
1 Tola. Crown Sto, 311. net 

Bddford(W.E.B.). TheBlazon 

Hf^piieopacy. Being the Arms borne 
bj, or attributed to, the Arch- 
biuiopB and Bishops of England 
and Wales. With an Ordinary of 
the Coats described and of oUter 
Episcopal Arms. Seamd Edition, 
Smiaed and Enbrgtd, With One 
Thousand Illustrations, Sm. 4to, 
buckram, ^la. 6d, net 

Boswell*B Life of Sa/muel 

Johmm. LL.D. Edited by O. Birk- 
beck Hill, D.C.L In six Tolumes, 
medium Sto. With Portraits and 
Facsimiles. Half-bound, 3I. 3s. 
Bright. Chapters of Early 

English Church Hislory. By W. 
Bright, D.D. Third Edition. Eemsed 
and Etdargid. With a Map. 8to. 1 is. 

Casaubon (Isaac). 1559-1614. 

By Mark Pattison. Sto. l6s. 

Clarendon's History of the 
Itebellian and Civil Wan in Ert^nd. 
Re-edited troxa a fresh eollation of 
the original M3. in the Bodleian 
Library, withroarginaldateeandoe- 
CBsional notes, byW. DnnnMacray, 
M.A., P.S.A. StoIb. CrovmSvo, il. js. 

Hewins. The Whitefoord 
Papers, Being the Correspondence 
and other Manuscripts of Colonel 
CKABJ.IS WnrrErooHD and Caleb 
WnrrEFOORD, from 1739 to iBio. 
Edited, witji Introduction and 
Notes, by W. A, S. Hewina, M.A. 
8to. 12. 6d. 



Earle. Handbook to the Land- 
Charttra, and eOar Saximit Doemmit 
ByJohnEBrle,M.A. Crown8Ti>.i& 

Earle and Flmnmer. Two of 

tht Saxon (ArmicU>, FaraBA, vSk 
SvpfHtmenia/ry Extradafrom (At oAan. 
A Bevieed Text, edited, with Inbn- 
duction, Notes, Appendices, isd 
Glossary, by Charles Plunun«r, 
HA., on the basiB of an edition bj 
John Earle, H.A. a vola. CroTC 
8to, half -roan. 
ToL I. Text, Appendices, and 

QloBsary. los. 6i. 
VoL II. Introduction, Itotes, ud 

Index. laa. fid. 

Freeman. The History <f 

SicHyfnm Oia Earliest ZVfflM. 

Vols. land U. Sto, cloth, )L >•■ 

YoL III. The Athenian and 

Carthaginian Invasions. 141; 

VoL IV. From the O^anny of 

Dionysios to the I>eath nt 

AgathoU«s. Edited by Aithnr 

J.ETana,U.A. ai«. 

Freeman. The Beign of 

Waiiam Rtffwa and tlu Aantaim qT 
Henry the First. By E. A. Freeman, 
D.C.L. 9 Tols. 8to, iI, i6<. 

aardiner. The GonatiVuMowA 
Documents 0/ the Puritan iinoluttiiil, 
t63S-i66o. Selected and Edited 
by Samuel Rawson Qardiner, D, C Ji 
Second Edition. Crown 8 vo, loi.fid. 

Greenidge. Tlte Legal Proce- 
dure in Cicero-s Time. By A. H. J. 
Greenidge, M.A. Bvo. li. is. 

Oross. The Qild Merchant; 

a Contribution to British Hanidpil 
History. By Charles Gross, Phii 

2 Tols. Bvo. 34*. 

Hastings. Haetings and the 

BohOaWar. BySir JohnStraehey, 
a.C.S.I. Sto, cloth, los. 6d. 
Hill. Sources for Greek 
History t«fuie«n the Persian and Biapai- 
netianWars. Collected and arrai^ed 
by G. F. HiU, M.A. 8vo. los. M. 



Oilord: Oluendon Preo. 



HISTORY, BIOGRAPHY, ETC. 



Italy and her In- 

voders. With Plates & Maps. 8yols. 
8vo. By T. Hodgkin, D.G.L. 

Vols. I-II. Second Edition. 42s. 

Vols. Ill-rV. Seemd Edition, 363, 

Vols. V-VI. 36*. 

VoL VII-VIII (compleHng the 
work). 345. 

lie Strange. Baghdad during 

the Abbasid CalipJiate. From contem- 
porary Arabic and Persian sources. 
By G. Le Strange, author of * Pales- 
tine under the Moslems.' 8yo. 168. 
net 

Payne. History of the New 

World eaUed America, By E. J. 
Payne, M.A. 8vo. 

VoL If containing Book I, The 
Diseovery; Book II, Part I, 
Aboriginal Ameriea, i8«. 
VoL II, containing Book 11, 
Aboriginal America (concluded), 
14s. 

Jolmson. Letters of Samuel 

Johnson, LL,D, Collected and Edited 
by G. Birkbeck Hill, D.C.L. a vols, 
balf-roan, a8& 

JohnsonianMiscdlanies, 

Bythe same Editor, ayols. Medium 
8vo, half-roan, aSs. 

Kitohin. A History of France. 

With Numerous Maps, Plans, and 
Tables. By G. W. Kitchin, D.D. 
In three Volumes. New Edition, 
Crown 8yo, each 10s, 6d, 
VoL I. to 1453. VoL II. 1453- 
1634. VoL III. i6a4-i793. 

Lewis (Sir 0. Cornewall). 

An Essay on the Government qf De- 
pendencies, Edited by C. P. Lucas, 
B.A. 8yo, half-roan. 14s. 

Luoas. Historical Geography 

qfthe British Colonies, By C. P.Lucas, 
B.A. Crown Syo. 
Introduction. With Eight Maps. 

1887. 4s. 6(2. 

Vol. I. liie Mediterranean and 
Eastern Colonies (exclusiye of 
India). With Eleyen Maps. 

1888. 58. 



Vol. II. The West Indian Colo • 
nies. With Twelve Maps. 
1890. 78. 6d, 

Vol. III. West Africa. With 
Five Maps. Second Edition, re- 
vised to the end of 1899, by H. E, 
Egerton. 78. 6d, 

Vol. IV. South and East Africa. 
Historical and Geographical. 
With Ten Maps. 1898. gs, 6d. 
Also VoL IV in two Parts — 

Part I. Historical, 6s. 6d, 

Part II. Goographical, 38. 6d. 

Ludlow. The Memoirs of 

Edmund iMdtoWy Lietttenant'Qenerdl of 
the Horse in the Army of the Common- 
toeaWKifEnglandy 162^-16'^ 2, Edited 
by C. H. Firth, M.A. a vols. 368. 

Slaohiavelli. Tl Principe. 

Edited by L. Arthur Burd, M.A. 
With an Introduction by Lord 
Acton. 8yo. 148. 

Frothero. Select Statutes and 

other ConstituUonal BocurMvUSy Ulustra- 
tive (if the Reigns of Elizabeth and 
James I. Edited by G. W. Prothero, 
M.A. Cr. 8yo. Edition a. 108. 6d, 

Select statutes and other 

DocumerUs bearing on the ConstitutioruU 
History of Engkmdyfrom a.d. 1307 to 
T558. By the same. ^In Preparation,'] 

Bamsay (Sir J. H.). Lancaster 

and York, A Century of English 
History (a.d. i 399-1485). a vols. 
8vo. With Index, 378. 6d, 

Bamsay (W. M.). The Cities 

and Bishoprics qf Phrygia, By W. M . 
Bamsay, D.C.L., LL.D. 
Vol.1. Parti. The Lycos Valley 
and South-Western Phrygia. 
Royal Syo. 188. net, 
VoL I. Part IL West and West- 
Central Phrygia. ai8. net, 

Banke. A History of Eng- 
land, principally in the Seventeenth 
Century, By L. von Banke. Trans- 
lated under the superintendence of 
G. W. Kitchin, D.D., and C. W. 
Boase, M.A. 6 vols. 8vo. 638. 
Revised Index, separately, is. 



1 

London: Hsmbt Fbowdk, Amen Oomer, B.O. 



PHILOSOPHY, LOGIC, ETC. 



Bashdall. The Universitiea of 

Evmpe in the Middle Ages. By Hast- 
ings Rashdall, M^. 2 toIs. (in 3 
Parts) 8vo. With Maps. 2I, 5». net 

BihfB. Studies in the Arthur- 
ian Legend, By John Rh^s, Prin- 
cipal of Jesus College, Oxford. 8yo. 
I as. 6d, 

Celtic Folklore : Welsh 

and Manx. By the same, a vols. 

StO. 315. 

Smith's Lectures on Justice, 

Pb2ic0, Revenue and Arms, Edited, 
with Introduction and Notes, hy 
Edwin Gannan. 8vo. I08.6d, net, 

Wealth of Nations. 

With Notes, by J. E. Thorold Rogers, 

M.A. 2 vols. SyO. 218. 

Stephens. Hie Principal 

Speeches qfthe Statesmen and Oraiors of 
the French Revolviionj 1 789-1 795. 
By H. Morse Stephens. 2 vols. 
Crown Syo. 2 is. 

Stubbs. Select Charters and 

other Illustrations of English Constitu- 
tional History, from the Earliest Times 
to the Reign of EduKird I. Arranged 
and edited by W. Stubbs, D.D., 
Lord Bishop of Oxford. Eighth 
Edition. Crown Svo. 8«. 6d. 



Stubbs. The ConsiitutuyMl 

History qf England, in its Origin md 
Develcpment, Library EdUim, SToh 
Demy 8to. 22. 8s. 
%* Also in 3 Yols. crown 8fo. 
1 2s. each. 

Seventeen Lectures a» 

the Study of Mediaeval and Moiam 
History and kindred subjects. OroWB 
8yo. Third Edition, revised and «- 
larged. 8s. 6d» 

Registrv/m Sacrwm 

AngUeanum. An attempt to exhibit 
the course of Episcopal SoooessioiB 
in Enghmd. ByW. Stubbs, D.D. 
Small 4to. Second Edition. io«.6A 

Swift (F. D.). The L^e aid 

Times ^f James the First qf Aragm, 
By F. D. Swift, B.A. Svo. 12s. U 

Vinogradoff. ViUainage iii 

England. Essays in English Medi- 
aeval History. ByPaulVinogndoff, 
Professor in the Uniyersity of 
Moscow. 8yo, half-bound. 16s. 

Woodhouse. Aetolia; H^ 

(Geography, Topography, and AnHquitin. 
By William J. Woodhouse, MJL, 
F.R.G.S. With Maps andllliistn- 
tions. Royal 8to. a is. net. 



4. PHILOSOPHY, LOGIC, ETC. 



Bacon. Novum Organum. 

Edited, with Introduction, Notes, 
&c., by T. Fowler, D.D. Second 
Edition, Svo. 15s, 

Berkeley. The Works of 

George Berkeley, D.D., formerly Bishop 
of Cloyne / including many qf his writ' 
ings hitherto unpublished. With Pre- 
faces, Annotations, Appendices, and 
an Account of his Life, by A. Camp- 
bell Fraser,Hon.D.C.L.,LL.D. New 
Edition in 4 vols. Crown Svo. 245. 

I' he Life arul Letters, 

loith an account of his Philosophy. By 
A. Campbell Fraaer, Hon. D.C.L. 
and LL.D. Svo. i6s. 

Bosanquet. Logic; or, the 

Morphology of Knowledge. By B. 
Bosanquet, M.A. Svo. a is. 



Butler. The Works of Joseph 

Butler, D.C.L., sometime Lord Bishop 
of Durham. Divided into sectionB, 
with sectional headings, an index 
to each volume, and some occasional 
notes ; also prefatory matter. Edited 
by the Right Hon. W. E. Gladstone. 
2 vols. Medium Svo. 14s. each. 

Fowler. The Elements of De- 
ductive Logic, designed mairdy for the 
use of Junior Students in the UntMmMtf . 
By T. Fowler, D.D. Tenth Ediiiim, 
with a Collection of Examples. 
Extra fcap. Svo. $s. 6d. 

The Elefments of Induc- 
tive Logic, designed mainly for the use (if 
Students in the Universities. By the 
same Author. Siocth Edition. Extn 
fcap. Svo. 6s. 



Oiiotd. *. Q\«x«tLdQ\SL Pt«u. 



PHYSICAL SCIENCE, ETC. 



Vowler. Logic; Deductive and 

Inductive, combined in a single 
volume. Extra fcap. 8vo. 7«. 6(2. 

Vowler and Wilson. The 

Principles o/MorcUs, By T. Fowler, 
D.D., and J. M. Wilson, B.D. 8vo, 
cloth, 14s. 

Chpeen. Prolegomena to Ethics. 

By T. H. Green, M.A. Edited by 
A. C. Bradley, M. A. Fourth Edition, 
Grown 8vo. ^8. 6d. 

Hegel. The Logic of Hegel. 

Translated from the Encyclopaedia 
ofthe Philosophical Sciences. With 
Prolegomena to the Study of Hegel's 
Logic and Philosophy. By W.Wal- 
lace, M.A. Second EcHHon^ Revised 
and Augmented. 2 vols. Grown Svo. 
los. 6d. each. 

Hegel's Philosophy of Mind. 

Translated from the Encyclopaedia 
ofthe Philosophical Sciences. With 
Five Introductory Essays. By Wil- 
liam Wallace, M.A., LL.D. Grown 
8vo. 108. 6d. 

Hume's Treatise of Hv/man 

Nature. Edited, with Analytical 
Index, by L. A. Selby-Bigge, M.A. 
Second Edition, Grown Svo. 8s. 

Enquiry concerning 

the Human Understanding, and an 
Enquiry concerning the Principles of 
Morals. Edited by L. A. Selby-Bigge, 
M.A. Grown 8vo. 7s. 6d. 

Leibniz. The Monadology and 

other Philosophicdl Writings. Trans- 



lated» with Introduction and Notes, 
by Robert Latta, M.A., D.Phil. 
Grown Svo. Ss, 6d. 

Looke. An Essay Concern- 

ing Human Understating. By John 
Locke. GoUated and Annotated, 
with Prolegomena, Biographical, 
Gritical, and Historic, by A. Gamp- 
bell Fraser, Hon. D.G.L., LL.D. 

2 vols. 8V0. It. 12S. 

Lotze's LogiCy in Three Books 

—of Thought, of Investigation, and 
of Knowledge. English ^anslation ; 
edited by B. Bosanquet. M.A. 
Second Edition, a vols. Gr. 8vo. 12s. 

Metaphysic, in Three 

Books— Ontology, Gosmology, and 
Psychology. English Translation ; 
edited by B. Bosanquet, M.A. 
Second Edition. 2 vols. Gr. 8vo. 12s. 

Martineau. Types of Ethical 

Theory. By James Martineau, D.D. 
Third Edition. 2 vols. Gr. 8vo. 15s. 

A Study of Religion : 

its Sources and CorUents. Second Edition. 
2 vols. Gr. 8vo. 159. 

Selby-Bigge. British Morale 

ists. Selections from Writers prin- 
cipally of the Eighteenth Gentury. 
Edited by L. A. Selby-Bigge, M.A. 
2 vols. Crown Svo. i8s. 

Wallace. Lectures and Essays 

on Natural Theology and Ethics. By 
William Wallace, M.A., LLD. 
Edited, with a Biographical Intro- 
duction byEdward Gaird,M.A. , Hon. 
D.G.L Svo, with a Portrait. las, 6d. 



5. PHYSICAL 

Balfour. The Natural History 

ofthe Musical Bow. A Chapter in the 
Developmental History of Stringed 
Instruments of Music. Part J, 
Primitive Types. By Henry Balfour, 
M.A. Boyal Svo, paper covers. 
45. 6d, 



SCIENCE, ETC. 

Chambers. A Handbook of 

Descriptive and Practical Astronomy. 

By G. F. Chambers, F.RA.S. Fourth 

Edition, in 3 vols. Demy Svo. 

Vol. I. The Sun, Planets, and 
Comets. 2 IS. 

Vol. II. Instruments and Prac- 
tical Astronomy. 2 is. 

Vol. IIL The Sti^rry Heavens. 14s. 



London : Hknrt Fbowdk, Amen Ctomer, B.O. 



8 



PHYSICAL SCIENCE, ETC. 



De Bary. Comparative Ana- 
tomy of the Vegetative Orffane of the 
Phanerogams and Feme, By Dr. A. 
de Bary. Translated by F. O. 
Bower, M. A., and D. H. Scott, M. A 
Boyal Syo. 22s, 6d. 

Comparative Morpho- 
logy and Bidogy qf Fungi, Myeetoeoa 

and Bacteria, By Dr. A. de Bary. 
Translated by H. E. F. Gamsey, 
M.A. Revised by Isaac Bayley 
Balfour, M.A., M.D.,F.R.S. Royal 
8yo, half-morocco, 228. 6d» 

Lectures on Bacteria. 

By Dr. A. de Bary. Second Im- 
proved Edition, Translated and re- 
vised by the same. Crown 8vo. Ss, 

Druoe. The Mora of Berk- 
shire. Being a Topographical and 
Historical Account of the Flowering 
Plants and Ferns found in the 
County, with short Biographical 
Notices. By G. C. Druce, Hon. 
Bi.A. Oxon. Crown 8vo, i6«. net. 

Fischer. The Structure and 

Functims of Bacteria, By Alfred 
Fischer. Translated into English 
by A. Coppen Jones. Royal Svo, 
with Twenty-nine Woodcuts. 8s. 6d. 

G-oebel. Outlines of Classifi- 
cation and SpeciaZ Morphology qf Plants, 
By Dr. K. Goebel. Translated by 
H. E. F. Gamsey , M. A. Revised by 
Isaac Bayley Balfour, M. A., M.D., 
F.R.S. Royal 8vo, half-morocco. 

2IS. 

Organography of Plants, 

especially of the Archegoniatae and Sper- 
maphyta. By Dr. K. Goebel. Autho- 
rized English Edition, by Isaac 
Bayley Balfour, M.A., M.D., F.RS., 
Part I, General Organography. 
Royal Svo, half-morocco, 12s. 6d. 

Miall and Hammond. The 

structure and Life-History of the Harle- 
quin Fly (Chironomus) . By L. C. Miall, 
F.R.S., and A. R. Hammond, F.L.S., 
Svo. With 130 Illustrations. 7s. 6d. 



Ffeffer. The Physiology of 

Plants. A Treatise tqton (he Metabdtism 
and Sources qf Energy in Plants. By 
Prof. Dr. W. PfeflFer. Second fully 
Revised Edition, translated and 
edited by Alfred J. Ewart, DjSc, 
Ph.D., F.L.S. PartL Royal 8w, 
half-morocco, aSe. 

Prestwioh. Geology — Chemi- 
cal, Physical, and StratigraphiodL By 
Sir Joseph Prestwich, M.A., F.B.S. 
In two Volumes. 6 is. 

Frioe. A Treatise on the 

Measurement ofEleeiricalResistanee, By 
W.A.Price,M.A.,A.M.I.C.E.8vo.i4i. 

Saohs. A History of Botany. 

Translated by H. E. F. Gamsey, 
DC. A. Revised by I. Bayley Balfour, 
M.A.,M.D.,F.R.S. Crown Svo. los. 

Solms-Laubaoh. Fossil Bd- 

any. Being an Introduction to PoZoa^ 
phytdogy from the Standpoint qf fkt 
Botanist By H. Graf zu Solnu- 
Laubach. Translated and revised 
by the same. Royal 8vo, half- 
morocco, 185. 

Warington. Lectures on some 

of the Physical Properties of Soil By 
Robert Warington, M.A., F.RS. 
Svo, 6s. 

Biological Series. 

I. The Physiology of Nerve, of 

Muscle, and of the Electrical 
Organ. Edited by Sir J. Burdon 
Sanderson, Bart.,M.D., F.RSS. 
L.&E. Medium Svo. 218. 

II. The Anatomy of the Frog, By 

Dr. Alexander Ecker. Trans- 
lated by G. Haslam, MJ). 
Medium 8vo. 2 is. 
IV. Essays upon Heredity and 
Kindred Biological Problems, By 
Dr. A. Weismann. Crown 8to. 

Vol.1. Edited by E. B. Poulton, 
S. SchGnland,and A. E. Shipley. 
Second Edition. 7s. 6d, 

Vol.11. Edited by E.B. Poulton, J 
and A. E. Shipley. 5s. 



OXFORD 

AT THE CLARENDON PRESS 

LONDON, EDINBURGH, AND NEW YORK 



N' V 



1,939 



